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Abstract. The goal of this paper is to establish a general homogenization result for lin-
earized elasticity of an eigenvalue problem defined over perforated domains, beyond the
periodic setting, within the framework of the H 0—convergence theory. Our main homog-
enization result states that the knowledge of the fourth-order tensor AO7 the HO-limit of
A®, is sufficient to determine the homogenized eigenvalue problem and preserve the struc-
ture of the spectrum. This theorem is proved essentially by using Tartar’s method of test
functions, and some general arguments of spectral analysis used in the literature on the
homogenization of eigenvalue problems. Moreover, we give a result on a particular case of a
simple eigenvalue of the homogenized problem. We conclude our work by some comments
and perspectives.
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1. INTRODUCTION

Homogenization of spectral problems has been of great importance in various
branches of engineering sciences like material science, porous media, structural opti-
mization and so on. It was extensively explored in the literature, especially for the
periodic setting, because of its numerous industrial applications.

Periodic homogenization of the second-order elliptic eigenvalue problem with ho-
mogeneous Dirichlet conditions on a fixed domain goes back to Kesaven [14]. The
case of a periodically perforated domain was first studied by Vanninathan [23] deal-
ing with some eigenvalue problems for the Laplace operator with different boundary
conditions on holes. Briane et al. [2] have generalized this result to the case of ad-
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missible holes with Neumann condition. During the last twenty years, considerable
progress has been achieved in homogenization techniques, namely the multi-scale
convergence method and periodic unfolding method, which were initially developed
for the classical periodic setting, and then generalized to variant cases. This allowed
the appearance of numerous results for the elliptic scalar case dealing with the ho-
mogenization of spectral problems (with different boundary conditions, such as Robin
conditions etc.) defined on periodic, quasi-periodic or locally periodic structures, let
us cite for example [1], [3], [6], [20].

For the case of linearized elasticity, several works exist in literature. In fixed
domains, homogenization of spectral problems has been developed using the G-strong
convergence method in general context. In perforated domains, spectral problems
have been considered in the classical periodic setting. For more details see [13], [17],
[18]. To the best of our knowledge, all works which have studied homogenization of
the spectral problem for linearized elasticity with Neumann condition on holes have
been considered only for the classical periodic perforated domains and for rapidly
oscillating periodic coefficients.

The purpose of our work is to establish a homogenization result of the eigenvalue
problem for linearized elasticity defined over perforated domains, beyond periodic
setting, within the framework of the H-convergence. More precisely, we are in-
terested in the homogenization of spectral problems for linearized elasticity in per-
forated domains, not necessary periodic, with Neumann conditions on holes. The
classical periodic hypothesis on holes is replaced by a more general one, namely the
e-admissibility hypothesis. This hypothesis assumes the existence of some extension
operator P. from the perforated domain to the entire domain. In addition, the ten-
sor A% associated to our spectral problem is only assumed to be H-convergent to
some fourth-order tensors A°.

The paper is organized as follows: In Section 2, we provide the principal definitions
and results of the H-convergence given in [8] to be used in the proof of our main
results. In Section 3 we set our spectral problem given by

—div(A4%e(u)) = A°u® in Q.,
(Pe) (A%e(u))d =0 on 0S5,
u® =0 on 0,

where  is a bounded open domain of R™, Q. = Q\ S. is the perforated domain,
with S a sequence of compact subsets of 2 e-admissible in the sense of [8], and A®
is a sequence of fourth-order tensors of M.(«, 8,). We assume that for the whole
sequence (g) the pair (A%, S.) HV-converges to A’ € M.(a/C?, 5%/, ) and the
sequence X, of the characteristic function of )., converges weakly * in L*°(Q) to
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a function yo such that yg > d > 0 almost everywhere in ), with § a positive
constant.

Section 4 is devoted to establishing two preliminary results. First, we give neces-
sary bounds on the eigenvalues (Proposition 4.1) by using the minimax principles [4],
[14], [17], [23]. Second, we describe (Lemma 4.1) the behavior of the sequences \S
and the associated normalized eigenfunctions uS, for a subsequence of (¢), using the
standard diagonal process.

In Section 5, we give our main results. The first one (Theorem 5.1) brings out the
relationship between the limits found in Lemma 4.1 and the problem

—div(A%(u)) = Axou in ©Q,
(Po) { u=20 on 0f).

€

%)e, for each

More precisely, it states that every limit point of the sequence (XS, u
integer s > 1, is necessarily a pair of an eigenvalue and an associated normalized
eigenfunction of (Py). The proof is based essentially on Tartar’s method of test func-
tions [21] and on the different properties of the H?-convergence. In the second result
(Theorem 5.2), the process of homogenization is finally completed. It establishes
that (Py) represents the homogenized eigenvalue problem by showing that every
eigenvalue s of (Pp) is a limit of the sequence of eigenvalues AS of (P.), for each

integer s > 1, and (up to subsequence)

P.us — us  in H}(Q) weakly,
&E — xous in L?(£2) weakly,

where u$, us are normalized eigenfunctions associated to A% and Ag, respectively;
and ~ denotes the extension by 0 outside €.. The third result (Theorem 5.3) deals
with a particular case of a simple eigenvalue of the homogenized problem (Pj).
Section 6 closes our work, gives some comments and perspectives.

