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KYBERNETIKA — VOLUME 57 (2021), NUMBER 4, PAGES 714-736

GENERATING METHODS FOR PRINCIPAL TOPOLOGIES
ON BOUNDED LATTICES

FunDA KARAGQAL, UmiT ERTUGRUL AND M. NESIBE KESICIOGLU

In this paper, some generating methods for principal topology are introduced by means
of some logical operators such as uninorms and triangular norms and their properties are
investigated. Defining a pre-order obtained from the closure operator, the properties of the
pre-order are studied.

Keywords: principal topology, bounded lattice, generating method, uninorm, triangular
norm
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1. INTRODUCTION

The notion of principal space introduced by [I], with the name of Diskrete R&ume, is
a topological space in which any intersections of open sets is also open. Later on, this
kind of topologies has been called as principal spaces [5, [I8] 191 20} 22| 25].

Principal spaces have significant roles in the topological sense. [22] has shown that
the lattice of topologies on any set is complemented and each topology has a principal
topology complement. This demonstrates the importance of them.

Principal spaces with more applications like geometry, digital topology, diverse branches
of computer sciences, natural and social sciences are used in theoretical physics [23].

Finite spaces are special forms of principal spaces [3]. Note that principal topologies
are also known as Alexandrov topologies and there exists a one-to-one correspondence
between Alexandrov topologies and preorders [I8] 25]. The close relationships between
the principal spaces and posets raise the question of whether it is possible to obtain a
principle topology by means of some operators on bounded lattices. In this paper, we
give some generating methods for principal topologies. In this sense, triangular norms
and uninorms known existence on bounded lattices provide a very rich resource for
generating principal topologies. The paper is organized as follows: In Section 2, we
review some basic concepts and notations which will be used in the paper. In Section
3, for a set X and a family of the functions {f;};c; with for alli € I, f; : X — X
we define a topology denoted by Ti(f1,.,). We show that (X, T((s.},c,)) is a quasi-
Hausdorff space. We give a relationship between the principal topology given in [13]
and ({Ugg }zoea)-topology on a bounded lattice L. We introduce ({f;}ier)-point for
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the topological space (X, T((f,}.c,)). We determine a relationship between the notions
of minimal point and ({Uy, }z,eca)-point. We present some properties of ({Uy, }zoca)-
point when U is a t-norm or t-conorm. Also, we show that the topology (L, P(T%,)) is
a Tp space. We introduce the notion of fixed point for the topology (L, T({f,1,c,))- We
present a relationship between a ({Uy, }z,c4)-point and a fixed point. In Section 4, we
give two topological closure operators c; 4 and ¢4 by means of a uninorm U and a set
A C L with under some conditions. We define two topologies T .x a and T, A obtained
from the introduced closure operators. We investigate some properties of the introduced
topologies. We show that T 5.4 is a principal topology. Also, we present that T, cha

a quasi Hausdorff space but it is not a Hausdorff space. We investigate the relatlonshlp
between the topologies Tc;, ,, Tep , and Ty .

2. NOTATIONS, DEFINITIONS AND A REVIEW OF PREVIOUS RESULTS

In this section, we recall some basic notions and results.

A bounded lattice (L,<) has a top and a bottom element, denoted by 1 and 0,
respectively, i. e., there exist two elements 1,0 € L such that 0 <z < 1, for all z € L.

Definition 2.1. (Karacal and Mesiar [I4]) Let (L, <,0,1) be a bounded lattice. An
operation U : L? — L is called a uninorm on L, if it is commutative, associative,
increasing with respect to the both variables and has a neutral element e € L.

Definition 2.2. (Ma and Wu [2I]) An operation T (S) on a bounded lattice L is called
a triangular norm (triangular conorm) if it is commutative, associative, increasing with
respect to the both variables and has a neutral element 1 (0).

Recall that a uninorm U possessing a neutral element e = 1 is, in fact, a triangular
norm. Similarly, a uninorm U with a neutral element e = 0 is, in fact, a triangular
conorm.

Definition 2.3. (Grabisch et al. [12], Kesicioglu et al. [I7]) A uninorm U is called
conjunctive or disjunctive if
U(0,1) =0 or U(0,1) = 1 respectively.

Definition 2.4. (Kelley [16]) A map ¢ : p(X) — p(X) is called a topological closure
operator on non-empty set X if it satisfies following contitions;

C1. ¢(0) =0,

C2. ACc¢(A) forall A C X,

C3. ¢(c(4)) =c¢(A) for all A C X,

C4. ¢c(AUB)=c¢(A)Uc¢(B) for all A,B C X.

Note that a closure operator ¢ on X is called algebraic if

A) = U{C(F) : Fis a finite subset of A}.



716 F. KARACAL, U. ERTUGRUL AND M. N. KESICIOGLU

The following theorem of Kuratowski shows that these four statements are actually
characteristic of closure. The topology defined below is the topology associated with a
closure operator.

Theorem 2.5. (Kelley [16]) Let ¢ be a topological closure operator on X, Let § be the
family of all subsets A of X for which ¢(A) = A, and let ¥ be the family of complements
of members of §. That is, T = {L\ A: A € §}. Then T is a topology for X, and c(A)
is the 7.-closure of A for each subset A of X.

Definition 2.6. (Kelley [I6]) Let X be a topological space. X is called Ty — space iff
for each x,y € X such that x # y there is an open set U C X so that U contains one of
z and y but not the other.

Proposition 2.7. (Kelley [16]) Let X be a topological space. Then, X is a Ty — space
if and only if either z ¢ c({y}) or y ¢ c({z}) for all z,y € X such that z # y.

Definition 2.8. (Dixmier [6]) A topological space X is said to be a Hausdorff space if
any two distinct points of X admit disjoint neighborhoods.

Definition 2.9. (Echi [§]) A space X is said to be a quasi-Hausdorff space if for each
distinct points z,y € X, either there exists z € X such that z,y € ¢({z}) or x and y
have disjoint neighborhoods.

Definition 2.10. (Echi [8]) Let X be a set and f : X — X a function. A subset A of
X is called f-invariant if the condition f(A) C A holds.

Definition 2.11. (Echi [§]) Let X be a set and f : X — X be a function. The
topology P(f) on X is defined with closed sets exactly those A which are f-invariant,
i.e, f(A) C A.

