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Abstract. Let D) , be the space of linear differential operators on weighted densities
from F) to F, as module over the orthosymplectic Lie superalgebra osp(3|2), where Fy,
A € C is the space of tensor densities of degree A on the supercircle S13. We prove the exis-
tence and uniqueness of projectively equivariant quantization map from the space of symbols
to the space of differential operators. An explicite expression of this map is also given.
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1. INTRODUCTION

The usual quantization procedure consists of building a map @ from the space
Pol(T* M) of polynomials on T* M and the space D(M ) of linear differential operators
on M called a quantization map. Generally, there is no quantization and symbol map
equivariant with respect to the action of the Lie algebra Vect(M) of vector fields
on M (or the group Diff (M) of diffeomorphisms of M) on the two spaces D(M)
and Pol(T*M). Thus, we restrict ourselves to equivariant symbols and quantization
maps with respect to the action of a given subalgebra of Vect(M).

The concept of equivariant quantization over R was introduced by Lecomte and
Ovsienko in [5]. In this seminal work, they considered spaces of differential opera-
tors acting between densities and the Lie algebra of projective vector fields over R,
sl(n + 1). In this situation, they showed the existence and uniqueness of an equiv-
ariant quantization. These results were generalized in many references (see for in-
stance [1], [3]). In [4], Lecomte globalized the problem of equivariant quantization
by defining the problem of natural invariant quantization on arbitrary manifolds.
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In [7], [8], the existence and uniqueness of equivariant quantizations was proven in
the context of supergeometry. Our motivation is to extend the results proved in [9]
to that of the case of dimension 1|3. Namely, we consider the supermanifold S 113 and
DA,M(S”‘B) the space of differential operators A: F\ — F,, where Fy, A € C, is the
space of tensor densities on the supercircle S*3 of degree X\. The analogue, in the
super setting, of the projective algebra s1(2) is the orthosymplectic Lie superalgebra
0sp(3]2), which is the smallest simple Lie superalgebra, can be realized as a sub-
algebra of Vecte(S'1?). Naturally, the Lie superalgebra Vectc(S'1?), and therefore
0sp(3|2), acts on D, ,; the osp(3]2)-module Dy , is filtered as:

1/2 3/2 k—1/2
DS, CD/ C'D/\MCD/ .C DY /CDI)?’HC

The graded module gr(D, ), also called the space of symbols and denoted by Sy ,,,

depends only on the shift § = y — A of the weights. Moreover, as a Vecte(S13)-

module, S , is decomposed as P S/\ 0 where
keN/2

l12
Sk=s%,= @D 2,

Moreover, in the main theorem of the paper, we prove that if § = u — A #

113905
315,23, 1,

morphlsm, called a conformally equivariant quantization map, is unique (once we fix

k, then D’f\’u is isomorphic to Sl/{u as an 0sp(3|2)-module. This iso-

a principal symbol). Explicit expressions of the quantization map, is also given.

2. BASIC DEFINITIONS AND TOOLS

2.1. Geometry of the supercircle S'. The supercircle S'% is the simplest
supermanifold of dimension 1|3 generalizing S!. It can be defined in terms of its
superalgebra of functions, denoted by C>(S'13) and consisting of elements of the

form

f(x,01,02,05) = +Zf9fz +299 fij (@) + 616205 f1.2.3(x),

1<j

where z is an arbitrary parameter on S* (the even variable), 6; (1 < i < 3) are the odd
variables (02 = 0), and fo, fi, fi.j, f1,2,3 € C*°(S'). We denote by p = || the parity
function by setting p(x) = p(6;0;) =0 (1 < i < j < 3) and p(#;) = p(h10203) =1
(1<i<3).
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Let Vect(S'13) be the superspace of vector fields on S*I':

(2.1) Vecte (1) = {Foa +ZF89 FeC‘X’(S”)}

i=1

where Jy, or 0, means the partial derivative 9/96; or 0/dz, respectively.
The standard contact structure on S'/® is defined by the distribution generated
by D1, Dy and D3, which is equivalently the kernel of differential 1-form

3
a=dz+Y6;db;.

i=1
We recall that every contact vector field can be expressed for a given function f €

Ce2(S"?) by

3

(2.2) X} = 0, — (—1)P) 12

[\ I

such that D; = 8y, — 6,0, for each 1 < i < 3 (see [11] for the interpretation of this
fields).