Throughout the paper we use the convention on the summation over repeated
indices and the following notations:

> (¢) denotes a decreasing sequence converging to zero.
> X, denotes the characteristic function of a subset O of R™.
> f denotes the extension by 0 outside @ of a function f defined on O.

> If ¢ = (Gij)i<ij<n and & = (&ij)1<i,j<n are two square matrices, we set

. n 1/2
¢-&= ) Gy and |s|—(Z£%) '

i,j=1 i,5=1
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> Ifv = (v1,...,vn) is a vector-valued function and ¢ = ((;;)1<i,j<n is a second-order

tensor of the variable x = (z1,...,,), we set
8vi
(Vv)ij - 8333’
1
e(v) = (Vo + (Vo)T),
. 9
(div§); = Bz’

> For any a,8 € R such that 0 < a < f, and an open set O, we denote by
M (e, 8,0) the set of fourth-order tensors A = (Ajijri)1<i,jki<n defined on O
such that a.e. on O, we have

(1.1) (i) Asjwm € L=(O) for any 4,j,l,k=1,...,n,

(11) Aijkl = Ajikl = Aklij fOI“ any i,j, l, k} = 1, e,y

(iii) a|n|* < Ann for any symmetric matrix 7,

(iv) |An| < B|n| for any matrix 7).

> If A= (Aijri)i<i,jki<n is a fourth-order tensor and Y = (Y;;)1<i,j<n i & square

matrix, we have
AT = ((AY)ij)1<ij<n = (Aijt Tri)1<i,j<n-

> Foranyi,j=1,2,...,n,9d;; =1ifi = j and 0 otherwise, represents the Kronecker
symbol.

2. PRELIMINARY RESULTS ON THE HS—CONVERGENCE

As mentioned above, the limit problem is obtained within the framework of the
HPY-convergence theory for linearized elasticity. The notion of H)-convergence was
introduced by El Hajji and Donato [8], it extends the H°-convergence given by
Briane, Damlamian and Donato [2] to linearized elasticity. The paper [2] generalizes
the G-convergence introduced by Spagnolo [19] and the H-convergence given by
Murat and Tartar [16] to the case of a perforated domain, not necessarily periodic.
Furthermore, the H-convergence was extended to linearized elasticity by Francfort
and Murat [9], and denoted in [12] by H,.-convergence.

In this section we recall the definition of the H?-convergence as well as its main
properties used in the proof of our main results.
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Let © be a bounded open set of R™, n > 2, with boundary 0{2. We consider the
perforated domain €. defined by

Q. =0\ S,

where S; is a sequence of compact subsets of 2. We denote by x. the characteristic
function x,,_, by ¥ the outward normal unit vector on the boundary of €2..
Consider the Hilbert space

Vo ={veH (Q.)"; vjpa =0}

equipped with the H'-norm.

In what follows, we assume that S, satisfies the definition of e-admissibility given
in [8].

Definition 2.1 ([8]). The set S. is said to be admissible in Q for linearized
elasticity, or e-admissible in €, if and only if:

> Every L>°(£2) weak x limit point of . is positive almost everywhere in (.
> There exists a positive real constant C' and for each € an extension operator P.
from V. to Hg(2)™ such that

P. € L(Ve, Hy()"),
(2.1) (Pv)jg. =v Yvel,
He(PeU)HLZ(Q)"X" < CH@(U)HLz(QE)an Vv e V..

Remark 2.1. Conditions (2.1) of e-admissibility give an information on the
regularity of the holes S. and the way in which they approach the boundary 0€2. As
an example of e-admissible holes, we cite the case of perforated domain with holes
of size € or 0. (where 0 < §. << ¢) treated in [15], [10] respectively. We can cite also
the case of a perforated domain with double periodicity [7] and the case of finitely
many periodic scales introduced in [11].

We denote by P* the adjoint operator of P. defined from H ' (2)" to V/, the dual
of V., given by
P feH Y Q" P feV!
with
(PZfooyveve =, Pev) g1 @yn 13 () -
Remark 2.2 ([8]). Korn’s inequality remains valid in V, with a constant inde-
pendent of ¢, i.e., there exists a positive constant C independent of ¢ such that

Hv”Hl(QE)n < C||e(v)||L2(QE)an Vv e V.
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Then, the quantity

leO)Zayen = 3 /Q o3 () da

ij=1
defines a norm on V. equivalent to the natural one of H'({2.)™ with constants inde-

pendent of e.