Clearly, P(f) provides a principal topology on X.

Definition 2.12. (Echi [8]) The pre-order determined by (X, P(f)) is given by: for all
z,y € X

z <5y« f"(y) =« for some n € N.

Definition 2.13. (Echi [8]) A minimal point of a pre-ordered set (X, <) isan z € X
satisfying the property: for each y € X if y < z, then x < y.

Definition 2.14. (Echi [§]) An element z is called a fixed point of the topology
(X,P(f)) if f(z) =z holds.
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3. THE T{(1,},.,)-TOPOLOGY

In this section, we define a topology denoted by T((y,1,.,) for a family of the functions
{fitier with f; : X — X for a set X and all i € I. Some properties of the topology are
investigated. Especially, some properties of (X, S ({Usp bape 4)) are investigated.

Let X be a set, the family of the functions {f;};c; with for alli € I, f; : X — X.
Define the sets as follows:

<{fi}iel>:{fglofg2°'”o Z;k kanlanQa"'ankENailaiQa"wikeI}
and for all x € X
O({fi}iel)(x) = {fﬁl Of{f o---o f'(x)| kyni,n2,...,ng € Nyiy, do,... i € I}

ik
Proposition 3.1. Let X be a set and A C X. The operation ¢ : p(X) — p(X) defined
by ¢(A) = Upe((fi1iep) P(A) is a closure operator.

Proof. (i) For j € I, consider the function h* = f; € ({fi}ier). Since A = id(A) =
fi(A) € Une(isiticry h(A), we have that A C c(A).

(ii) Now, let us show that c(c(A)) = c(A4).

cle(4)) = U lea)

he{{fi}ier)

= U » U »rw@)
hel{{fitier) h*€{{fi}ier)
= U B (A) = c(A).

h'=hoh*e({fi}ic1)

(iii) Let A, B C X. Then,

(AUB) = U nAuB)
hel{{fitier)
- U Gyuam)
hel{{fitier)
- U ryu U nwm»
he{{fitier) he{{fi}ier)
= ¢(A)Uc(B).

O
The topology defined by Ti(ry,c,) = {A'| A € Ciif.y,ep) ) 18 the topology with the

closure operator ¢, where C((f,3,.,) = {4 € X| ¢(A) = A}. The topology Ti(f}.c,) 18
called ({f;}ier)-topology.

i€l

Definition 3.2. The pre-order determined by (X, 7(14,1,.,)) is given by for any a,b € X
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a S<{fi}ie[> b< dh € <{fi}i€[> such that h(b) =
Proposition 3.3. Let X be a set and x € X. Then,

(i) C({x}) = O<{fi}'i€1>(x) = (\l/ z)({f’i}iel>’ where (i x)({fi}iel) = {y € X| Yy §<{fi}iel>
X.

(ii) The smallest open set containing z is the set defined by

Viggiyen (@) = {y € X | there exists h € ({fi}ier) suchthat h(y) = z} =
(z T)Sufi},;en’ where (x T)Sufi}ien ={y e X| = <(s}icn ¥}

(iii) (X, Te{f:}.er)) 1s @ quasi-Hausdorff space.
Proof. (i) Since c({z}) = Upe(qs1.0,) M({x}), we have that

Otsitien (@) = {h@)] he{fitien} € c({z}).

Let a € c({z}). Then, there exists h* € ({fi}icr) such that a € h*({z}), whence
a=h*(x) € Oy (@). Thus, c({r}) € O(i4.y,c,) () holds. By the definitions of the
sets, it is clear that Os1...) () = (I ) ({fi}icr)-

(ii) For j € I, consider the function h = f; € ({fi}icr). Since h(x) = z, it is clear
that = € Vigs,1,c,) (). Now, let us show that Vigs..y(®) € Tigs1.cy- That is, it is
sufficient to prove that

(X\‘/({f1}761 ( )) X\‘/v({.ﬂ}zel ( )
Let Y € c( X\ Vigsirien (@) = Unesiyien MX \ Vigsitie) (). Then, there exists
<{fz}16[> and t € X \ V{fi}i61>(x) such that
y = h*(t).
If y € Vigrien) (@), it would exist h** € ({fi}ier) such that h**(y) = x. Then, it would
be obtained that
x = h7(y) =h"(h(1))
= (A" o h™)(1).

Since h** o h* € ({fi}ier), we would have t € Vi(43,.,)(7), a contradiction. Then,
c(X\V(2)) € X\ Vigf1ien) (). Thus, the equality

X\ Vigsirien (@) = X\ Vigryien (@)

is satisfied. Let us prove that Vi1, ) () is the smallest open set containing the element
x. Let M € Tiqy, be a set containing x. Then,

}761

X\M=cX\M)=[J hX\M).
he{fitier)
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Let y € Vig.3,ey(x). Then, there exists h € ({fi}icr) such that h(y) = » € M.
Suppose that y € M. Then, y € X \ M = Uhe({f’i}iEI) h(X \ M). Thus, there exists

€ ({fi}ier) and k € X\ M such that y = h*(k). Then, h(y) = h(h*(k)) = (hoh*)(k) €
Une(firicny MX\ M) = X\ M, whence h(y) ¢ M, contradiction. Thus, it must be
y € M. Hence, we have that Vi s,y (z) € M.

(iii) For the smallest open sets Vifs,1,.,)(z) and Viis.y,c,)(y) containing 2 and y,
respectively, if Vigry.c,v () N Vigs1icn (@) = 0, the proof is clear.

Let Viggryien (@) 0 Viggtien(y) # 0. Then, there exists an element z such that
2 € Vigsitien) (@) O Vigsy,er) (). Thus, there exists h, h* € ({ fi}icr) such that h(z) =
and h*(z) = y, whence z € c({z}) and y € c({z}). Thus, (X,T(1f.},c;)) s a quasi-
Hausdorff space. O

Remark 3.4. Let X be a set. Consider the topology (X,P(f)). By Proposition 1.2.
[8], we know that for any z,y € X, either Vi(z) N Vy(y) = 0 or Vy(z) and Vy(y) are
comparable.

If we take the topology (X, Ti{f,},c;)), the claim stated above need not be true. Let
us look at the following example.

Example 3.5. Consider the lattice (L, <,0,1) whose lattice diagram is depicted as in
Figure

0

Fig. 1. (L,<,0,1).

