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Abstract. Let Dλ,µ be the space of linear differential operators on weighted densities
from Fλ to Fµ as module over the orthosymplectic Lie superalgebra osp(3|2), where Fλ,

λ ∈ C is the space of tensor densities of degree λ on the supercircle S1|3. We prove the exis-
tence and uniqueness of projectively equivariant quantization map from the space of symbols
to the space of differential operators. An explicite expression of this map is also given.
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1. Introduction

The usual quantization procedure consists of building a map Q from the space

Pol(T ∗M) of polynomials on T ∗M and the spaceD(M) of linear differential operators

onM called a quantization map. Generally, there is no quantization and symbol map

equivariant with respect to the action of the Lie algebra Vect(M) of vector fields

on M (or the group Diff(M) of diffeomorphisms of M) on the two spaces D(M)

and Pol(T ∗M). Thus, we restrict ourselves to equivariant symbols and quantization

maps with respect to the action of a given subalgebra of Vect(M).

The concept of equivariant quantization over Rn was introduced by Lecomte and

Ovsienko in [5]. In this seminal work, they considered spaces of differential opera-

tors acting between densities and the Lie algebra of projective vector fields over Rn,

sl(n + 1). In this situation, they showed the existence and uniqueness of an equiv-

ariant quantization. These results were generalized in many references (see for in-

stance [1], [3]). In [4], Lecomte globalized the problem of equivariant quantization

by defining the problem of natural invariant quantization on arbitrary manifolds.
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In [7], [8], the existence and uniqueness of equivariant quantizations was proven in

the context of supergeometry. Our motivation is to extend the results proved in [9]

to that of the case of dimension 1|3. Namely, we consider the supermanifold S1|3 and

Dλ,µ(S
1|3) the space of differential operators A : Fλ → Fµ, where Fλ, λ ∈ C, is the

space of tensor densities on the supercircle S1|3 of degree λ. The analogue, in the

super setting, of the projective algebra sl(2) is the orthosymplectic Lie superalgebra

osp(3|2), which is the smallest simple Lie superalgebra, can be realized as a sub-

algebra of VectC(S
1|3). Naturally, the Lie superalgebra VectC(S

1|3), and therefore

osp(3|2), acts on Dλ,µ; the osp(3|2)-module Dλ,µ is filtered as:

D0
λ,µ ⊂ D

1/2
λ,µ ⊂ D1

λ,µ ⊂ D
3/2
λ,µ ⊂ . . . ⊂ D

k−1/2
λ,µ ⊂ Dk

λ,µ ⊂ . . .

The graded module gr(Dλ,µ), also called the space of symbols and denoted by Sλ,µ,

depends only on the shift δ = µ − λ of the weights. Moreover, as a VectC(S
1|3)-

module, Sλ,µ is decomposed as
⊕

k∈N/2

Sk
λ,µ, where

Sk
δ = Sk

λ,µ =

2k⊕

l=0

Dl
λ,µ/D

l−1/2
λ,µ .

Moreover, in the main theorem of the paper, we prove that if δ = µ − λ 6=
1
2 , 1,

3
2 , 2,

5
2 , . . . , k, then Dk

λ,µ is isomorphic to S
k
λ,µ as an osp(3|2)-module. This iso-

morphism, called a conformally equivariant quantization map, is unique (once we fix

a principal symbol). Explicit expressions of the quantization map, is also given.

2. Basic definitions and tools

2.1. Geometry of the supercircle S1|3. The supercircle S1|3 is the simplest

supermanifold of dimension 1|3 generalizing S1. It can be defined in terms of its

superalgebra of functions, denoted by C∞(S1|3) and consisting of elements of the

form

f(x, θ1, θ2, θ3) = f0(x) +
3∑

i=1

θifi(x) +
∑

i<j

θiθjfi,j(x) + θ1θ2θ3f1,2,3(x),

where x is an arbitrary parameter on S1 (the even variable), θi (1 6 i 6 3) are the odd

variables (θ2i = 0), and f0, fi, fi,j , f1,2,3 ∈ C∞(S1). We denote by p = |·| the parity

function by setting p(x) = p(θiθj) = 0 (1 6 i < j 6 3) and p(θi) = p(θ1θ2θ3) = 1

(1 6 i 6 3).
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Let Vect(S1|3) be the superspace of vector fields on S1|1:

(2.1) VectC(S
1|3) =

{
F0∂x +

3∑

i=1

Fi∂θi : Fi ∈ C∞
C (S1|3)

}
,

where ∂θi or ∂x means the partial derivative ∂/∂θi or ∂/∂x, respectively.

The standard contact structure on S1|3 is defined by the distribution generated

by D1, D2 and D3, which is equivalently the kernel of differential 1-form

α = dx+
3∑

i=1

θi dθi.