2.2. The orthosymplectic Lie superalgebra osp(3|2). We consider the or-
thosymplectic Lie superalgebra 0sp(3|2), which is the smallest simple Lie superal-
gebra. This superalgebra defines a projective (conformal) structure on the super-
circle S'13 (see [10]), and it is spanned by the contact vector X; which are the
elements of

{X1;X91‘,5X9m9n7X:C97:aXa:2; I<ig<3,1<m<n< 3}
The subalgebra Aff(3|2) of 0sp(3]2) is called the affine Lie superalgebra spanned by

{X1, Xo,, Xo,.6

mYn ’

1<1<3,1<m<n<3}

2.3. The space of weighted densities on S'I%. In the super setting, by replac-
ing dz by the 1-form «, we get an analogous definition for weighted densities, i.e.,
we define the space of A-densities as

(2.3) Fr={Fa’: F e Cx(5'P)).
As a vector space, F is isomorphic to C&° (S113).
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Let X be a contact vector field. We define a one-parameter family of the first
order differential operators on C2°(S1®)

(2.4) Ly, =Lx, +AF', XeC.

One easily checks that the map Xp — llﬁ‘(f is a homomorphism of Lie superalgebra,
that is, [ﬁﬁ‘(f,ﬁﬁ‘(c] = L:f\Xf7XG] for every A. Thus, F) becomes a K(3)-module
on C&F (S%). Evidently, the Lie derivative of the density Ga* along the vector
field X in K(3) is given by

3
(2.5) Ly, (Gat) = (fG’ - %(—1)”' > Di(f)Di(G) + Af’G) o
i=1

2.4. Differential operators on weighted densities. In this section we consider
the space of differential operators acting on the space of weighted densities

A: F —>.7:M,

where A, € R. This space is denoted by D, ,. The space of differential operators
of order less or equal than k, is denoted by D’i - For every integer or half integer,
a linear differential operator A € Df\_ s of the form

(2.6) A= > 1m0 p0L DY Dy DY,
I+m/2+n/2+p/2<k

where a1 € C°(S'3) and m,n,p < 1.
The Lie superalgebra K(3) acts on the space of linear differential operators as
follows:

(2.7) LYM(A) =Ly, 0 A= (=)W A0 L) .

This above K(3)-module space has a K(3)-invariant finer filtration:

(2.8) D, cD/icpy, cpy?c...cDy VDl c...

2.5. Space of symbols of differential operators. Consider the graded
K(3)-module grD, ,, associated with the finer filtration (2.6) and called the space
of symbols of differential operators, is defined by the direct sum

00
grDA,;L = @ gri/QDA,;L;
=0

1238



where gr*D, ,, = DY u / D];_Hl/ ? for every integer or half-integer k. The image of any
differential operator through the natural projection

. 1k k
Opr: ,D)\,/L — 81" Dy

that is defined by the filtration (2.6), has been called the principal symbol (see [1],
[2], [6] and [5]).

Proposition 2.1. The action of contact vector field Xy on the space of symbols
in the case of integer k (A = F10F + 208" 1D Dy + F308 1D D3 + F10* 1Dy D3 +
lower order terms) is given by apr(ﬁﬁ‘(’?(A)):L’;(;)‘fk(Fl, Fy, F5, Fy)=(F1, Fy, F3, Fy),

(2.9) Fi = L MR,
Py = 14 (5) — $DuDy()Fs + ;D Ds()F,
Fy = 4 (F5) + L DDy — L DiDa(1)Fi,
Fy = L’j(;’\fk(in) - 33133(1")1?2 + %Elﬁ?(f)F?”