Take the topology (L, T({Two}zoeL)) defined by Ty, (z) = T(zo, z), where T is a t-norm
on L. For T = Ty = { erv e =l =1 it s clear that Ty(z) = 0, Ti(z) = =,

otherwise,

b =1, a r =1,
Tb(x) = { 0 otherwise, and Ta(l') = { 0 otherwise.
In this case, Vir, 3, ..)(a@ (a) ={1,a} an V<{TIO}ZO€L>(b) = {1,b}. Asseen, W{Tzo}zoem(a)ﬁ
V(b) # 0 and no one of the sets Vi y(a) and Viqr, 3, c,)(b) do not contain the
other one.

TuotageL
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Proposition 3.6. (Karagal and Kéroglu [13]) Let L be a bounded lattice and U be a
uninorm on L with the neutral element e. Let A be a subset of L such that e € A and
U(A,A) C A. The operator cya : (L) — p(L) defined by cya(X) = U(X,A) is a
topological closure operator on L.

Definition 3.7. (Karacal and Koroglu [I3]) A subset X of L is called a closed subset
if cy,a(X) = X. The family of all closed subsets of L is denoted by §., , ={X C L :
cua(X) =X}

Proposition 3.8. (Karacal and Koéroglu [13]) Let ¢y 4(X) be the closure of X C L.
Then, T, , = {L\ X : X € F, 4} is a principal topology on L.

Proposition 3.9. The principal topology T, , given in [13] is a ({Us, }+,c4)-topology,
where Uy, : L — L defined by U, (x) = U(zo, ), zo € A.

Proof. Let K € §¢,,. Then, cya(K) = U(K,A) = K. Suppose that K ¢
C{Usytagea)- Then, ¢(K) # K. Thus, K C c(K). Then, there exists an element
k € ¢(K) such that k¥ ¢ K. Since k € ¢(K) = U<{U%}meA>h(K), there exists an
h € ({Usy}zoea) such that k& € h(K). Thus, there exists an element k* € K such that

for some g € A
k=h(k™) = U (k™) =U(xo, k") € K.

For zg € A and k* € K, since k = U(xo, k*) € cy a(K) = K, we have a contradiction.
Conversely, let B € Cqu, 1,.c4)- Then, ¢(B) = B. Let us show that U(A, B) = B.
. rolw . . .

Since ¢(B) = Uhe({Uwo}$06A> hZB), B = Uhe<{Uw0}$0€A> h(B). Since e € A, it is clear
that B = U({e},B) C U(A,B). Let U(z,y) € U(A,B) for x € A and y € B. Since
Uz € ({Usgy taoea), it is clear that U(z,y) = U(y) € Uh€<{Um}w0€A> h(B) = B, whence

U(A,B) C B. Thus, since cy,4(B) = U(A, B) = B, we have that B € §.,, ,. O

Remark 3.10. Let L be a lattice, U be a uninorm on L and A C L. Consider the set
{Uszo tzoea. Let Uy oUyy € {Usgy tagea for any xg, yo € A. Then, there exists an element
zg € A such that

Ugo 0 Uy, = U, .

It is clear that Uy, o Uy, = Uy Thus,

%0,Y0) "
U(ZO?J:) = UZo (JU) = UU($0,yo)(x) = U(U(x05y0)7x)'

If we take as & = e, it can be easily seen that U(zg,yo) = 2o from the last equalities.
Thus, for any xo,yo € A, we have that U(zo,yo) € A, which means that U(4, A) C A.

Definition 3.11. Let X be a set and A be closed set with respect to ({ f; }icr)-topology.
The subset A of X is called a minimal set of ({f;}icr)-topology if A is a minimal element
in the set of all nonempty closed sets.

Definition 3.12. Consider the topological space (X, T({f,},c,))- An element x € X is
said to be a ({fi}ier)- point if there exists some h € ({f;}ics) with h # id such that
h(z) = .
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Note that, in Definition [3.12] if we take only one function instead of family, then it is
clear that ({f;}icr)- point coincides the periodic point notion.

Proposition 3.13. (i) The minimal sets of the topology (X, T({f,}..,)) are exactly
the closures of ({f;}icr)- points, where f; # id for all ¢ € I.

(ii) Let L be a lattice and ) # A C L. If = is a minimal point of (X, <v, 1. ca))
xg fxg
then z is a ({Uy, }ugea)- point, where Uy, # id for zo € A.
Proof.
(i) Let A C X be a minimal subset and « € A. Then, {z} C A. Since A is a closed
set, it is clear that ¢({z}) C ¢(A) = A, whence c({z}) C A. Since A is minimal set, we

have that
e({a}) = A.

Now, let us show that for any x € A and h € ({fi}ier), A coincides with the closure
of h(z). Since c({z}) = Up-e((s,}.c) P (@), it is clear that h(z) € c({z}) = A. Then,
{h(x)} C A. Since A is closed, it is obtained that

c({h(z)}) € A.

By the minimality of A again, we have that

O siyien (M) = c({h(2)}) = A.
Thus, we obtain that

A= O({fi}i61>(h(x)) = c({x}) = C({h(]})})

Since z € c({z}) = c({h(2)}) = Up-e((s.}.cn) P (A(2)), there exists an h* € ({fi}icr)
such that x = h*(h(x)) = (h* o h)(z). Thus, z is a ({f;}icr)- point.

Conversely, let « be a ({f; }ier)- point. Let us prove that the closure of  is a minimal
set. Since c({z}) = O(4,},c,)(z) and c({z}) is the least closed set containing =, it is
minimal.

(ii) Let # be a minimal point. By h(z) = h'(z), it is clear that
h(z) <((U,)}spea) @- Since x is a minimal point, we have that z <, 1, .. M)
Then, there exists h* € ({Uy, }zoca) such that 2*(h(z)) = 2. Thus, z is a ({Us, }zoca)-
point. O

Remark 3.14. Let L be a bounded lattice, § # A C L and T be a t-norm on L.
Consider the topology (L, ,T<{Tmi}w7¢eA>)' Iflisa ({Ty, }z,ea)- point, then 1 € A. Indeed,
suppose that 1 is a ({Ty, }4;c4)- point. Then, there exists h € ({Ty, }z,ca) such that
h(1) = 1. Since h € ({Tx, }x,ca), there exists ny,na,...,ng € N, 21, 29,...,2; € A such
that

— mi n2 e Mk
h=T" oT;20--- 0Tk
Thus,

L=n(1) = TN - T (TR ())

Thk—1
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T T (T (T (1)
= TR T (T (T 1))
=TT T (T )

= TR T (@) TY)

< T T T )

= = TR TR () )
< TR TR ) < STH

(T, (1) = T2 H(T(21, 1))
= TP Yay) = ()" < T(21,1) = a1,

whence we have that 1 = z; € A.