We recall that every contact vector field can be expressed for a given function f ∈

C∞
C
(S1|3) by

(2.2) Xf = f∂x − (−1)p(f)
1

2

3∑

i=1

Di(f)Di

such that Di = ∂θi − θi∂x for each 1 6 i 6 3 (see [11] for the interpretation of this

fields).

2.2. The orthosymplectic Lie superalgebra osp(3|2). We consider the or-

thosymplectic Lie superalgebra osp(3|2), which is the smallest simple Lie superal-

gebra. This superalgebra defines a projective (conformal) structure on the super-

circle S1|3 (see [10]), and it is spanned by the contact vector Xf which are the

elements of

{X1, Xθi , Xθmθn , Xxθi, Xx2 ; 1 6 i 6 3, 1 6 m < n 6 3}.

The subalgebra Aff(3|2) of osp(3|2) is called the affine Lie superalgebra spanned by

{X1, Xθi, Xθmθn ; 1 6 i 6 3, 1 6 m < n 6 3}.

2.3. The space of weighted densities on S1|3. In the super setting, by replac-

ing dx by the 1-form α, we get an analogous definition for weighted densities, i.e.,

we define the space of λ-densities as

(2.3) Fλ = {Fαλ : F ∈ C∞
C (S1|3)}.

As a vector space, Fλ is isomorphic to C
∞
C
(S1|3).
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Let Xf be a contact vector field. We define a one-parameter family of the first

order differential operators on C∞
C
(S1|3)

(2.4) Lλ
Xf

= LXf
+ λF ′, λ ∈ C.

One easily checks that the map XF 7→ Lλ
Xf
is a homomorphism of Lie superalgebra,

that is, [Lλ
Xf

,Lλ
XG

] = Lλ
[Xf , XG] for every λ. Thus, Fλ becomes a K(3)-module

on C∞
C
(S1|3). Evidently, the Lie derivative of the density Gαλ along the vector

field Xf in K(3) is given by

(2.5) Lλ
Xf

(Gαλ) =

(
fG′ −

1

2
(−1)|f |

3∑

i=1

Di(f)Di(G) + λf ′G

)
αλ.

2.4. Differential operators on weighted densities. In this section we consider

the space of differential operators acting on the space of weighted densities

A : Fλ → Fµ,

where λ, µ ∈ R. This space is denoted by Dλ,µ. The space of differential operators

of order less or equal than k, is denoted by Dk
λ,µ. For every integer or half integer,

a linear differential operator A ∈ Dk
λ,µ is of the form

(2.6) A =
∑

l+m/2+n/2+p/26k

al,m,n,p∂
l
xD

m
1 Dn

2D
p
3,

where al,m,n,p ∈ C∞(S1|3) and m,n, p 6 1.

The Lie superalgebra K(3) acts on the space of linear differential operators as

follows:

(2.7) Lλ,µ
Xf

(A) = Lµ
Xf

◦A− (−1)|A||f |A ◦ Lλ
Xf

.

This above K(3)-module space has a K(3)-invariant finer filtration:

(2.8) D0
λ,µ ⊂ D

1/2
λ,µ ⊂ D1

λ,µ ⊂ D
3/2
λ,µ ⊂ . . . ⊂ D

k−1/2
λ,µ ⊂ Dk

λ,µ ⊂ . . .

2.5. Space of symbols of differential operators. Consider the graded

K(3)-module grDλ,µ, associated with the finer filtration (2.6) and called the space

of symbols of differential operators, is defined by the direct sum

grDλ,µ =

∞⊕

i=0

gri/2Dλ,µ,
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where grkDλ,µ = Dk
λ,µ/D

k−1/2
λ,µ for every integer or half-integer k. The image of any

differential operator through the natural projection

σpr : Dk
λ,µ → grkDλ,µ

that is defined by the filtration (2.6), has been called the principal symbol (see [1],

[2], [6] and [5]).

Proposition 2.1. The action of contact vector field Xf on the space of symbols

in the case of integer k (A = F1∂
k
x +F2∂

k−1
x D1D2 +F3∂

k−1
x D1D3 +F4∂

k−1
x D2D3 +

lower order terms) is given by σpr(L
λ,µ
Xf

(A))=Lµ−λ−k
Xf

(F1, F2, F3, F4)=(F̃1, F̃2, F̃3, F̃4),

(2.9) F̃1 = Lµ−λ−k
Xf

(F1),

F̃2 = Lµ−λ−k
Xf

(F2)−
1
2D2D3(f)F3 +

1

2
D1D3(f)F4,

F̃3 = Lµ−λ−k
Xf

(F3) +
1

2
D2D3(f)F2 −

1

2
D1D2(f)F4,

F̃4 = Lµ−λ−k
Xf

(F4)−
1

2
D1D3(f)F2 +

1

2
D1D2(f)F3,

as for the half integer case (A =
3∑

i=1

Fi∂
k
xDi +F4∂

k−1
x D1D2D3 + lower order terms),

the K(3)-action is given by L
µ−λ−k−1/2
Xf

(F1, F2, F3, F4) = (F̃1, F̃2, F̃3, F̃4),

(2.10) F̃1 = L
µ−λ−k−1/2
Xf

(F1)−
1

2
D1D2(f)F2 −

1

2
D1D3(f)F3,

F̃2 = L
µ−λ−k−1/2
Xf

(F2)−
1

2
D2D1(f)F1 −

1

2
D2D3(f)F3,

F̃3 = L
µ−λ−k−1/2
Xf

(F3)−
1

2
D3D1(f)F1 −

1

2
D3D2(f)F2,

F̃4 = L
µ−λ−k−1/2
Xf

(F4).