3 _ _
as for the half integer case (A = Y. F,0¥D; + F4,05~'D1 Dy D3 + lower order terms),
i=1

the K(3)-action is given by L‘;(;/\_k_l/z(Fl, F F3,Fy) = (ﬁl, Fy, Fs, ﬁ4),

~ g o 1
(2.10) F = Lﬁ;(f)\ k 1/2(F1) — —=D1Ds(f)Fz — §D1D3(f)F3v

~ N o 1 —
Fy = 15772 (Fy) = 5DaDi(H)F: — 5DaDa(f) s,

N =N =N =

~ — — — o) 1_ D
Fy= L’;(f)‘ k 1/2(F3) — 5D3D1(f)F1 — §D3D2(f)F2’

Fy =L V2 (R,

Proof. We calculate lli‘(’f (A) for each case and by using the principal symbole
map o,,, we easily get the K(3)-action of both formulas (2.9) and (2.10). O

Remark 2.1. The space of symbols in the case of k integer (or k + %) are
not isomorphic to the space of weighted densities Fs_r ® Fs_r ® Fs—k D Fo—k
(or Fs_—1/2® Fs—r—1/2 D Fs—k—1/2 ® Fs—k—1/2), respectively.
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3. EXAMPLES OF Aff(3|2)-EQUIVARIANT OPERATORS

In this section, we provide examples of affine equivariant differential operators on
the space of symbols S,—x. These expressions will be used to give a full description
of the quantization map.

At first, we consider the case of differential operators of contact order k, where k
is an integer.

3.1. The case of k-order Divergence operators. For this case, the k-order
Divergence operates on the space of symbols S,,_» in the following sense:

(3.1) DIV*H(F) = (—=1)PF)(DIVTL(F), DIVZ L (F), DIVEH (F), DIV T (F))
and
(3.2) DIV?"(F) = (DIV3"(F), DIVZ"(F),DIV2"(F), DIV3"(F)),

where DIV"*(F) and DIVZ"(F) for each 1 < i < 4, are differential operators
given by:

(3.3) DIVZTYF) = al D, (F)™ + a2Dy(F,)™ + aDs(F3)™
+a}D; Dy Dy (Fy) Y,
DIV2" ™Y (F) = alDy(F})™ + a2D, (Fy)™ + a3 D, Dy D3 (F3) ™Y
+ a3Ds(Fy)™,
DIVZ" Y (F) = al D3 (F1)™ + a2D Dy Ds(Fy) ™Y + adD, (F3)™
+a3Dy(Fy)™,
DIV2" ™Y (F) = alD Dy D3(Fy) ™Y + a2Ds(F5) ™ + aiDy(F3)™
+ay Dy (Fy)™,
DIVi™(F) = b1 (F})™ + biD Dy(F) "~ 4 biD, Dy (F3) "
+ biDyDs(Fy) Y,
DIV3"(F) = byDy Da(Fy) "™V + b3(F,)™ + b3 Dy Dy (Fy) "
+b3D D3 (Fy) ",
DIV2"(F) = biD D3 (F1)" Y + b2DyDs(Fo) ™Y + b3 (F3)™
+biDDy(Fy) Y,
DIV2"(F) = biDyD3(F1) "V 4+ b2D, Ds(F,)™ Y + b3D, Dy(F3) Y
+bi(Fy)™,
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such that b} = 1,

(n+1)(26 —2k +n+1)

S (k=n—-1)2 \+Ek—-n—1)

. o 5 a4 (EDEANE)20 - 2k + 1+ 2)(20 — 2k)
2 B B T k(k—n—1)2\+k—n—1)(20 — 2k +2)’
—(n+ 1)n@2A+ k)(26 — 2k)

4 _ .3 _ .2
M T s T e  D)(@Atk—n—1)(20 —2k+2)
1 (n+1)n
a4: 9
2 \+k—n)2 \+k—n—1)
a2 = a3 —al — (n4+1)2X+k)(20 — 2k +n + 1)(25 — 2k)
4 T TR A+ E—n) 2N+ k—n—1)(20 — 2k +2)’
b2 — i = pt = F=n)2A+k)(20 — 2k +n +2)(26 — 2k)
2O T k@A N+ k—n)(20 — 2k +n)(20 — 2k +2)
b2 bt it — A R)(26 — 2K)
PP LT R(26 — 2k 4-n) (20 — 2k 4+ 2)
bl = bl =b! = ntk —n)

22X+ k—n)(20 — 2k +n)’
—n(k —n)(2\+ k)(20 — 2k)

2 _ 13 B3 _pi_ _pi_12_
b3 = b} = —bj = —b; = —bj3 = b} k(X +k —n)(20 — 2k +n)(26 — 2k +2)’

and

div?*= D) = 9k =Dy, 0k 1Dy, 08" Dy, 0F " *D1 D1 D)’
div=Cn) — (§F=n §h=n=1D Dy, 9¥"~1D, D3, 0¥ "' D,Ds)".