Remark 2.3. The definition of V. ensures that
V. C L?(Q2)™ with compact injection,
V. is dense in L?(Q.)".

Now, we give the definition of the H-convergence for linearized elasticity in the
case of a perforated domain and its principal properties.

Definition 2.2 ([8], [12]). Let A® € M,(«, 5,12) and S, be a sequence of compact
subsets e-admissible in Q. We say that the pair (A®,S.) HO-converges to A° €

0
M.(/,3,Q) and we write (A%, S;) e AV if for each function f of H~1(Q)" the

solution u® of
—div(A®e(u®)) = PXf in Q.

(Afe(u®))d =0 on 95,
u® =0 on 01,

satisfies the weak convergence

P.uf—u weakly in H}(Q)",
Aje\(ge)—\AOe(u) weakly in L2(Q)"*",

where u is the unique solution of the problem

—div(A%(u)) = f in Q,
u =0 on 0.

Remark 2.4. In view of [8], Definition 2.2 can be rewritten as follows: For
every function g € L%*(Q) and any sequence (¢) such that

Xe — xo weakly x in L>°(Q),
the solution v¢ of the problem
—div(A%e(v®)) =¢ in .,

(A%e(v®))9 =0 on 08,
v* =0 on 0},
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satisfies

P.vs—2”° weakly in H}(Q)",
Aje\(v/f)éAoe(vo) weakly in L2(Q)"*",

where v° is the unique solution of the problem

—div(A%(v%)) = xog in Q,
0 =0 on 0f).

Remark 2.5 ([8]). The notion of H?-convergence is independent of the choice
of the extension operator P.. Furthermore, if v € V. such that P.v® — v weakly in
H(Q)", then for all ¢ € D(Q), Pz(¢), v°) — ¢v weakly in Hg ().

The notion of H?-convergence makes sense in view of the following result:

Theorem 2.1 (Compactness Theorem [8], [11]). Let A° € M.(«,3,9) and S
be e-admissible in Q. Then there exists a subsequence of (¢) (still denoted by (¢))
and a tensor A° € M.(a/C?, 3?/a, Q) such that the sequence (A®,S.) H?-converges
to A°.

3. SETTING OF THE PROBLEM

In the rest of the paper, we consider a bounded open domain 2 of R™, the perfo-
rated domain Q. = Q\ S, with e-admissible holes S. and a sequence A° of fourth-
order tensors of M.(«, 3,).

For the whole sequence (¢), the following assumptions are made on A® and x.:
(H1) The pair (A%, S.) H%-converges to A° € M.(a/C?, 8%/, ).

(H2) The sequence x. converges weakly x in L>°(2) to a function xo satisfying the
condition that

there exists a positive constant § such that xo > § > 0 a.e. in Q.

Assumptions (H1) and (H2) are reasonable hypotheses. Assumption (H1) draws its
validity from the compactness theorem (Theorem 2.1), while assumption (H2) is
verified in more general situations, see [22].
Now, we are ready to present our problem. Consider the eigenvalue problem of

finding a real value A* and a vector-valued function u° such that

—div(4%e(u®)) = A*u® in Q,
(3.1) (A%e(u®))d =0 on 05,

u® =0 on 0N.
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Its weak formulation reads:
Find X° € R (eigenvalues) and u® € V; — {0} (eigenfunctions) such that

as(u®,v) = A*(u®,v). for any v € V,
where the bilinear form a. is

Vu,v € Ve ac(u,v) = / Ace(u) - e(v) dz,
Q.

and (u,v). = [, wvdz denotes the inner product of L?(Q.)".
It is easy to see from (1.1) and Remark 2.2 that the bilinear form a. is symmetric
and coercive. According to a well-known result in spectral theory, Remark 2.3 ensures

the existence of a sequence of eigenvalues {A5}52, and a sequence of normalized

oo

eigenfunctions {ut}2, satisfying problem (3.1), such that

D<A <A< <. <A - oo,
AZ is of finite multiplicity for each s,
and {u£}%2, C V. forms an orthogonal basis in L?(2.)"

equipped with its natural norm.

We characterize each eigenvalue A\$ with the help of the Rayleigh quotient

Voe Ve v#0; Re(v) = ae(v,v).
(v,v)e
Then, the minimax principle states that
3.3 AL = i R = R = R
(3.3) ST i max <(v) Jmax =(v) max =(v),
dim W:=s vl E.(s—1)

where E.(s) is the subspace of V; spanned by {u§,us,...,us}.

4. ESTIMATES ON EIGENVALUES AND CONVERGENCE

In this section, we give two primordial preliminary results to the homogenization
process. For this, let us denote by L?((2, xo)" the space L?*(Q)" equipped with the
inner product

(u,v)g = / youvdz for any u,v in L?(Q)",
Q
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where the corresponding norm

1/2
[ullo = (/ Xou? dx) for any u in L*(Q)",
0

is equivalent to the natural one.