P r o o f. We calculate Lλ,µ
Xf

(A) for each case and by using the principal symbole

map σpr , we easily get the K(3)-action of both formulas (2.9) and (2.10). �

Remark 2.1. The space of symbols in the case of k integer (or k + 1
2 ) are

not isomorphic to the space of weighted densities Fδ−k ⊕ Fδ−k ⊕ Fδ−k ⊕ Fδ−k

(or Fδ−k−1/2 ⊕Fδ−k−1/2 ⊕Fδ−k−1/2 ⊕Fδ−k−1/2), respectively.
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3. Examples of Aff(3|2)-equivariant operators

In this section, we provide examples of affine equivariant differential operators on

the space of symbols Sµ−λ. These expressions will be used to give a full description

of the quantization map.

At first, we consider the case of differential operators of contact order k, where k

is an integer.

3.1. The case of k-order Divergence operators. For this case, the k-order

Divergence operates on the space of symbols Sµ−λ in the following sense:

(3.1) DIV2n+1(F ) = (−1)p(F )(DIV2n+1
1 (F ),DIV2n+1

2 (F ),DIV2n+1
3 (F ),DIV2n+1

4 (F ))

and

(3.2) DIV2n(F ) = (DIV2n
1 (F ),DIV2n

2 (F ),DIV2n
3 (F ),DIV2n

4 (F )),

where DIV2n+1
i (F ) and DIV2n

i (F ) for each 1 6 i 6 4, are differential operators

given by:

(3.3) DIV2n+1
1 (F ) = a

1
1D1(F1)

(n) + a
2
1D2(F2)

(n) + a
3
1D3(F3)

(n)

+ a
4
1D1D2D3(F4)

(n−1),

DIV2n+1
2 (F ) = a

1
2D2(F1)

(n) + a
2
2D1(F2)

(n) + a
3
2D1D2D3(F3)

(n−1)

+ a
4
2D3(F4)

(n),

DIV2n+1
3 (F ) = a

1
3D3(F1)

(n) + a
2
3D1D2D3(F2)

(n−1) + a
3
3D1(F3)

(n)

+ a
4
3D2(F4)

(n),

DIV2n+1
4 (F ) = a

1
4D1D2D3(F1)

(n−1) + a
2
4D3(F2)

(n) + a
3
4D2(F3)

(n)

+ a
4
4D1(F4)

(n),

DIV2n
1 (F ) = b

1
1(F1)

(n) + b
2
1D1D2(F2)

(n−1) + b
3
1D1D3(F3)

(n−1)

+ b
4
1D2D3(F4)

(n−1),

DIV2n
2 (F ) = b

1
2D1D2(F1)

(n−1) + b
2
2(F2)

(n) + b
3
2D2D3(F3)

(n−1)

+ b
4
2D1D3(F4)

(n−1),

DIV2n
3 (F ) = b

1
3D1D3(F1)

(n−1) + b
2
3D2D3(F2)

(n−1) + b
3
3(F3)

(n)

+ b
4
3D1D2(F4)

(n−1),

DIV2n
4 (F ) = b

1
4D2D3(F1)

(n−1) + b
2
4D1D3(F2)

(n−1) + b
3
4D1D2(F3)

(n−1)

+ b
4
4(F4)

(n),
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such that b1
1 = 1,

a
1
1 = a

1
2 = a

1
3 =

(n+ 1)(2δ − 2k + n+ 1)

(k − n− 1)(2λ+ k − n− 1)
,

a
2
1 = a

3
1 = a

4
2 = −a

2
2 = −a

3
3 = −a

4
3 =

(n+ 1)(2λ+ k)(2δ − 2k + n+ 2)(2δ − 2k)

k(k − n− 1)(2λ+ k − n− 1)(2δ − 2k + 2)
,

a
4
1 = −a

3
2 = a

2
3 =

−(n+ 1)n(2λ+ k)(2δ − 2k)

k(k − n− 1)(2λ+ k − n− 1)(2δ − 2k + 2)
,

a
1
4 =

(n+ 1)n

(2λ+ k − n)(2λ+ k − n− 1)
,

a
2
4 = −a

3
4 = a

4
4 =

(n+ 1)(2λ+ k)(2δ − 2k + n+ 1)(2δ − 2k)

k(2λ+ k − n)(2λ+ k − n− 1)(2δ − 2k + 2)
,

b
2
2 = b

3
3 = b

4
4 =

(k − n)(2λ+ k)(2δ − 2k + n+ 2)(2δ − 2k)

k(2λ+ k − n)(2δ − 2k + n)(2δ − 2k + 2)
,

b
2
1 = b

3
1 = b

4
1 =

−n(2λ+ k)(2δ − 2k)

k(2δ − 2k + n)(2δ − 2k + 2)
,

b
1
2 = b

1
3 = b

1
4 =

n(k − n)