Lemma 3.1. The Divergence operators (3.1) and (3.2) commute with the
Aff(3]2)-action.

Proof. This is a direct consequence of projectively equivariant symbol calculus.
We take DIV*"(F) and DIV*"T!(F) as they are written above, where al and b},
(1 <1<4,1 < p<4) are arbitrary constants. From the commutation relation
[X¢,DIV] for f € Aff(3]2) we easily get the Aff(3|2)-equivariance of Divergence
operators. O

3.2. The case of k + %-order Divergence operators. In this case, we also

define the Divergence as Affine equivariant differential operators on the space of
symbols S, . In each component Sﬁfi/ ? we have

(3.4) DIV H(F) = (—=1)PF)(DIV T (F), DIVZ T LY(F), DIVE T (F), DIV2"HY(F)),
(3.5) DIV?*"(F) = (DIV3"(F),DIV3"(F), DIVZ"(F), DIV3*(F)),
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where DIVZ"T!(F) and DIVZ"(F), for each 1 < i < 4, are differential operators
given by:
(3.6) DIVZ""YF) = ciDy(F)™ + 2Dy (Fo)™ + 3 D3 (F3)™
+¢iD1 Dy D3 (Fy) Y,
DIVZ"™(F) = ciDa(F1)™ + ¢2D1 (F)™ + 3Dy Dy D3 (F3) "~V
+ 3D (Fy)™,
DIVZ" ™ (F) = ciD3(F1)™ + ¢2D1 D2 D3 (F2) ™Y + 3Dy (F3)™
+ 3Dy (Fy)™,
DIVZ" Y (F) = ci D1 Do D3(F1) ™Y + c2D3(Fy)™ + c3 Dy (F3)™
+¢iDy(Fy)™,
DIVI"(F) = d}(F,)™ + diD; Da(F,) "~ + d}D; D3 (F3) "
+d{DyDy(Fy) Y,
DIV3"(F) = d3D1Da(F) " Y + d3(F)™ + d3Dy Dy (F3) ™Y
+d3D, Dy (Fy) Y,
DIV (F) = d} Dy Ds(Fy)" ™V 4 d3Dy D (Fp) "™ + d3(F3)™)
+d3D Dy (Fy) Y,
DIV (F) = d}D2D3(F;)" ™Y + d?D, D3(F) "~V + diD, Do(F3) Y

+di(F)™,
such that

ol — o2 = 3= —(2A\+k—n)(26 — 2k —1)

LT T T (26— 2k +n—1)(20 — 2k + 1)
C%ZC§ZCZ:—c§:—cg:—ci: _(k_n)(25_2k+n+1)(25_2k_1)

(26 — 2k +n)(26 — 2k +n+1)(26 — 2k + 1)
—(k—n)n(26 — 2k —1)
(26 — 2k +n)(20 — 2k +n—1)(26 — 2k + 1)

1_ .2 _ .3 _
CL=C3=Cy =

c4:—c4:c4:_(k_n)(2>\+k+1)
2 YT k(20-2k4n—1)
4 n2A+k+1)2A+k—n)
C, =
VR(20 — 2k +n)(20 — 2k +n — 1)’
—(26 -2 1)(26 — 2k — 1
dl —d2 —d? — (20 —2k+n+1)(20 -2k —-1)

A +k—n)(20 —2k+1)
—n(26 — 2k — 1)
A\ +k—n)(25 — 2k + 1)’
—(k—=n)2A+k+1)(20 — 2k +n —1)
ECQAX+k—n+1) 2 \+k—n) ’

dj —di=-d}=-dj=dj=dj =

dj =
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dl = = d? —n(k —n)(20 — 2k — 1)
S A +k—n) 2 \+k—n+1)(20 —2k+1)’
4 g n2A+k+1)

di=-dy=ds= E2X+k—n)’

and
div 1=t — (gk=n gh=n=1D D, ok="=1D, Dy, 01D, Dy)t,
div* =G = 9k Dy, 0" Dy, 0" D, 05 "' D1 D> Ds)".
Lemma 3.2. The Divergence operators (3.4) and (3.5) commute with the
Aff(3]2)-action.