Proposition 3.15. Let L be a lattice and # # A C L. In the topological space
(Ls T((Usy }ayen))» the following are satisfied.

(i) If all points of A are ({Uy, }zoeca)- points, then A C U(A, A).
(ii) If U is a t-norm (t-conorm, resp.), then 0 (1, resp.) is a ({Uy, }zoeca)- point.

(iii) Let z,y be two ({Uy, }zoea)- points. If U is a t-norm (or t-conorm), U(z, y) is also
a ({Us, }agea)- point.

Proof. (i) Let all points of A be ({Uy, }zoeca)- point and a € A. Then, there exists
Uzo € ({Usg}tuoea) such that U, (a) = a. Since U(xg,a) = a, it is clear that A C
U(A,A).

(ii) Let U be a t-norm. For any element x € A, since U, (0) = U(z,0) = 0, it is clear
that 0 is a ({Uy, }aeea)- point.
Similarly, it can be easily shown that 1 is ({Uy, }zoc)- point when U is a t-conorm.

(iii) Let U be a t-norm. Since x and y are two ({Uy, }z,eca)- points,

2= (Usy o Uy 00Uy, )(x) and y = (U, 0 Uy 00U, 1)(y).

Zo

Then,

Ulr,y) = U((UsooUs 00Uy, )(2), Uy 0U, 00U, 1)(y))
= UU(zo,U(x1,U(xa,...,U(zn,2))),Ulzo ,Ulzy ,Ulzs
LUz, 9)))
= UU(z,U(x1,U(xs,...,U(xn,20))), Uy, Ulz1 , Uy,
SU(@m ,20))))
= U(U(z,a),U(y,b)) = U(U(z,U(a,U(y,D))))
= U(U(z,U(y,U(a,b)))) = U(U(z,y),U(a,b))
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UU(ayb) (U(I, y))v

where Uqp) € ({Usg tzoea), a :=U(x1,U(x2,...,U(2n,20))) and

b:=U(y,Ulzy ,U(zs ,...,U(xm ,x0)))). Thus, U(z,y) is a ({Uy, Yegea)- point. O

Proposition 3.16. Let (L,<,0,1) be a bounded lattice and () # A C L. Consider the
topology (L, P(Ty,)) such that T is a t-norm and xg € A. If z is a ({T, }z,eca)- point,
then z < xg.

Proof. Let z be ({Ty,}z,ca)- point. Then, there exists an element m € N* such that
T () = =,
since z = T, (z) = T'((x0)7F, ) < (20)F < 0, T < 2. O

Proposition 3.17. Let (L, <,0,1) be a bounded lattice, } # A C L and T be a t-norm.
Then,

(i) The topology (L, P(T%,)) is a Tp-space.

(ii) (L, P(Ty,)) does not have any (T}, )- point except for fixed points.

Proof. (i) Let e¢({z}) = ¢({y}) for any z,y € L. Since x € ¢({y}), there exists n € N*
such that = T (y), whence x = T((20),y) < y. Similarly, it can be shown that
y < x. Thus, we have that x = y.

(ii) Let @ be a (T, )- point. Since

c({z}) = {&, Tuy (x )»Tﬁo( ), Ty (@), T, (2) = @} and

c({Too(2)}) = {Toy(2), T2, (x),..., TP (x) = ;C,T;fo‘H( ) = T,,(z)}, it is clear that
c({x}) = e({Ts,(x)}). By (i), since (L, P(T,,)) is a To-space, x = Ty, (x), whence x
is a fixed point. O

Remark 3.18. Let L = [0, 1]. For the topology (L, P(Ty,)) with z¢ # 1, the only fixed
point is the point 0. Indeed, for any n € N, since = < (z¢)%, it is clear that

x < lim(zg)7 =0,
whence x = 0.

Proposition 3.19. Let (L,<,0,1) be a bounded lattice, U be a uninorm with the
neutral element e € L. For any zg,yg € L such that g < e and yo > e, if P(U,,) =
P(Uy,), then zo and yo are ({U,, })- points.

Proof. Tt is clear that the closures of the set {z¢} in the spaces (L, P(Us,)) and
(L,P(Uy,)) are respectively as follows:

ep,,) ({z0}) = {20, Usy (20), - . .. Uz, (20), - . .}



724 F. KARACAL, U. ERTUGRUL AND M. N. KESICIOGLU

and

cP(UyO)({xo}) = {20, Uy (w0), ..., Uy, (20),---}
= {xo,U(yo,xo),...,U((yo)}}yo,xo),...}.

Since U(zg, yo) € c({x0}), there exists an m € N* such that
U(zo,y0) = Uygg(x0) = U((20)7,, » %0)-

Then, it follows zg < U(zg,y0) = U((ZEO)ELZOJO) = (aso)glgl < z¢ from zg < e. Thus,
(xo)’(}igl = X0, that is, z¢ is a ({Uy, }zoea)- point.

Similarly, it can be easily seen that yg is a ({Usg, }zoea)- point. O

Example 3.20. Take the uninorm [4] defined by

2xy (z,y) €10,3)?,
1 z,y € (5,17,
0 =0 or y=0,
U(l‘,y) = . y = 1
=1,
y z =3,
min(x, y) otherwise.

Suppose that there exists n € N such that U (zq) > 1 for 29 < 3. Since U((zo)5 ", z0) =
2n=1 g > %, we have that zg > %, contradiction. Then, for any zy < %, it must be
U(z0)"(z0) < 4. Now, let us show that z is not a ({Uy, }zoeca)- point. Suppose that
xo is & ({Uz, }zoea)- point. Then, there exists n € N* such that Uy (x9) = xo. Since

n—1 1

2n=1 gl = g, we have that ' = (%)"’1, whence zg = 5. This is a contradiction.
Thus, z¢ is not a ({Uy, }zoea)- point. That is, ¢ is a ({Us, }zeea)- point in the topology
(10,1], Tiw,,))- An element yo > % being P(U,,) = P(Uy,) does not exist.