(2λ+ k − n)(2δ − 2k + n)
,

b
2
4 = b

3
4 = −b

3
2 = −b

4
2 = −b

4
3 = b

2
3 =

−n(k − n)(2λ+ k)(2δ − 2k)

k(2λ+ k − n)(2δ − 2k + n)(2δ − 2k + 2)
,

and

div2k−(2n+1) = (∂k−n−1
x D1, ∂

k−n−1
x D2, ∂

k−n−1
x D3, ∂

k−n−2
x D1D2D3)

t,

div2k−(2n) = (∂k−n
x , ∂k−n−1

x D1D2, ∂
k−n−1
x D1D3, ∂

k−n−1
x D2D3)

t.

Lemma 3.1. The Divergence operators (3.1) and (3.2) commute with the

Aff(3|2)-action.

P r o o f. This is a direct consequence of projectively equivariant symbol calculus.

We take DIV2n(F ) and DIV2n+1(F ) as they are written above, where alp and b
l
p

(1 6 l 6 4, 1 6 p 6 4) are arbitrary constants. From the commutation relation

[Xf ,DIV] for f ∈ Aff(3|2) we easily get the Aff(3|2)-equivariance of Divergence

operators. �

3.2. The case of k + 1
2 -order Divergence operators. In this case, we also

define the Divergence as Affine equivariant differential operators on the space of

symbols Sµ−λ. In each component S
k+1/2
µ−λ we have

DIV2n+1(F ) = (−1)p(F )(DIV2n+1
1 (F ),DIV2n+1

2 (F ),DIV2n+1
3 (F ),DIV2n+1

4 (F )),(3.4)

DIV2n(F ) = (DIV2n
1 (F ),DIV2n

2 (F ),DIV2n
3 (F ),DIV2n

4 (F )),(3.5)
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where DIV2n+1
i (F ) and DIV2n

i (F ), for each 1 6 i 6 4, are differential operators

given by:

(3.6) DIV2n+1
1 (F ) = c

1
1D1(F1)

(n) + c
2
1D2(F2)

(n) + c
3
1D3(F3)

(n)

+ c
4
1D1D2D3(F4)

(n−1),

DIV2n+1
2 (F ) = c

1
2D2(F1)

(n) + c
2
2D1(F2)

(n) + c
3
2D1D2D3(F3)

(n−1)

+ c
4
2D3(F4)

(n),

DIV2n+1
3 (F ) = c

1
3D3(F1)

(n) + c
2
3D1D2D3(F2)

(n−1) + c
3
3D1(F3)

(n)

+ c
4
3D2(F4)

(n),

DIV2n+1
4 (F ) = c

1
4D1D2D3(F1)

(n−1) + c
2
4D3(F2)

(n) + c
3
4D2(F3)

(n)

+ c
4
4D1(F4)

(n),

DIV2n
1 (F ) = d

1
1(F1)

(n) + d
2
1D1D2(F2)

(n−1) + d
3
1D1D3(F3)

(n−1)

+ d
4
1D2D3(F4)

(n−1),

DIV2n
2 (F ) = d

1
2D1D2(F1)

(n−1) + d
2
2(F2)

(n) + d
3
2D2D3(F3)

(n−1)

+ d
4
2D1D3(F4)

(n−1),

DIV2n
3 (F ) = d

1
3D1D3(F1)

(n−1) + d
2
3D2D3(F2)

(n−1) + d
3
3(F3)

(n)

+ d
4
3D1D2(F4)

(n−1),

DIV2n
4 (F ) = d

1
4D2D3(F1)

(n−1) + d
2
4D1D3(F2)

(n−1) + d
3
4D1D2(F3)

(n−1)

+ d
4
4(F4)

(n),

such that

c
1
1 = c

2
1 = c

3
1 =

−(2λ+ k − n)(2δ − 2k − 1)

(2δ − 2k + n− 1)(2δ − 2k + 1)
,

c
1
2 = c

1
3 = c

2
4 = −c

2
2 = −c

3
3 = −c

3
4 =

−(k − n)(2δ − 2k + n+ 1)(2δ − 2k − 1)