Proof. Straightforward calculus. O

4. PROJECTIVELY EQUIVARIANT QUANTIZATION ON S113

A map Q: Su—» — Dy, is called quantization map if it is linear bijection and
preserves the principal symbol of every differential operator. The main result of this
paper is the existence and uniqueness of an 0sp(3|2)-equivariant quantization map
in dimension 1|3. We calculate its explicit formula.

4.1. Statement of the main result. Let us give the explicit formula of the
projectively equivariant quantization map. We will give the proof in the next section.

Theorem 4.1. The unique osp(3|2)-equivariant quantization map associates the

following differential operator with a symbol F = (Fy, Fy, F3,Fy) € Su \» Where k
is (even or odd) integer:
(4.1)
= = 1v
S G+ 1+ (DM \[FE2r+1 = (=1)F)]

provided 6 =y — A #0,4,1,2 ... where

- (ké&(i_lﬁ));

DIV and div are defined in each particular case of even or odd contact order and the

(1]

binomial coefficients are defined by

<y> _vlv=1..(v—g+1)

q q!

This expression makes sense for arbitrary v € C.
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4.2. Proof of the theorem in the case of k-differential operators.

Proof. Let us first consider the case of k-differential operators, where k is an
integer. The quantization map (4.1) is indeed osp(3|2)-equivariant. Now, we consider
a differentiable linear map Q: 857 N — Di,u for k£ > 1, preserving the principal
symbol. Such a map is of the form

Q(F) = F10% + F,0" 1D Dy + F30"'D D3 + F4,0* ' DyDs + . ..
+ Q" () + QY™ (Fy) + Q5™ (Fs) + Q™ (Fu) + ...
+ (adF(F) + b0F 1D Do (Fy) + c0F 1D D3(F3) + dof ' Dy D3 (Fy)),

where @(lm), ~(2m), @gm) and @im) are differential operators with coefficients in F,,_3,
see (4.2). We obtain the following:

This map commutes with the action of the vector fields in Aff(3]2), if and only if
the differential operators élm), Qvém), @gm) and @im) are with constant coefficients.

(4.2) ©§2i+1)(F1) _ 711,170,05 (Fl)(kfifl)agicﬁl +711,0,1,052(Fl)(kfifl)a;EQ
i Tf 0,0, 1D3(F1)(k—i—1)8;l_)3
+ 7 D Dy Dy (Fy ) V9 D, Dy D3,
~§2¢) (F) = 7_11,0,0,0(},ﬁl)(lcfi)ajc n Tli,l,l,()blEQ(Fl)(kfifz)az‘cElEQ
+ 7 D Dy (PR 95Dy D
+ Tf’o’l’lﬁzﬁ?,(Fl)(k7i72)323233,
QY (Fy) = 7510 Dy(F) *1 V9L Dy + 7y 0D, (Fp) V9 Dy
+ 7399 D1 Do D3 (Fy) =20 D3
+ 7 Dy () k=29 Dy Dy D,
652“ (Fy) = 7_;,o,o,oDlD (F )(kfifl)ai 21,1,1,0( 2)(1971‘72)8;‘63152
+ 750 Dy Dy (Fy) k=29 D, Dy
+ 7500 D Dy (Fy)* =12 9i Dy D,
QY (Fy) = 00Dy (Fy) k=D 9i Dy + 750 0Dy Dy Dy () K==V 91 D,
+ 7_1 00175, (FB)(k—i—l)agiEl_)g
+ 7 Dy () k=129 Dy Dy D,
Q) (F3) = 70000D, Dy (F3) =198 4 730Dy Dy () *=-2 9. D, D,
I 7_1,1,0 1( )(k—z—l)a;Dng
+ 700 D Dy (F3) *1=29i Dy D,
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QY (Fy) = D1 Do Dy (Fy) k=72 9. Dy + 7" O Dy (Fy) K==V 9 Dy
+TzOOlD ( 4)(’@”’1)8};53
+ 7y Dy (Fy)* =29 D, Dy D3,
~512i)(F4): ’LOOOD2D (F4) (k—i—1) az 'L,l,l,OD D3(F4) (k—1i—2) 81D1D2
+ 7y Dy Dy (Fy)F 20Dy Dy
+ 7OV (R D9 Dy D,

% ,71,72,7T3

where the coefficients 7; are arbitrary constants for each i, r1, 9, r3, and j.