Remark 3.21. Take the function defined by

0 T,y € [07 %]7
U(z,y) = max(z,y)  2,y¢€ (51,
min(z,y) otherwise.

The function U is a t-norm [9]. Cousider the topology (L,P(U%)). For any = >

since Uz (z) = U(%,2) =, xis a ({Uy }aoca)- point. Let 1 < z < 2. Since Uz (x)
1

U(%,x) = %, x cannot be a fixed point. For » < 3,
element z € [0, %} is a fixed point. Suppose that an element x belongs to the interval
(3,2) is a ({Usy tapea)- point. There must exist n € N such that U%n(x) = z. Since

U((%)Ug ) =U(3,2) = 2 # , this is a contradiction. Thus, the points in the interval

2
3

since U%(z) = U(3,2) = z, any

3
(3,2) cannot be ({Uy,}soea)- points. Since any fixed points are also ({Uyy}taoea)-
points, the set of ({Uy, }z,c4)- points in the topology (L, ’P(U%)) is equal to [0, ]U[2,1].
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Lemma 3.22. Let (L, <,0,1) be a bounded lattice, ) # A C L. Let T be a t-norm and
xo € A. Every (T,)- point in the topology (L, P(T},)) is a fixed point.

Proof. Let x be a (Ty,)- point in the topology (L, P(T%,)). There exists an m € N*
such that (ac)gi;0 = 2. Then,

Tt (@) = Ty (T3 () = Ty ().

Since c({z}) = {T7 (z)] n € N}, it is clear that T;"**(z) € c({z}). Thus, {Ty,(2)} C
c({x}), whence we have that

c({Tio(2)}) C e({z}).

Then, ¢({Ty,(z)}) = ¢({z}). Thus, we have that T, (z) = z, that is, x is a fixed point.
O

The Lemma [3.22] may not be true for any uninorm U. Also, the topological space
(L, P(Uyg,)) need not be a Ty-space.

Example 3.23. Let (L,<,0,1) be a bounded lattice whose lattice diagram as in Fig-
ure

0

Fig. 2. (L,<,0,1).

Take the uninorm U : L2 — L defined as in Table [i}

U|lO0O|a|e |1l
0]0]00]|1
a |0]e|all
e |[0Olalell
1 |1(1]1]1

Tab. 1. The uninorm U.
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Consider the topology (L, Tiy,)). Since UZ(a) = Uy(U(a,a)) = Ud(e) = a, a is (U,)-
point. But, Uy(a) = U(a,a) = e, that is, it is not a fixed point.

Corollary 3.24. Consider the topology (L, P(Uy,)) with 2o < e. If any element = with
x < e is a (U, )- point, it is a fixed point.

Especially, when L is a chain, Lemma[3.22]is also true for uninorms. Let us investigate
the following proposition.

Proposition 3.25. Let (L,<,0,1) be a chain, ) # A C L. Let U be a uninorm with
the neutral element e and xg € A. (U,,)- point in the topology (L,P(Us,)) is a fixed
point.

Proof. If zyp = e, for any element x € L, since U.(x) = z, z is a fixed point, whence
it is ({Uszg }uoea)- point. Now, let zo # e and x be a ({Uy, }zoca)- point. Then, there
exists an n € N* such that U} (z) = x. Since L is a chain, either o < e or zg > e.

Let 29 < e. Since x = U} (z) = U((z0)f, ) < U(xo,x) < Ule,x) = x, we have that
U, () = x, that is, z is a fixed point.

Let 29 > e. Since v = U} (x) = U((z0)f, v) > U(xo, ) > U(e,z) = x, we have that
Uz, (x) = x, that is, z is a fixed point in this case. O

Corollary 3.26. Let (L,<,0,1) be a chain, ) # A C L. Let U be a uninorm with the
neutral element e and xy € A. Consider the topology (L,P(Us,)). z is a (U, )- point
iff it is a fixed point.

The topologies (U,,) of different points may be coincident. Let us look at the following
example.

Example 3.27. Let (L,<,0,1) be a bounded lattice whose lattice diagram as in Fig-
ure [3

Fig. 3. (L,<,0,1).

Consider the uninorm given in Table
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=S OQ
(en) Nen] Nenl] o) Han) Nan]
i e e Rl R
= BC R B R E=lEs)
== =] = O =

e I =1k

Tab. 2. The uninorm U.

Although a # b, T,y = {07, {0}, {1}',{0,1}, L'} = T,y Indeed,

U.0) S0, (Up(0) < 0),
U.({0}) € {0 } (U({0}) < {0}),
U({1) {1}, ({1} S {1},
Ua({01}) € (0 1}, (U({0,1}) < {0,1}),
UL)C L, (Uy(L)C L).

4. SOME DIFFERENT GENERATING METHODS FOR PRINCIPAL
TOPOLOGIES

In this section, two topological closure operators cf; 4 and ¢/, are given by means of a
uninorm U and a set A C L with under some conditions. Also, two topologies Ler, , and
Zepr, are presented and some properties of the introduced topologies are investigated.

Moreover, we search the relationship between the topologies T, ,, Tcr | and Te:x .

Proposition 4.1. Let L be a bounded lattice, e € L, A C L such that [0,e] N A # (),
U be a uninorm on L with the neutral element e and U(A, A) C A. The operation
ctra 9(L) — p(L) defined by

cira(X) ={y € L: there exists a € A and z € X such that U(a,z) < y}

is a topological closure operator.

Proof. (i) Let z € X be arbitrary element. U(a,z) < U(e,z) = x for a € [0,e] N A.
Thus, it is obtained that € ¢f; 4(X). Then, X C cf; 4 (X).

(ii) Now, let us show that cf; 4(cf; 4(X)) = ¢fy 4(X) for all X € p(L) . It is clearly
obtained from (i) that cf; 4(X) C ¢y 4(cfr 4(X)). Conversely, k € cf; 4(cf; 4(X)) be an
arbitrary element. Then, there exists u € cf; ,(X) and a € A such that U(u,a) < k. It
is obtained that U(z’,a’) < u such that o’ € Aand 2’ € X from u € ¢f; 4(X). Then, k €
cgra(X) since U(z',U(a,a)) = U(U(a',2'),a) < U(u,a) < k. Thus, c; 4(cpr (X)) C
ctra(X). ¢ alcy a(X)) = ¢y 4(X) is obtained.