(2δ − 2k + n)(2δ − 2k + n+ 1)(2δ − 2k + 1)
,

c
1
4 = c

2
3 = c

3
2 =

−(k − n)n(2δ − 2k − 1)

(2δ − 2k + n)(2δ − 2k + n− 1)(2δ − 2k + 1)
,

c
4
2 = −c

4
3 = c

4
4 =

−(k − n)(2λ+ k + 1)

k(2δ − 2k + n− 1)
,

c
4
1 =

n(2λ+ k + 1)(2λ+ k − n)

k(2δ − 2k + n)(2δ − 2k + n− 1)
,

d
1
1 = d

2
2 = d

3
3 =

−(2δ − 2k + n+ 1)(2δ − 2k − 1)

(2λ+ k − n)(2δ − 2k + 1)
,

d
1
2 − d

2
1 = −d

3
1 = −d

3
2 = d

1
3 = d

2
3 =

−n(2δ − 2k − 1)

(2λ+ k − n)(2δ − 2k + 1)
,

d
4
4 =

−(k − n)(2λ+ k + 1)(2δ − 2k + n− 1)

k(2λ+ k − n+ 1)(2λ+ k − n)
,
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d
1
4 = d

2
4 = d

3
4 =

−n(k − n)(2δ − 2k − 1)

(2λ+ k − n)(2λ+ k − n+ 1)(2δ − 2k + 1)
,

d
4
1 = −d

4
2 = d

4
3 =

n(2λ+ k + 1)

k(2λ+ k − n)
,

and

div2k+1−(2n+1) = (∂k−n
x , ∂k−n−1

x D1D2, ∂
k−n−1
x D1D3, ∂

k−n−1
x D2D3)

t,

div2k+1−(2n) = (∂k−n
x D1, ∂

k−n
x D2, ∂

k−n
x D3, ∂

k−n−1
x D1D2D3)

t.

Lemma 3.2. The Divergence operators (3.4) and (3.5) commute with the

Aff(3|2)-action.

P r o o f. Straightforward calculus. �

4. Projectively equivariant quantization on S1|3

A map Q : Sµ−λ → Dλ,µ, is called quantization map if it is linear bijection and

preserves the principal symbol of every differential operator. The main result of this

paper is the existence and uniqueness of an osp(3|2)-equivariant quantization map

in dimension 1|3. We calculate its explicit formula.

4.1. Statement of the main result. Let us give the explicit formula of the

projectively equivariant quantization map. We will give the proof in the next section.

Theorem 4.1. The unique osp(3|2)-equivariant quantization map associates the

following differential operator with a symbol F = (F1, F2, F3, F4) ∈ Sk
µ−λ, where k

is (even or odd) integer:

(4.1)

Q(F ) =

k∑

n=0

(
[ 12k]

[ 14 (2n+ 1 + (−1)k)]

)(
2λ+ [ 12 (k − 1)]

[ 14 (2n+ 1− (−1)k)]

)
Ξ−1DIVn(F ) divk−n

provided δ = µ− λ 6= 0, 12 , 1,
3
2 , . . ., where

Ξ =

(
k − 2(µ− λ)

[ 12 (n+ 1)]

)
;

DIV and div are defined in each particular case of even or odd contact order and the

binomial coefficients are defined by
(
ν

q

)
=

ν(ν − 1) . . . (ν − q + 1)

q!
.

This expression makes sense for arbitrary ν ∈ C.
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4.2. Proof of the theorem in the case of k-differential operators.

P r o o f. Let us first consider the case of k-differential operators, where k is an

integer. The quantization map (4.1) is indeed osp(3|2)-equivariant. Now, we consider

a differentiable linear map Q : Sk
µ−λ → Dk

λ,µ for k > 1, preserving the principal

symbol. Such a map is of the form

Q(F ) = F1∂
k
x + F2∂

k−1
x D1D2 + F3∂

k−1
x D1D3 + F4∂

k−1
x D2D3 + . . .

+ Q̃
(m)
1 (F1) + Q̃

(m)
2 (F2) + Q̃

(m)
3 (F3) +Q

(m)
4 (F4) + . . .

+ (a∂k
x(F1) + b∂k−1

x D1D2(F2) + c∂k−1
x D1D3(F3) + d∂k−1

x D2D3(F4)),

where Q̃
(m)
1 , Q̃

(m)
2 , Q̃

(m)
3 and Q̃

(m)
4 are differential operators with coefficients in Fµ−λ,

see (4.2). We obtain the following:

This map commutes with the action of the vector fields in Aff(3|2), if and only if

the differential operators Q̃
(m)
1 , Q̃

(m)
2 , Q̃

(m)
3 and Q̃

(m)
4 are with constant coefficients.