In order to present the first result, which provides necessary bounds on the eigen-
values A\, we introduce the following intermediate eigenvalue problem for the Lamé
tensor L,

(4.1) { —div(Le()) = —div(e(7)) = xour in &,

T=0 on 0},

where L is the fourth-order tensor defined by L = %(5ik(5ﬂ+5il§jk) foralli,j, k,l €
{1,2,...,n}.

The weak formulation of problem (4.1) is: Find p € R (eigenvalues) and 7 €
HY Q)™ — {0} (eigenfunctions) such that

bo(r.v) = p(r,v)o for any v € HA(Q)",
where the bilinear form b is
Yu,v € Hy(Q)"; bo(u,v) = / e(u) - e(v) da.
Q

Since L € M.(1,2,9), problem (4.1) has an increasing sequence of eigenvalues
{ps}52, of finite multiplicity such that us, — oo, as s — oo, and a sequence of nor-
malized eigenfunctions {75}5°; C H}(Q)" forming an orthogonal basis in L2($, x0)".
These eigenvalues us can be characterized by

(4.2) fs =  min max R(v) = max R(v) = max R(v),
WECH(Q)™ veEW? vEE(s) vEHL Q)™
dim W?=s vlE(s—1)

where F(s) is the subspace of H}(Q)" spanned by {71, 72,...,7s} and for any v €
HI ()™, v #0, R(v) = bo(v,v)/(v,v)o.

The following proposition gives an estimate of eigenvalues A$ by eigenvalues ps
of the spectral problem (4.1), which are independent of . The proof is essentially
based on the comparison of the eigenvalues A and ps using the minimax principles.

Proposition 4.1. For each s > 1 there exists a real constant ¢ > 0 independent
of € such that for all e > 0

)
(4.3) Tahs <AL < B,

where o, 3, C and § are given in assumptions (H1) and (H2).
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Proof. The proof is based on a general argument of spectral analysis, see [4],
[14], [17], [23] involving problem (4.1). Let us prove first the left-hand side of (4.3),
for this let 71,72, ..., 7s be the first s normalized eigenfunctions of problem (4.1) and
consider the set

€ __
BS = {10, 7210, > Tsja. } C Ve.

We claim that B{ is an independent family. Indeed, on the contrary we would have
sequences of reals ¢f, 5, ..., cS not all equal to zero such that

S

. .
E ¢ Tio. =0 in Qe
i=1

so, for any j € {1,2,...,s}
S s s
(S ctrloslo.) = X ciwinnlo): =3¢ [ nlo.nlo. o
i=1 € =1 i=1 7%
S
= Zcf/ XeTi - 75 do = 0.
i=1 79

Without loss of generality, we can assume that for a subsequence of (¢) (still denoted
by (g)) there exists an integer jo € {1,2,...,s} such that ¢5 =1 and [cj| < 1 for all
1=1,2,...,s,and real constants c1, ca, ..., c; such that ¢f — ¢; ase — 0 with ¢;, = 1.
Then, by passing to the limit, as € — 0, in the last equation with j = j, we get

S

Zci(TivTjo)O = 0

i=1

Thus c;, = 0, which contradicts our assumption, hence the desired claim is valid.
Now, let us choose in the first equality of (3.3) the subspace of V., denoted by B¢,
spanned by the family B and by taking into account (1.1), we get

as(v,v)

2

elv nxn

A < max —H Wz 0.y :
veB; (’U,’U)E veBs (’U,’U)E

From the fact that the subspace B¢ represents the restriction to (2. of the elements
of E(s) defined in (4.2),

SO
A% < B max (v, v)o max bo(v,v).
veE(s) (V,V)e veE(s) (v,0)o
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The characterization (4.2) of eigenvalues ps leads to

(U7 U)O
4.4 A < Bus max .
(4:4) N veE(s) (U,V)e
The right-hand side of inequality (4.4) is bounded above by a constant independent
of €. Otherwise, we would have for a subsequence &,, — 0 of ¢ a sequence of
normalized vectors (v, )m in F(s), such that

1
(4.5) —/Xovfndm>/ v2, da
m.Ja Q

m

with Q,, = Q...
Since E(s) is of finite dimension, we have (up to a subsequence)

Um — Vo strongly in L?(2)" with [jvollo = 1,

by passing to the limits, for this subsequence, in (4.5) we get that ||vg|lo = 0. This
contradiction implies that there exists a constant ¢ independent of £ such that

)‘i < C/Bus-

Now, to prove the left-hand side of (4.3) let u§,us, ..., u be the first s normalized
eigenfunctions of problem (3.1) and consider the family