The above quantlzatlon map commutes with the action of X2 and Xy,, if and only

i »T1,72,73

if any of the coeflicients 7, verify the following conditions:

£50,0,0 _ _3,00,0 _ _i,0,0,0
(43) Ty T3 Ty 9
i,1,0,0 _ 4,0,1,0 _ _4,0,0,1
51 =T =T )
i,0,0,1 i,0,1,0 _ _4,1,0,0
T2 = —T3 =Ty )

)

i,1,1,0 _ 4,1,01 _ _4,0,1,1
T2 T3 =Ty

i1,1,1 41,11 _i1,1,1
Ta —T3 =Ty

LALLO0 _ i1,01 _ 00,1,
T =T =T

01,00 _ 61,00 _ _4,0,1,0 _ __i.0,1,0 _ __i.001 _ _ 00,1
T2 = T3 =Ty = T2 = —T3 =Ty )
i1,1,0 _ 00,11 1,01 _  401,1 _  _i1,1,0 41,01
Ty = T3 =T = T2 = —T3 =Ty )

and

( )p(F)(z—f—l) i+1,1,1,0 20—k —i 721,1,1,1 -0,
(PP @A +i+ 2t 4+ (26 — k—i — 1)yt =0,
(—D)PI @A +i 4+ )yt 4 (20 — k — i)yt =0,
(=1)PEV 2N + i+ 1) b0 — (26 — k —
(—D)PP A+ i)yt — (
i+ DA+ 0 4+ (ke —i)(20 — k —i — )"0 =0,
(—1)PF (z + 1) HL000 (95 — fp—i—1)70100 =,
(— 1)1)( (
( 1)p(F (Z+1)T1i+1,1,1,0 (
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fd=p—X#0, ;, 1,3 5,..., this system has been solved and the solutions are the
following;:

(4.4)

4,0,0,0 k 2)\-’—]{)— 1 1 o 2]{3-2(#—)\)
T <k;—i ki T, where T = ko ,

- -2 2 2k —1—2(p —
75717171:( k )( Atk )G)—lTQIc—2,1,1,17 where @:( k ( )\)),

k—i—2/\k—1—-2 k—1i—2
k—2,1,1,1 F (k—1) k—1,1,1,0
L1, 1yp(F) L1,
T2 ATy v T £ ’
kOOO k=11,1,0 _ _k=1,1,01 _ _k-1011_ 4
=T T3 =Ty ’
and
(4.5) 7_;‘,1,1,0 _ (_1)p(F) 20 — k - i+ 17_21—1,1,1,17
]
i 2>\+z+2
4,1,0,1 _ ( 1\p(F)+1 1, 1,1,1
7—2 ( 1) 25 k -1 2 )
Ti’o’o’l o (2)\ +17+ 1)(2)\ + 1 + 2) Ti71;171
2 T (20—-k—-))(20—k—i—1)2
Ti717070 _ (2)\ +17+ 1)(26 k—1 + 1) 7, 1,1,1,1
2 i(20 — k — 1) T2 ’
7000 _ (_pyp(R)+1 (A +1i)2A+i+ 1)Ti—1,1,1,1
2 i(20—k—i) 2 :
01,00 _ 1 1yp(F) i+1 i+1,0,0,0
— (=) 1T
n SRy !
i1,1,0 _ (i+ 1) +2) i+2,0,0,0
7—1 . . 7—1 5
(25—k—z—1)(25—k—z—2)
7_1‘7171,1 — (_1)[)(F)+1 (Z + 1)(1 + 2)(1 + 3) 7_1-1-3 0,0, 0
! (20—k—i—1)(20—k—i—2)(20 —k—i—3)"!
That allows us to obtain formula (4.1). O

4.3. Proof of the theorem in the case of (k + %)-differential operators.

Proof. In the case of (k+ %)—differential operators, where k is an integer, we get
an Aff(3|2)-equivariant quantization map by a straightforward calculation which is
given by