Q̃
(2i+1)
1 (F1) = τ i,1,0,01 D1(F1)

(k−i−1)∂i
xD1 + τ i,0,1,01 D2(F1)

(k−i−1)∂i
xD2(4.2)

+ τ i,0,0,11 D3(F1)
(k−i−1)∂i

xD3

+ τ i,1,1,11 D1D2D3(F1)
(k−i−1)∂i

xD1D2D3,

Q̃
(2i)
1 (F1) = τ i,0,0,01 (F1)

(k−i)∂i
x + τ i,1,1,01 D1D2(F1)

(k−i−2)∂i
xD1D2

+ τ i,1,0,11 D1D3(F1)
(k−i−2)∂i

xD1D3

+ τ i,0,1,11 D2D3(F1)
(k−i−2)∂i

xD2D3,

Q̃
(2i+1)
2 (F2) = τ i,1,0,02 D2(F2)

(k−i−1)∂i
xD1 + τ i,0,1,02 D1(F2)

(k−i−1)∂i
xD2

+ τ i,0,0,12 D1D̄2D3(F2)
(k−i−2)∂i

xD3

+ τ i,1,1,12 D3(F2)
(k−i−2)∂i

xD1D2D3,

Q̃
(2i)
2 (F2) = τ i,0,0,02 D1D2(F2)

(k−i−1)∂i
x + τ i,1,1,02 (F2)

(k−i−2)∂i
xD1D2

+ τ i,1,0,12 D2D3(F2)
(k−i−2)∂i

xD1D3

+ τ i,0,1,12 D1D3(F2)
(k−i−2)∂i

xD2D3,

Q̃
(2i+1)
3 (F3) = τ i,1,0,03 D3(F3)

(k−i−1)∂i
xD1 + τ i,0,1,03 D1D2D3(F3)

(k−i−1)∂i
xD2

+ τ i,0,0,13 D1(F3)
(k−i−1)∂i

xD3

+ τ i,1,1,13 D2(F3)
(k−i−2)∂i

xD1D2D3,

Q̃
(2i)
3 (F3) = τ i,0,0,01 D1D3(F3)

(k−i−1)∂i
x + τ i,1,1,03 D2D3(F3)

(k−i−2)∂i
xD1D2

+ τ i,1,0,13 (F3)
(k−i−1)∂i

xD1D3

+ τ i,0,1,13 D1D2(F3)
(k−i−2)∂i

xD2D3,
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Q̃
(2i+1)
4 (F4) = τ i,1,0,04 D1D2D3(F4)

(k−i−2)∂i
xD1 + τ i,0,1,04 D3(F4)

(k−i−1)∂i
xD2

+ τ i,0,0,14 D2(F4)
(k−i−1)∂i

xD3

+ τ i,1,1,14 D1(F4)
(k−i−2)∂i

xD1D2D3,

Q̃
(2i)
4 (F4) = τ i,0,0,04 D2D3(F4)

(k−i−1)∂i
x + τ i,1,1,04 D1D3(F4)

(k−i−2)∂i
xD1D2

+ τ i,1,0,14 D1D2(F4)
(k−i−2)∂i

xD1D3

+ τ i,0,1,14 (F4)
(k−i−1)∂i

xD2D3,

where the coefficients τ i,r1,r2,r3j are arbitrary constants for each i, r1, r2, r3, and j.

The above quantization map commutes with the action of Xx2 and Xθix if and only

if any of the coefficients τ i,r1,r2,r3j verify the following conditions:

τ i,0,0,02 = τ i,0,0,03 = τ i,0,0,04 ,(4.3)