(iii) Let’s first show c7; 4 (K) C cfy 4(L) for K C L.
m € cf; o(K) be arbitrary element. Then, there exists a € A and k € K such that
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Ula,k) < m. Since k € L, m € cf; 4(L). Therefore, it is obtained that cj; 4(K) C
C?J,A(L)'

Since X,Y C X UY, we have cf; 4(X) Ucp4(Y) C ¢ 4(X UY). Conversely, let
s € ¢y 4(X UY). Then, there exists a € A and t € X UY such that U(a,t) < s.
t is either an element of X or an element of Y. It follows from that s € cf; 4(X) or

s € cpr 4(Y), respectively. Thus, cf; 4(X UY) C cf; 4 (X) U 4 (Y). O
The topology defined by T = {L\ X | X € . ,} is the topology with the
closure operator cj; 4, where Sc ={XCL|l cpaX)= X}

Remark 4.2. In Proposition [.1] [0,e]NA#0 means that A#0 if U is a t-norm on L.

Proposition 4.3. Let L be a bounded lattice, e € L, A C L such that [e,1] N A #
(), U be a uninorm on L with neutral element e and U(A, A) C A. The operation
ciia + 9(L) = p(L) defined by ¢j74(X) = {y € L : thereexists a € A and z €
X such that U(a,x) > y} is a topological closure operator.

Proof. The proof is similar to Proposition O

The topology defined by Teex = {X 1 Xe Ser ) is the topology with the closure
operator cff 4, where §ezr = {X C L] ¢ 4(X) =X}

Proposition 4.4. Let (L,0,1,<) be a bounded lattice, A, B C L be nonempty sets
such that 1 € A and 0 € B, T be a t-norm on L, S be a t-conorm on L and z,y € L.
Consider topological closure operators Csp CT A

(i) e a{z}h) N p({y}) # 0 if and only if y < .
(i) ¢§p({z}) == 1.
(iil) e a({z})
(iv) erta{z}) Neg p({a}) = {2},

Proof. (i) Let z € c774({z}) N5 p({y}) be an arbitrary element. Then, there exists
a; € A and ag € B such that z < T(z,a1) and S(az,y) < z. Therefore, z < z and
y < z. Thus, y < x. Conversely, let y < z. Since y < & = T(z,1) for 1 € Ay,

y € ety ({2}). Thus, y € ¢ s ({x}) N es s ({y)). -

(ii) Let t € c§ g({x}). Then, there exists an element ay € B such that S(ag,z) <t. It
follows from x < t that ¢ € z 1. Conversely, let k& € x 1. Thus, z < k. Since S(0,z) < k
for 0 € B, k € ¢§ g({z})-

(iii) It can be proved in similar ways as done in (ii).

(iv) It is immediately obtained from (ii) and (iii). O
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Lemma 4.5. Let L be a bounded lattice, e € L, A C L such that [0,e] N A # 0, U be
a uninorm on L with neutral element e and U(A, A) C A. The operation cj; 4 : p(L) —
©(L) defined by cj; o(X) = {y € L : there exists a € A and = € X such that U(a,z) <
y} is an algebraic closure operator.

Proof. Let u € ¢f; 4(Y). Then, U(a,y) < u such that there exists a € Aand y € Y.

Therefore, u € c*UA({y}). Thus,u € lJ xcv {c4(X) : X CY is finite set}.
’ X is finite set '
Conversely, it is well known that cf; 4(X) C cf; o(Y) for X C Y since ¢f; 4 topological

closure operator. Then,

U {eha(X) + X CY is finite set} C cj 4(V).
XCY
X is finite set
0
Lemma 4.6. Let L be a bounded lattice, e € L, A C L such that [0,e] N A # 0, U be

a uninorm on L with the neutral element e and U(A, A) C A. Consider the topological
closure operator cf; 4. Then, cf; 4(X) = U, ¢ cira({z})-

Proof. ¢y 4({z}) C ¢}y 4(X) since cf; 4 is topological closure operator. Then,
Usex cral{z}) C ¢ a(X). Conversely, let u € cf; 4(X) be an arbitrary element. It
follows that U(z,a) < u, where # € X and a € A. Thus, u € cf; 4,({z}). Then,

CE,A(X) < UxEX C*U,A({x})' O

Remark 4.7. Lemma@ also shows that cj; 4 is an algebraic closure operator.

Proposition 4.8. Let L be a bounded lattice, e € L, A C L such that [0,e] N A # 0,
U be a uninorm on L with the neutral element e and U(A,A) C A. Consider the
topological closure operator cf; 4.

() TF0 € X, ¢fy o (X) = L.
(ii) 1 € cfy o(X) for every set ) # X C L.

Proof. (i) U(a,0) <U(e,0) =0fora € [0,e]N A since [0,e]NA # ) and 0 € X. Thus,
U(a,0)=0<yforalyelL,ie,y¢€cp (X) forall y € L. Therefore, cf; ,(X) = L.

(ii) Since U(a,z) <1fora € Aand z € X, 1 € ¢f; 4(X). O

Throughout the paper, denote by X the upper bound of a set X.

Corollary 4.9. Let L be a bounded lattice, e € L, A C L such that [0,e] N A # 0, U
be a uninorm on L with the neutral element e, U(A4, A) C A and x,y € L. Consider the
topological closure operator ¢y 4.

(i) X C cfra(X) for every X C L.
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(i) A= {e}, hu(X)= Uzt

zeX

(iii) If A ={e}, e a({z}) = cpa{y}) &z =y.
(iv) As a clear result of (iii), if A = {e}, the topology defined by ¥.. is Ty-space.

Proof. (i) Let y € X. Then, z <y for every x € X. Since [0,e] N A # (), there exists
t €[0,e] M A. Thus, y € cf; 4(X) since U(t,z) < Ule,z) =z < y for every z € X.