Di = {Péuivpéugv"'vpsui} C H(%(Q)nv

it is easy to see from properties (2.1) that D¢ is an independent family.
Let us choose in (4.2) the subspace of H}(Q)", denoted by D¢, spanned by the
family D%, and from the fact that DS represents the extension of all functions of F.(s)

by P., we have

. bo (v, v) bo(P-v, P.v)
s < max = max ——————=,
a veD: (v,v)g  wveBE.(s) (P.v,P-v)o

from properties (2.1) and (1.1) we get

le(@)IF2q.ynxn _ C2 as(v,v)
s < C? max Lo R @) < — max ———~2
H veB.(s) (P.v,P:v)o a veE.(s) (Pev, Pov)g

S0
C? (v,v)e as(v,v)

<{— max ————— max ———=.
He = a veE.(s) (Pev, Pov)g veE(s) (v,0)e
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The characterization of the eigenvalue A given by (3.3) yields

C? (v,0)e
s < —A§ .
He o ° UénEa:({s) (PE’U, PE’U)O

Finally, assumption (H2) leads to

This completes the proof. O

As a natural consequence of Proposition 4.1, we establish the following result,
which describes the behavior of the sequences A and the associated normalized
eigenfunctions u$, for a subsequence of (g), using essentially the standard diagonal
process:

Lemma 4.1. There exists a subsequence of (¢) (still denoted by (¢)) such that for
any integer s > 1 there exists a real \; > 0, a vector-valued function i, € H(Q)"

and a symmetric matrix & € L*(Q)"*" satisfying
AS = A,
(4.6) P.u — us  weakly in HH(Q)",

£ — &, weakly in L2(Q)"*",

where £ is the symmetric matrix defined by £& = A%e(uf).
Furthermore,

(47) 0< M\

N

A2 < A3 <

(s, p)o =

o) /N
3"
J,
8

Proof. For any integer s > 1, by taking u; as a test function in the weak formu-
lation of problem (3.1), since the normalized eigenfunctions satisfy [|ug||z2(.y» = 1,

/AE Se(us)dr = A°.

Due to properties (1.1) of the set M.(«, 3,€2), Proposition 4.1 and properties (2.1)
of the extension operator P., it easy to see

we have

e B
(4.9) le(Paud) Iz gymn < eC2 (=)t
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Moreover, by considering the symmetric matrix £€° = A®e(u®), properties (1.1) and
inequality (4.9) lead to

~ 3
(410) ||€§H%2(Q)7L><n < 602 (%)Mg

Consequently, inequalities (4.3), (4.9), (4.10) combined with the standard diagonal
process allow us to deduce that a subsequence of (¢), still denoted by (g), can be
found such that for any integer s > 1 there exists a real A, a vector-valued function
s € H}(Q)™ and a symmetric matrix & € L2(Q)"*™ satisfying (4.6).

Furthermore, by passing to the limit for this subsequence in (4.3) and (3.2), we get

D<A <A< <. <A<,

and due to 75 — oo, by passing to the limit in (4.3) twice, firstly as € — 0, secondly
as s — 00, we deduce that Ay — 0o as s — oo.
On the other hand, for any two positive integers s,p > 1 we have

dsp = (U5, up)e = / ugu, dr = / {Eﬂgdx = / Xe(Peug)(Pouy,) d,
Q. Q Q
then, according to (4.6) and (H2), we get

lim [ x(Pug)(Peuy)de = / Xolslp dx = (Us, Up)o = Osp-
Q Q

e—0

5. MAIN HOMOGENIZATION THEOREMS

The aim of this section is to show that the homogenized spectral problem associ-
ated to problem (3.1) is given by

(5.1)

—div(A%(u)) = Axou in Q,
u=0 on ON.

This problem is similar to problem (4.1) with the fourth-order tensor A° instead
of L. Since A° € M (a/C?, 32/, Q), problem (5.1) admits a sequence of eigenvalues
{Xs}22, and a sequence of normalized eigenfunctions {us}52, C H(Q)", such that
O< A <A<, >,
s is of finite multiplicity for each s,

{us}22, forms an orthogonal basis for L2(Q, xo)".
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To do this, we start by stating and proving an important result to bring out the
relationship between the limits found in Lemma 4.1 and problem (5.1).

Theorem 5.1. For any integer s > 1, let \] be an eigenvalue and u an associated
normalized eigenfunction of problem (3.1). Then, under assumptions (H1) and (H2),
the limits Ay and 1 given in Lemma 4.1 represent, respectively, an eigenvalue and
an associated normalized eigenfunction of problem (5.1).

Proof. Let us consider any w € H}(Q)". By choosing Wy, as a test function in
the weak formulation of problem (3.1), we get for any integer s > 1

/Q & e(w‘ﬂs)dx = /Q Afe(uf) 'e(w‘ﬂs)dx = )\2/ uiwma dzx,

€

then
/ gi ce(w)dx = )\i/ Xe(Peul)w dz.
Q Q

Hence, (H2) and (4.6) imply

/ & -e(w)dr = 5\5/ Yotswdx for any w € Hy ()",
Q Q

SO

—divés = A\gxolls a.e.in Q.