τ i,1,0,01 = τ i,0,1,01 = τ i,0,0,11 ,

τ i,0,0,12 = −τ i,0,1,03 = τ i,1,0,04 ,

τ i,1,1,02 = τ i,1,0,13 = τ i,0,1,14 ,

τ i,1,1,12 = −τ i,1,1,13 = τ i,1,1,14 ,

τ i,1,1,01 = τ i,1,0,11 = τ i,0,1,11 ,

τ i,1,0,02 = τ i,1,0,03 = τ i,0,1,04 = −τ i,0,1,02 = −τ i,0,0,13 = −τ i,0,0,14 ,

τ i,1,1,04 = τ i,0,1,13 = τ i,1,0,12 = −τ i,0,1,12 = −τ i,1,1,03 = −τ i,1,0,14 ,

and

(i+ 1)(2λ+ i+ 3)τ i+1,1,1,1
2 + (k − i− 2)(2δ − k − i− 2)τ i,1,1,12 = 0,

(−1)p(F )(i+ 1)τ i+1,1,1,0
2 − (2δ − k − i)τ i,1,1,12 = 0,

(−1)p(F )(2λ+ i+ 2)τ i,1,1,12 + (2δ − k − i− 1)τ i,1,0,12 = 0,

(−1)p(F )(2λ+ i+ 1)τ i,1,0,12 + (2δ − k − i)τ i,0,0,12 = 0,

(−1)p(F )(2λ+ i+ 1)τ i,1,1,02 − (2δ − k − i)τ i,1,0,02 = 0,

(−1)p(F )(2λ+ i)τ i,1,0,02 − (2δ − k − i+ 1)τ i,0,0,02 = 0,

(i+ 1)(2λ+ i)τ i+1,0,0,0
1 + (k − i)(2δ − k − i− 1)τ i,0,0,01 = 0,

(−1)p(F )(i+ 1)τ i+1,0,0,0
1 − (2δ − k − i− 1)τ i,1,0,01 = 0,

(−1)p(F )(i+ 1)τ i+1,1,0,0
1 + (2δ − k − i− 1)τ i,1,1,01 = 0,

(−1)p(F )(i+ 1)τ i+1,1,1,0
1 − (2δ − k − i− 1)τ i,1,1,11 = 0.
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If δ = µ − λ 6= 0, 12 , 1,
3
2 , . . ., this system has been solved and the solutions are the

following:

(4.4)

τ i,0,0,01 =

(
k

k − i

)(
2λ+ k − 1

k − i

)
Υ−1, where Υ=

(
2k − 2(µ− λ)

k − i

)
,

τ i,1,1,12 =

(
k − 2

k − i− 2

)(
2λ+ k

k − i− 2

)
Θ−1τk−2,1,1,1

2 , where Θ=

(
2k − 1− 2(µ− λ)

k − i− 2

)
,

τk−2,1,1,1
2 =(−1)p(F ) (k − 1)

2(µ− λ)− 2k + 2
τk−1,1,1,0
2 ,

τk,0,0,01 = τk−1,1,1,0
2 = τk−1,1,0,1

3 = τk−1,0,1,1
4 =1,

and

(4.5) τ i,1,1,02 = (−1)p(F ) 2δ − k − i+ 1

i
τ i−1,1,1,1
2 ,

τ i,1,0,12 = (−1)p(F )+1 2λ+ i+ 2

2δ − k − i − 1
τ i,1,1,12 ,

τ i,0,0,12 =
(2λ+ i+ 1)(2λ+ i+ 2)

(2δ − k − i)(2δ − k − i− 1)
τ i,1,1,12 ,

τ i,1,0,02 = −
(2λ+ i+ 1)(2δ − k − i+ 1)

i(2δ − k − i)
τ i−1,1,1,1
2 ,

τ i,0,0,02 = (−1)p(F )+1 (2λ+ i)(2λ+ i+ 1)

i(2δ − k − i)
τ i−1,1,1,1
2 ,

τ i,1,0,01 = (−1)p(F ) i+ 1

2δ − k − i− 1
τ i+1,0,0,0
1 ,

τ i,1,1,01 = −
(i+ 1)(i+ 2)

(2δ − k − i− 1)(2δ − k − i− 2)
τ i+2,0,0,0
1 ,

τ i,1,1,11 = (−1)p(F )+1 (i+ 1)(i+ 2)(i+ 3)

(2δ − k − i− 1)(2δ − k − i− 2)(2δ − k − i− 3)
τ i+3,0,0,0
1 .

That allows us to obtain formula (4.1). �

4.3. Proof of the theorem in the case of (k + 1
2 )-differential operators.

P r o o f. In the case of (k+ 1
2 )-differential operators, where k is an integer, we get

an Aff(3|2)-equivariant quantization map by a straightforward calculation which is

given by

Q(F ) = F1∂
k
xD1 + F2∂

k
xD2 + F3∂

k
xD3 + F4∂

k−1
x D1D2D3 + . . .

+ Q̃
(m)
1 (F1) + Q̃

(m)
2 (F2) + Q̃

(m)
3 (F3) + Q̃

(m)
4 (F4) + . . .

(a∂k
xD1(F1) + b∂k

xD2(F2) + c∂k
xD3(F3) + d∂k−1

x D1D2D3(F4)),
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where the differential operators Q̃
(m)
1 ,Q̃

(m)
2 , Q̃

(m)
3 and Q̃

(m)
4 have the form:

Q̃
(2i+1)
1 (F1) = τ i,1,0,01 (F1)

(k−i)∂i
xD1 + τ i,0,1,01 D1D2(F1)

(k−i−1)∂i
xD2(4.6)

+ τ i,0,0,11 D1D3(F1)
(k−i−1)∂i

xD3

+ τ i,1,1,11 D2D3(F1)
(k−i−2)∂i

xD1D2D3,

Q̃
(2i)
1 (F1) = τ i,0,0,01 D1(F1)

(k−i)∂i
x + τ i,1,1,01 D2(F1)

(k−i−1)∂i
xD1D2

+ τ i,1,0,11 D3(F1)
(k−i−1)∂i

xD1D3

+ τ i,0,1,11 D1D2D3(F1)
(k−i−2)∂i

xD2D3,

Q̃
(2i+1)
2 (F2) = τ i,1,0,02 D1D2(F2)