Q(F) = F10"D, + F,0%Dy + F30¥D3 + F,0* 1D, D2D3 + . ..
+ Q™ (F) + Q5™ (Fy) + Q5™ (F3) + QY™ (Fu) + ...
(aaﬁﬁl(Fl) + bc?ﬁﬁg(Fg) + CaiDg(Fg) + dé‘g’c“ 1D15233(F4)),
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where the differential operators é(lm) ~(2m), @gm) and @flm) have the form:

(4.6) Q¥ (1)

QP (1) =

@’521'-1-1) (FZ)

QS ()

@’g%-i—l) (Fg)

_ Tli,l,O,O(Fl)(k—i)aiﬁl + Tii,O,l,OElEQ (Fl)(k—i—l)aiﬁ2

+ 770 Dy Dy (F) 1 9E Dy

+ 7 Do Dy (F1) 57729, D1 D, D3,

00Dy (F)ED9E + 0D, (1) 9Dy Dy
+ 0 Dy () F 0L D1 Dy

+ 779N D Dy Dy (Fy) * =2 9 Dy D,

_ 7_21‘,1,0,05132(Fz)(kfifl)agicﬁl i 73,0,1,0(];2)(19471)3;32

+ 7_51070,15253 (F2)(k7i71)8;353
+ 75V D Dy (F) =20 D, D2 D3,

= 72000, (Fy) D gi 4 72110D (Fy) k=D 9 D, D,

+ 75’1’0’1515253 (Fg)(k_i_Q) 8;3133
+ 150N Dy () k=129 D,y D3,

= Té’l’o’oﬁlﬁg(Fg)(kiiil)aiﬁ1 + Té’o’l’oﬁgﬁg(Fg)<k7i71)8;E2

+ 750 () k=) i Dy
+ 75V D Dy (F) =29 D, Dy D3,

@:(fi) (F3) = Tli’o’o’oﬁg(Fg)(k_i)a; + 7_?1;,1,1,0315253(Fg)(k—i—2)825152

Q:(fﬂrl) (F4)

QL (Fy)

4,1,0,1 95
+T3 D1

i,0,1,175
+ 7—3 D2

F3)<k7i71)8;5153

(
(F)* ="V, D, Ds,

_ 7.11170,01_)253 (F4)(k7i71)8;lj1 + 7.11071,01_)11_)3 (F4)(k7i71)8;32

" TZ’O’O’1E1D2 (F4)(k—i_1)8;l_)3
i Ti,1,1,1(F4)(k_i—2)ai515253,

= Ti’O’O’OEIEQEB (F4)(k7i71)5‘; + 72,1,1,033 (F4)(k7i71)8233152

+ Ti’l’o’lﬁg(F4)(k7i71)8};5153 + Ti’o’l’lﬁl (F4)(k7i71)8;5233.

The above quantization map commutes with the action of X - if and only if the

coefficients ;
,0,0,0 _
(4.7) T =

i,1,0,0 _
7100

i,0,1,1

T
i,1,0,0 _

Ty =

i,0,1,1
Ta

1,71,72,T3

= ’7’1

(j = 1,2,3,4) verify the following system of linear equations:

,0,0,0 _ _4,0,0,0 i,1,0,0 _  4,0,1,0 _ _4,0,0,1

T2 =73 , T4 =Ty =Ty 3

i,0,1,0 _ _4,0,0,1 i,1,1,0 41,01 _ _4,0,1,1

T2 =73 , T4 =Ty =Ty 3

,1,0,1 _ _4,1,1,0 i1,1,1 41,11 41,11

T =T3 ) T = T2 =T3

i,1,0,0 _ 4,0,1,0 _ _4,0,1,0 _ 4001 _ 40,01
T3 =T3 =T =7 =T )
i1,1,0 _ 41,01 _ 41,01 _ 4011 _  _i1,1,0
=T = T3 = T3 =T )
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and

G+ 1)@ N+ )0+ (k—i) 26—k —i—1 T;’O’O’O =0,
(= )p(F @A+ )0+ (
(=17 i+ 1) I — (

(— l)p(F)(Z +1)7 i+1,0,0,0 (20 —k—i—1 TI',O,I,O —0,
( l)p(F)(Z+ 1) z+1,1,00 (
(=1) ( +(
,0

(-1 )p(F)(2A+z+ Dyt (20 — k —i — 1)t =,
(—1)PE @A + i)t 00 + (26 — k — i)y ™00 = 0.

By solving this system, we obtain formula (4.1). O
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