Therefore, the proof will be complete if we show that

Consider for any function ¢ € H}(Q) and any symmetric matrix A € R™*™ the
unique solution 65 € V_ of the problem

—div(A%e(63)) = P*(—div(A%(Azyp))) in Q.
(5.2) (A%e(67)) -9 =0 on 05,
05 =0 on 0f).

HO
Taking into account that (A°,S.) — A°, we deduce the existence of a function

Ox € HE ()™ such that

—_~—

P.05—0, weakly in HJ ()",
Aze(05)—A%(0p) weakly in L2?(2)"*",
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where 6, satisfies the problem

—div(A%(95 — Azp)) =0 in Q,
0r =0 on 0f).

Since A° € M (a/C?, 3%/, Q), the last problem has a unique solution, which is the
null function, then 6y, = Azp.

Now, set n° = A%e(6%) and for any ¢ € D(Q2) choose the function uSy as a test
function in problem (5.2), then we get due to the property of symmetry given in (1.1)

(5.3) / 7 - e(uSy) do = (—div(A%(Azp)), Pe(uSt)) g1 oy 113y

€

= /QAOe(Axga) e(P:(ust)) da.

Since e(uy) = (ei; (usY))1<ij<n With

1ro(usy);  O(usy), 1 0
ei(u50) = 5[5t + 2] — ey + g0 5 + (09

we get

(3 I £ 13 1 (3 £ 13 8
) [ o etuivyde= [ ciwdn g [ [0, 5t + wh)g ] dn
Notice that from the property of symmetry given in (1.1),
(5.5) | ctuiwae= [ 6 e@nivan

then from (5.3), (5.4) and (5.5), we have

1 0 0
[ gty [ g [0, 5 g Jar = | A%e(Aag)e(p(uiwy) de

By passing to the limit, as € — 0, in each term of this last equation:
First term. We have

/ gg-e(eg)wdxz/Eé-e(Peéi)wdm-
Q. Q

Thanks to the weak convergences of £ to & in L2(Q)"*™, P65 to Azp in HJ ()™,
and due to (3.1) and the div-curl argument (see [22]), we have

/ & e(03) dr — / . - e(Arp)d de.
Q. (9]
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Second term. We have

LﬁﬂW%§i+()gﬂ ==Q%Ug@h%%(g%%$ﬂm,

from the weak convergences of n° to A%(Axp) in L?(Q)"*" and of P.ut to i in
HY )™, we get

L [ g+ g de s [ (Aelhae)y () 5 + (5] o

Third term. From the weak convergence of P.uf to iis in Hi(2)" and Re-
mark 2.5 we obtain

/ A%e(Azy) - e(Po(use))) do — / Ae(Azy) - e(usy)) dx
Q Q

However, due to

1 0 0
ey iet) = ex @)+ 3 [(@), 5 + @) gE ]

we get
/ Ale(Azy) - e(Po(usy))) dz — / A% (Azp) - e(tis )t d
Q Q

+%/Q(A06(A$QD))1‘]’ (ws); g;i + (@o)s g;i

Then, we conclude that

/ & - e(Azp)ypdr = / Ae(Azyp) - e(tis)pda  for any ¢ € D(Q),
Q Q
and so

£ - e(Azp) = A%e(Axp) - e(ts) in Q.

Furthermore, for any compact set w CC € by choosing the function ¢ such that
p=1linw
& - A=A -e(a,) inw,

from property of symmetry of the fourth-order tensor A°
£ - A= A%(ay) - A.

Thanks to the symmetry property of A° and &,, we deduce that £ = A%(u,) and
finally
—div(A%(i,)) = Asxolls a.e. in Q.
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We are now able to complete our homogenization process by establishing our
second main theorem, where we prove that problem (5.1) represents the homogenized
spectral problem. The proof is based on the result established by Theorem (5.1) and
the minimax principles of the eigenvalues [4], [13], [14].

Theorem 5.2. Let {\:}s>1, be the eigenvalues of problem (3.1) and let {uS}s>1
be the corresponding normalized eigenfunctions. Then under assumptions (H1)
and (H2), we have

(1) for each integer s > 1
AL = A5 ase— 0,

(2) there exists a subsequence of () (still denoted by (g)) such that for each integer
s>1
> Poué — ug weakly in H}(Q)",

—_~—

> Ase(us) — A(us) weakly in L2(Q2)"*",

where A\ represents an eigenvalue and us an associated normalized eigenfunction of
problem (5.1).

Proof. In virtue of Lemma 4.1 and Theorem 5.1, to prove the first assertion of
the theorem it suffices to prove that

where {As}52, represents the spectrum of problem (5.1).

For this, first we show that the whole spectrum {\;}22, of problem (5.1) is included
in the sequence {\s}%2 ;.