(ii) Let A = {e}. Then, cf; 4(X) = {y € L : there existsz € X such thatU(z,e) <

y} ={y € L : there existsz € X such thatz <y} = | =z 1.
zeX

(i) Lot A = {e} and cf 4({z}) = cpa(ly}). 2 € chaleh) = cha({y}), then y <
U(y,e) < x. Similarly, y € ¢y 4,({y}) = cra({7}), then x < U(z,e) < y. Therefore,

r=y. fo=y, ci; s({z}) = c; 4({y}) is clear. O

The converse of Corollary (i) may not be true. Let us investigate the following
example.

Example 4.10. Consider the lattice (L, <, {0, a, b, 1}) whose lattice diagram is depicted
as in Figure [l

Take the t-norm Ty on L and A = {1,b}. If we consider the set X = {b}, it is clearly
seen that X = {1,b} but ¢j,, 4(X) = L.

If we consider the set X = {0}, it is clearly seen that X = ¢, 4(X) = L but A = {1,b}.

The converse of Corollary (iv) may not be true. Let us look at the following
proposition.

Proposition 4.11. Let L be a bounded lattice, e € L, A C L such that [0,e]NA # 0, U
be a uninorm on L with a neutral element e and U(A4, A) C A. Consider the topological
closure operator cj; 4. If there exist the elements a,b satisfying a is smaller than all
elements of A, a # b and U(b,a) = a, then cUA({a}) =cpa({b}) =at ie, T s
not Ty-space.

Proof. Since U(a,e) = a, y € cj; 4({a}) for every element y such that a < y. Suppose
that there exists an element ¢ < a such that ¢ € cf; ,({a}). Then, there exists a; € A
such that U(a,a;) < t. Since a is the lowest element of A, U(a,a:) < Ula,e) = a.
Considering U(A, A) C A, it is obtained that U(a,a) = a. Therefore, we have a =
U(a,a) < U(a,r) <t < a, contradiction. Then, c; ,({a}) =a 1.

Since U(a,b) = a, y € c; o({b}) for every element y such that a < y. Suppose that
there exists element s < a such that s € ¢f; 4({b}). Then, there exists a; € A such that
U(a,as) < s. Therefore, we have a = U(a,b) < U(as,b) <t < a, contradiction. Then,
A ({bh) =at.

Since ¢y o({a}) = cpy 4({b}) = a 1 when a # b, Ty | is not To-space. O

Theorem 4.12. The topology . , is a principal topology.
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Proof. Let us consider the arbitrary family of open sets {O, : 7 € I}. Then,
ctra(L\O7) = L\O; for all 7 € I. We have to show that () __; O; is open set, i.e.,

IN(N,e; Or) = U, ¢, (L\O7) is closed set. |, o, (L\O7) C ¢y 4(U,¢;(L\O7)) is trivial
since cf; 4 is a closure operator on L. Conversely, p € ¢y 4(U,c;(L\O-)) be an arbitrary
element. Then, there exists a € A and m € |J .;(L\O,) such that U(a,m) < p.
Therefore, there exists 7* € I such that m € L\O.~ since m € |J_.,;(L\O-). Obviously,
p € e a(TNOr) C U,y a(INO,) since Ula,m) < p. Then, cbo(U.ey(I\O,)) C

Urer (€t a(E\O7)). Therefore, ¢y 4(U, ¢ (I\O-)) = U, /(¢ a(L\O7)),
L.e., Tr  Is a principal topology. O

Proposition 4.13. (Karacal and Kéroglu [I3]) Consider the uninorms U; and Us on
bounded lattices L; and Ly with the neutral elements e;, es respectively. Then, the
direct product U; x Us of Uy and Us, defined by

Ui x Uz2((w1,91), (72, y2)) = (Ur(21, 22), U2 (Y1, y2))
is a uninorm with the neutral element (ej, ez) on the product lattice Ly x L.

Lemma 4.14. Let L be a bounded lattice, e € L, Ay, A5 C L such that [0,e] N A1 #
0, [0,e] N A2 # 0 and U;,Us be uninorms on L with neutral element e satisfying
Ui(A1, A1) C Ay and Uy(Az, As) C A, respectively, and consider topological closure

Operator ¢y, .y, ayx A, LN, e, a,xa, ({(2:9)}) = ¢, a,({2}) X ey, 4,({y}) for
z,y € L.

Proof.
Let (m,1) € cz,lez)Alez({(a:,y)}). Then,

(m, 1) € e, xU,, 41 x4, (1 (2,9)}) < There exists (a1,az2) € Ay X Az
such that Uy x Us((a1,a2), (z,y)) < (m,l)
& (Ui(ar, ), Uz(az,y)) < (m, 1)
where a1 € A7 and as € As.
< Ui(ar,x) <m and Us(ag,y) <1
where a1 € Ay and ay € As.
& m ey, (o)) and L€ s, ()
where a1 € A7 and as € As.

& (m,1) € ey, a4, ({2}) X 4, ({y})-

O

Lemma 4.15. Let L be a bounded lattice, e € L, Ay, Ay C L such that [0,e] N Ay # 0,
[0,e] N Ay # () and Uy,Us be uninorms on L with the neutral element e satisfying
U]_(Al,A1> - A1 and UQ(AQ,AQ) - AQ, respectively. Then, ‘Ic;}l a, X € =

N
€Uy, Ag

cy .
Uy xUsg, A1 X Ag
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Proof. Let O x Oy € T.» X T,

Cuy,a,

. Considering Lemma @,

“
CUy, Ay

C?Jlez,AleZ((L x L)\(01 x Oq)) = C*UIXUQ,Alez(((L\Ol) x L)
U (L x (L\O2)))
= C;}leg,Aleg((L\Ol) x L)
U €y x Uz, 4, x 4 (L X (L\O2))
= cpy, a4, (L\O1) X ¢y, 4, (L)
Ucp, 4, (L) X gy, 4, (L\O2)
= (L\O1) x LUL x (L\O3)
= (L x L)\(01 x O2).