(k−i−1)∂i
xD1 + τ i,0,1,02 (F2)

(k−i−1)∂i
xD2

+ τ i,0,0,12 D2D3(F2)
(k−i−1)∂i

xD3

+ τ i,1,1,12 D1D3(F2)
(k−i−2)∂i

xD1D2D3,

Q̃
(2i)
2 (F2) = τ i,0,0,02 D2(F2)

(k−i)∂i
x + τ i,1,1,02 D1(F2)

(k−i−1)∂i
xD1D2

+ τ i,1,0,12 D1D2D3(F2)
(k−i−2)∂i

xD1D3

+ τ i,0,1,12 D3(F2)
(k−i−2)∂i

xD2D3,

Q̃
(2i+1)
3 (F3) = τ i,1,0,03 D1D3(F3)

(k−i−1)∂i
xD1 + τ i,0,1,03 D2D3(F3)

(k−i−1)∂i
xD2

+ τ i,0,0,13 (F3)
(k−i)∂i

xD3

+ τ i,1,1,13 D1D2(F3)
(k−i−2)∂i

xD1D2D3,

Q̃
(2i)
3 (F3) = τ i,0,0,01 D3(F3)

(k−i)∂i
x + τ i,1,1,03 D1D2D3(F3)

(k−i−2)∂i
xD1D2

+ τ i,1,0,13 D1(F3)
(k−i−1)∂i

xD1D3

+ τ i,0,1,13 D2(F3)
(k−i−1)∂i

xD2D3,

Q̃
(2i+1)
4 (F4) = τ i,1,0,04 D2D3(F4)

(k−i−1)∂i
xD̄1 + τ i,0,1,04 D1D3(F4)

(k−i−1)∂i
xD2

+ τ i,0,0,14 D1D̄2(F4)
(k−i−1)∂i

xD3

+ τ i,1,1,14 (F4)
(k−i−2)∂i

xD1D2D3,

Q̃
(2i)
4 (F4) = τ i,0,0,04 D1D2D3(F4)

(k−i−1)∂i
x + τ i,1,1,04 D3(F4)

(k−i−1)∂i
xD1D2

+ τ i,1,0,14 D2(F4)
(k−i−1)∂i

xD1D3 + τ i,0,1,14 D1(F4)
(k−i−1)∂i

xD2D3.

The above quantization map commutes with the action of Xx2 if and only if the

coefficients τ i,r1,r2,r3j (j = 1, 2, 3, 4) verify the following system of linear equations:

τ i,0,0,01 = τ i,0,0,02 = τ i,0,0,03 , τ i,1,0,04 = −τ i,0,1,04 = τ i,0,0,14 ,(4.7)

τ i,1,0,01 = τ i,0,1,02 = τ i,0,0,13 , τ i,1,1,04 = −τ i,1,0,14 = τ i,0,1,14 ,

τ i,0,1,11 = −τ i,1,0,12 = τ i,1,1,03 , τ i,1,1,11 = −τ i,1,1,12 = τ i,1,1,13

τ i,1,0,02 = τ i,1,0,03 = τ i,0,1,03 = −τ i,0,1,01 = −τ i,0,0,11 = −τ i,0,0,12 ,

τ i,0,1,12 = τ i,1,1,01 = τ i,1,0,11 = −τ i,1,0,13 = −τ i,0,1,13 = −τ i,1,1,02 ,
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and

(i+ 1)(2λ+ i)τ i+1,0,0,0
1 + (k − i)(2δ − k − i− 1)τ i,0,0,01 = 0,

(−1)p(F )(2λ+ i)τ i,1,0,01 + (2δ − k − i+ 1)τ i,0,0,01 = 0,

(−1)p(F )(i+ 1)τ i+1,1,1,0
1 − (2δ − k − i− 1)τ i,1,1,11 = 0,

(−1)p(F )(i+ 1)τ i+1,0,0,0
1 − (2δ − k − i− 1)τ i,0,1,01 = 0,

(−1)p(F )(i+ 1)τ i+1,1,0,0
1 + (2δ − k − i− 1)τ i,1,1,01 = 0,

(−1)p(F )(i+ 1)τ i+1,0,1,0
1 + (2δ − k − i− 1)τ i,0,1,11 = 0,

(−1)p(F )(2λ+ i)τ i,1,0,04 + (2δ − k − i)τ i,0,0,04 = 0,

(i+ 1)(2λ+ i+ 3)τ i+1,1,1,1
4 + (k − i− 1)(2δ − k − i− 3)τ i,1,1,14 = 0,

(−1)p(F )(2λ+ i+ 1)τ i,1,1,04 + (2δ − k − i− 1)τ i,1,0,04 = 0,

(−1)p(F )(2λ+ i)τ i,1,0,04 + (2δ − k − i)τ i,0,0,04 = 0.

By solving this system, we obtain formula (4.1). �
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