Let us argue by contradiction, assume that there exists a real A € R’ , an eigen-
value of problem (5.1), such that for every s > 1 A # )\, and let u be an associated
normalized eigenfunction satisfying

(5.6) (u,ts)o =0 for any s > 1.

From (4.7) we have the existence of a positive integer sg, such that A < 5\30 with 5\30
an eigenvalue of problem (5.1) of finite multiplicity k.
Let U¢ be the unique solution in V of the following problem:

—div(A%e(U?)) = —Pr[div(A%(u))] in Q,
(5.7) (A%e(U*®))90 =0 on 08,
Us=0 on 0N).
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HO
Since (A€, S.) — A, there exists a vector-valued function U° € H}(Q)" such that

P.Us—=U° weakly in H}(Q)",
(5.8) { 0
Ace

(UE)AAO (U°)  weakly in L?(Q)"*"

with

—div(A4%(UY)) = —div(A%(u)) in Q,
U=0 on 0f).

Because A° € M.(a/C?, 3%/, ), the last problem admits the vector-valued func-

tion u as a unique solution, then U° = u.
Now consider the vector

sot+k—1

v*=U° — Z (U?, ug)eus.

i=1

Obviously, by construction we have

o eV, v°#£0, v LEA(so+k—1),

where E.(so+ k —1) is the finite-dimensional subspace of V; spanned by {uj, u3, ...

ioJrk 1}
The characterization (3.3) of eigenvalue \; ., leads to

. ac (v, v°)
e = RL) RO =00
vl E.(so+k—1)
SO
(5.9) as(v®,v%) =AY, 1 (v, 0%),,

due to (3.2), by developing each member of (5.9) we obtain

sot+k—1
(v®,v%)e = (U5, U%)e — Z (Us,ui)g.

j=1
Likewise, from the weak formulation of problem (5.7) and problem (3.1) we get
Qg (’Ug7 ’UE) = <—diV(AO€(’U/)), PEUE>H—1 (Q)n,Hé (Q)n

so+k—1
_9 Z (—div(A%(u ), Peu§) g-1(0yn 1y (o)

S()-‘rk 1

+ ) AS(UF u)?
Jj=1
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Moreover, since u is a normalized eigenfunction of problem (5.1) associated to the
eigenvalue )\, we obtain

<—div(AOe(u)),P€U€>H71(Q)V,L7Hé(ﬂ)n = )\/QXOUPEUE dz,

and
<—diV(AOe(u)),P€u§>H71(Q),,L7Hé(Q)n = /\/QX()ngu§ dx.

Under assumption (5.6) and due to (5.8), it is easy to see that

U=, U%)e =21,
(U*,u5)e =0,
(—div(A%(u)), PeU€>H—1(Q)n,Hg(Q)n Y A,
(—div(A%(u)), Pou§) g-1)n my oy — 0.

e—0

Thus, passing to the limit, as € — 0, in (5.9) we obtain

>\ 2 >\So~‘rk7

which contradicts the existence of sy. Then necessarily there exists some p > 1 such
that A = 5\,, and so the sequence {)\s,s = 1,2,3,...} represents the entire spectrum
of problem (5.1).

Second, we have to show that eigenvalues A\, and \, have the same multiplicity.
For this purpose, it suffices to prove, by using the same arguments as before, that
the family {us,s > 1} is a complete orthogonal basis of L%(£, x0)".

To complete the proof of the first assertion, consider any subsequence (¢’) of (¢)
such that for each s > 1, )\Zl converges to some wy; € R} and using the same steps
as before we conclude naturally that \s = ws. Then, for each s > 1 the whole
sequence A converges to As.

The second assertion is a direct consequence of the previous one and Lemma 4.1.

O

Remark 5.1. It easy to deduce from assumption (H2) and the second assertion
of Theorem 5.2 that uZ converges weakly to xous in L?(Q).

In the particular case of a simple eigenvalue of problem (5.1), we give the following
result concerning the weak convergence of the eigenfunction and a particular error
estimate:
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Theorem 5.3. Under assumptions (H1) and (H2), let for some p > 1, A, be
a simple eigenvalue of problem (5.1). Then the eigenvalue A}, of problem (3.1) which
satisfies A\, — Ap, as € — 0, is a simple eigenvalue too.

Let u be any normalized eigenfunction corresponding to A, then a normalized
eigenfunction ug, associated to A, can be found such that the whole sequence P.us,
converges weakly in H}(Q)" to u.

Furthermore, for any real k such that 0 < k < 1, we get for a sufficiently small €

5= (H2)o

|
L=>=(Q) X0

‘Xs—XoH
X0

Pe . — )a
e P25 =l

where wy, is the unique solution in V. of the problem

—div(Ae(ws)) = —Pr[div(A%(u))] in Q,
(5.10) (A%e(w;))9 =0 on JS;,
wp =0 on 0f).