Thus, O X O3 € SC*leUQ,AleQ' Then, (EC’&I)Al X {ZC?JZvAQ - X Ug Ay An
Conversely, let O € Rt g ayna, s LheD, Uy x Uy Ay x A, (K) = K where (L x L)\O =

XA
K €3y i axa, BY Lemma and K =, ,yex{(@,9)}, we have that

K:C*UlXUg,AlXAQ(K) = c;}lXUQ,AleQ U {(x7y)}
(z,y)EK

= U C?}1><U2,A1><A2 ({(a:,y)})

(z,y)EK

= U (cfa 3D x i n, ({0})-

(z,y)EK

Sina? C*U_l,Al ({x}) € _SC??LAN crr,.a, {y}) € 8c;, ,, and the product of the principle
topologies is again a principal topology, cf;, 4, ({*}) % cf;, 4, {y}) € %’c[*]lyAl X SC»&Z’AZ.
Moreover, since the union of close sets is close set, {J, e (¢t a, (z}) x ¢, 0, {}))
is close set. Thus, O € (EC*Ul.Al X 3052 ay Then, it 1s obtained that .«

c -
Ui xUg,AjzAy —
T O

P X Tex .
Up,Aq Ug,Ag

Proposition 4.16. Let (L,<,0,1) be a bounded lattice, e € L, A C L such that
[0,e] N A # 0, U be a uninorm on L with the neutral element e and U(A, A) C A.
Consider the topological closure operator A

(i) T, , 1s not Hausdorff space.

(ii) T¢;, , is a quasi-Hausdorff space.

Proof. (i) The proof is clear by Proposition (ii).

(ii) =,y € cf; 4({0}) for all 2,y € L such that x # y since cf; 4,({0}) = L. Then, Tx s
a quasi-Hausdorff space. o
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We can compare the topologies obtained from the closure operators cy 4, cf; 4 and
cii 4 as follows.

Proposition 4.17. The topology ., , is finer than the topology <.~

At

Proof.

Let K € T¢; . Then, ¢f; 4(L\K) = L\ K. We aim to show that cy a(L\K) = L\ K.
Lety € cy,a L\K) Then, there exists a € A and z € L\ K such that y = U(a, ). Since
U(a,z) <y, it is obtained that y € cf; ,(L\ K) = L\ K. Therefore, cy a(L\K) C L\ K.
It clearly follows that ¢y 4(L\ K) =L\ K. Then, K € ¥ O

CU,A"

Proposition 4.18. The topology ¥,

CU,A

is finer than the topology Tc:- .

Proof. The proof is similar to the proof of Proposition [£.17] O

The topologies T  and T.:+ may not be compared. Let us investigate the following
example.

Example 4.19. Consider the lattice (L, <, {0, a, b, 1}) whose lattice diagram is depicted
as in Figure [3| ' the uninorm given in Table |2 and A = {e}. If we consider the set

= {0,€,b}, it is easily seen that B € Ty , and B ¢ T;r, . Similarly, it is easily seen
that C ¢ %, and C € Teyr, when we consider the set C {e,b,1}.

5. RELATIONSHIP BETWEEN ORDER TOPOLOGY AND THE THREE NEWLY
GENERATED TOPOLOGIES

It is well-known fact that a lattice possesses an order, thus inducing Alexandroff topology.
In this section, we investigate the relationship between the order topology on the lattice
and newly generated topologies T, ,, Tcx a and Tee- .

We refer our readers to the Section 2 of [I§] for the detailed information of the
Alexandrov topology induced by an order and its open sets.

Definition 5.1. (Karacal and Koéroglu [I3]) Let U be a uninorm with the neutral
element e on a bounded lattice L and a subset A of L such that U(A, A) C A4, e € A.
The preorder = =, , y < = € cy,a({y}) is called a U-preorder for U.

Definition 5.2. Let L be a bounded lattice, e € L, A C L such that [0,e]NA # 0, U be
a uninorm on L with the neutral element e and U(A, A) C A. The preorder x jCB.A Y
is defined with z € cf; ,({y})-

Definition 5.3. Let L be a bounded lattice, e € L, A C L such that [e, 1]NA # 0, U be
a uninorm on L with the neutral element e and U(A, A) C A. The preorder x Serr, Y
is defined with = € ci7 4 ({y}).
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The following Propositions [5.4] [5.5] and [5.6] show that the order topology coincides

with the topologies generated topologies T, ,, Tcr , and Tcy+  in some particular cases.

Proposition 5.4. Let U be a uninorm with the neutral element e on a bounded lattice
L and a subset A of L such that U(A, A) C A, e € A. Consider the topological closure
operator ¢y 4, U = A and A= L. Then, <., ,=<.

CU,A
Proof. Foraz,ye L,

T =,y rech({y})
S yAz=xforxze L.
Sz <ly.

O

Proposition 5.5. Let L be a bounded lattice, e € L, A C L such that [0,e] N A # 0,
U be a uninorm on L with the neutral element e and U(A,A) C A. Consider the
topological closure operator ¢f; 4 and U = V. Then, < =>.

Proof. Forax,ye L,

=y oz e ()
< there exists an element a € A such that yVa < z.
Sy

O

Proposition 5.6. Let L be a bounded lattice, e € L, A C L such that [e,1]NA # 0, U
be a uninorm on L with the neutral element e, U(A, A) C A. Consider the topological
closure operator cj; 4, and U = A. Then, 2o =S

Proof. Forax,ye L,

T Zer, Yoy €cial{zl})
& there exists an element a € A such that z < y A a.
o <ly.

O

With Propositions [5.4] 5.5 and [5.6] it has been shown above that the order topology
coincides with the topologies €., ,, S:C{I,A and EC;«;A in some particular cases. But in
general, the order topology is different from the the topologies T, ,, ECE,A and TC*U*,A'

We note that the Alexandrov topology induced by an order only satisfies T separation
axiom (it is not Hausdorff), we refer our readers to the Section 2 of [I§] for the detailed
information.
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6. CONCLUDING REMARKS

It is well-known fact that there exists always a t-norm or uninorm on any bounded lattice.
Taking into consideration the fact, some construction methods of principal topologies are
presented in this paper. The topology T(y.},.,) is defined and showed that it is a quasi-
Hausdorff space. Moreover, ({f;}icr)-point and some related notions are investigated.
It is worth noting that (L, P(T%,)) is a Ty space. zo € A)-point and a fixed point. Also,
two topological closure operators cj; 4 and ¢/ are proposed by means of a uninorm U
and a set A C L and some properties of the introduced topologies are investigated. The
relationship between the order topology and the topologies T, ,, (Ec;;,A and Loy, are
investigated.

(Received January 14, 2020)
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