Proof. First, due to the convergence of the sequence A}, to A, as € goes to 0,
one can easily see from the proof of the previous theorem that the eigenvalue A7 is
of simple multiplicity too. We stress that in general the multiplicity of A}, may be
less than or equal to that of A,.

Now, let u, be a normalized eigenfunction of problem (3.1) corresponding to the
eigenvalue A\ such that

(5.11) (up, u)e > 0.
As a consequence of Theorem 5.2, for a subsequence ¢’ of €, we have

Pl —u, weakly in H}(Q)",

where u, is a normalized eigenfunction of problem (5.1) associated to the eigen-
value A,. Then, by passing to the limit in (5.11) we get

(up,u)o > 0.

We conclude that u, and v are two normalized eigenfunctions corresponding to a sim-
ple eigenvalue with the same orientation, so u;, = u. Then, the whole sequence P:us,
converges to u, as € — 0.

Now, consider wj,, the unique solution in V. of problem (5.10). Because of the
H?-convergence of (A%, S.) to A° € M.(a/C?, 3% /a, Q) we obtain

Pows — u weakly in H}(Q)",
A%) — AY%(u) weakly in L2(Q2)"*".
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By choosing test functions uj,

and (3.1), respectively, we get

/ Ae(up)e(wy) dz = )\;/ uywy, dz = )\;/ Xe (Peuy ) (Pewy) dz
Qe Q. Q

/QE e(wy, dx_/AO Pu)da:_)\/XOuPu)d

Since A%e(ug)e(wy) = A%e(wy)e(us), we have

and wj, in the weak formulation of problems (5.10)

and

/\Z/QXEPEUZPEU}; dz = )\p/QXQ’LLPEUZ dz,
SO

(Ap = Ap) /Q Xe Peup Powy, dz = A, /Q(Xou — Xe Pewy) Poug, dz.

From the previous limits fQ Xe Peug, Pewy, dz — fQ xou?dz = 1, so for ¢ sufficiently
small we have fQ XEPgu;PEw; dz > 1— k with 0 < kK < 1 and then

1

(5.12) ( A‘p”) XS —\| <

Q(XE — Xo)uPeuy, dz| +

Xe(Pewy, — u) Peug, dx|.
Q

From assumption (H2), the two terms on the left-hand side of (5.12) can be rewritten
as follows:

( — Xo)uPeu, dx

‘/Xse Pudx

Observe that from the definition of L%(Q, xo) and its norm |-||o, we have for any
function v € L2(Q) ||\/xovll22(0) = [|[v]lo, so we get

_ ‘/ Xe Z X0 mesu)(yXoPeus) da

= | [ (R~ )R o

[0 =g sl < XX ol P o
Q Lo (Q)
Xe
QXE(PEw;—u)PEu;dx < ‘ % Lx(Q)HPEw;—u||0||P€u;||0.

Since [ullo = 1 and P.u$ — u strongly in L*(€2)", for a sufficiently small e
[ Peugllo <1+ &,
so we obtain

=< (TZn(

2
L~ () Xo L

‘Xs XOH

g p—
o P15 allo).
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6. COMMENTS AND PERSPECTIVES

Our main result states that to homogenize a spectral problem for linearized elastic-
ity in perforated domains with e-admissible holes (beyond periodic setting), it suffices
to determine the H?-limit of the associated fourth-order tensor. Thanks to Theo-
rem 2.1 the existence of this HC-limit is guaranteed at least for a subsequence of (¢).

As an application, we can consider a spectral problem for linearized elasticity in
perforated domains with two types of holes, the thick ones are periodically distributed
in © and the thin ones are assumed to be only e-admissible as introduced in [11].
Let Y be a reference cell with paving properties. Set Y* = Y \ T*, where T* is
a compact subset of Y, consider a sequence &, of compact subsets of Y*, H!(Y*)-
admissible in the sense of [11]. Then, the set T, = T U S,, where

Tr = {U e{T" +kibi} st. ke Z" and e{T" + kb } C Q}’

S. = {U e{G. + by} st k € 77 and e{6. + ki) C Q}

represents the e-admissible holes and the homogenized spectral problem associated
to this problem can be deduced directly from the results given in [11].

As a consequence, we will obtain a homogenization result of a large class of spectral
problems for elasticity in perforated domains and obviously more information about
the limit of the sequence A\;. We cite the two following situations:

> holes with finitely many periodic scales,
> two types of holes will be considered, the thick ones are periodic and the thin ones
are locally periodic in Y.

These ideas are the subject of a paper in preparation.

To conclude, we note that our result would not be valid if the holes were not
admissible, which leads to a question similar to the one asked by Damlamian and
Donato [5] for the scalar case: which holes are admissible for linearized elasticity?
This is an open problem.

Acknowledgements. The authors would like to thank the referees who pro-
vided valuable suggestions that greatly improved the quality of the manuscript.
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