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Abstract. Let L be a lattice with the greatest element 1. Following the concept of gener-
alized small subfilter, we define g-supplemented filters and investigate the basic properties
and possible structures of these filters.
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1. INTRODUCTION

In this paper, we extend several concepts from module theory to lattice theory.
With a careful generalization, we can cover some basic corresponding results in the
former setting. The main difficulty is figuring out what additional hypotheses the
lattice or filter must satisfy to get similar results. Nevertheless, growing interest in
developing the algebraic theory of lattices can be found in several papers and books
(see for example [1], [2], [4], [5], [6]).

Since Kasch and Mares (see [7]) defined the notions of perfect and semiperfect
for modules, the notion of a supplemented module has been used extensively by
many authors. In a series of papers, Zoschinger has obtained detailed information
about supplemented and related modules, see [13]. Supplemented modules are also
discussed in [9]. Recently, the study of the supplemented property in the rings,
modules, and lattices has become quite popular (see for example [3], [4], [8], [10],
and [11]). Wisbauer calls a module M supplemented if, for every submodule N
of M, there is a submodule K of M such that M = N + K and N N K is a small
submodule of K. In [11], the basic properties of supplemented modules are given.
A submodule N of an R-module M is called generalized small in M (denoted by
N <4 M), it N+ K = M with K essential in M implies K = M (see [12]). Let N, K
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be submodules of M. Module K is called a generalized supplement of N in M if
M =N+ K and NN K <4 K. A module M is called generalized supplemented if
every submodule of M has a generalized supplement in M (see [8], [10]).

Let L be a distributive lattice with 1. In the present paper, we are interested
in investigating (amply) generalized supplemented filters to use other notions of
generalized supplemented, and find out which exist in the literature as laid forth
in [8]. We shortly summarize the content of the paper. If A is a subset of a lattice L,
then the filter generated by A, denoted by T'(A), is the intersection of all filters that
contains A. Among many results in this paper, in Section 2, we introduce the class of
all essential subfilters to generalize small subfilters and the class of all small subfilters
to generalize essential subfilters, respectively (see [12]). It is defined (Definition 2.2)
that a subfilter U of a filter F' of L is said to be g-small in F, written U <, F, if
T(UUV)=F with V < F implies V = F (U is said to be g-essential in F, written
U, F,itUNV = {1} with V <« F implies V' = F'). In Theorem 2.3, we show that
for a subfilter U of a filter F' of L the following assertions are equivalent:

(1) U <4 F,

(2) If F = T(U UV), then there is a semisimple subfilter V' of F' such that

F=vVeaV.

Some basic properties of g-small subfilters and g-essential subfilters are given in
Lemma 2.5, Theorem 2.7, Theorem 2.8, Lemma 2.10 and Theorem 2.11. Moreover,
the generalized maximal subfilter and the generalized radical of a filter F' (denoted
by Rady(F')) are defined, and the relationship between the generalized radical and
the radical of I is investigated. Using these, we observe in Theorem 2.14 that if F' is
a filter of L, then Rad, (F') = T'(Uy«,rV). We also prove in Theorem 2.18, that if I’
is a finitely generated filter of L. and F' has a proper essential subfilter, then every
proper essential subfilter of F' is contained in a generalized maximal subfilter. In
Section 3, we use the concepts of g-small subfilters (see [12]) to introduce a generalized
supplemented filter or briefly a g-supplemented filter (Definition 3.1). Some basic
properties of g-supplement subfilters are given in Proposition 3.3, Theorem 3.5 and
Corollary 3.9. We show in Theorem 3.4 that if V' is a subfilter of a filter F' of L such
that V' is a g-supplement of an essential subfilter of F, then Rad, (V) = VNRady(F).
We also prove in Theorem 3.13 that if F = T'(Fy U Fy) with F; and F» being g-
supplemented filters, then F' is also g-supplemented. Moreover, it is shown that
if F' is a g-supplemented filter of L, then there exist a semisimple subfilter K and a
subfilter V' with Rady(V) < V such that F' = K @ V (Theorem 3.17). Finally, the
definition of amply generalized supplemented filters is given with some properties of
these filters. Quotient lattices are determined by equivalence relations rather than
by ideals as in the ring case. There are many different definitions of a quotient lattice
appearing in the literature. In Section 4, quotient filters are defined and some possible
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properties of these filters are investigated. It is proved that every quotient filter of a g-
supplemented filter is g-supplemented (Theorem 4.7). We also prove in Theorem 4.8
that if F' is a g-supplemented filter of L, then F/ Rad,(F) is a semisimple filter.

Let us briefly review some definitions and tools that are used later (see [1], [2]).
By a lattice we mean a poset (L,<) in which every couple of elements x, y has
a g.l.b. (called the meet of x and y, and written z A y) and an lu.b. (called the
join of z and y, and written = V y). A lattice L is complete when every of its
subsets X has an Lu.b. and a g.l.b. in L. Setting X = L, we see that any nonvoid
complete lattice contains the least element 0 and greatest element 1 (in this case,
we say that L is a lattice with 0 and 1). A lattice L is called a distributive lattice
if (avb)Ae=(aNc)V (bAc) forall a, b, cin L (equivalently, L is distributive if
(anb)Ve=(aVe)A(bVe) foralla,b, cin L). A nonempty subset F' of a lattice L
is called a filter, if for a € F, b € L, a < b implies b € F and x Ay € F for all
x,y € F (so if L is a lattice with 1, then 1 € F and {1} is a filter of L). A proper
filter P of L is said to be maximal if it holds that if F is a filter in L with P C E,
then £ = L. If F is a filter of a lattice L, then the radical of F', denoted by Rad(F),
is the intersection of all maximal subfilters of F'.

Let L be a lattice. If H is a subset of L, then the filter generated by H, denoted
by T'(H), is the intersection of all filters that contains H. A filter F is called finitely
generated if there is a finite subset H of F such that F' = T(H). A subfilter G of a
filter F' of L is called small in F, written G < F, if, for every subfilter H of F'| the
equality T(G U H) = F implies H = F. A subfilter G of F is called essential in F’
(written G < F) if GNH # {1} for any subfilter H # {1} of F. Let G be a subfilter
of a filter F' of L. A subfilter H C F is called a supplement of G in F if H is a
minimal element in the set of subfilters U C F' with T(GUU) = F. A filter F' of L
is called supplemented if every subfilter of F' has a supplement in F. A subfilter G
of a filter F' of L has ample supplements in F if, for every subfilter H of F with
F =T(HUGQG), there is a supplement H' of G with H' C H. If every subfilter of a
filter ' has ample supplements in F', then we call F' amply supplemented. A filter F’
of a lattice L is called hollow if F' # {1} and every proper subfilter G of F' is small
in F. Filter F is called local if it has exactly one maximal subfilter that contains all
proper subfilters.

Proposition 1.1. Let L be a lattice.
(1) A nonempty subset F of L is a filter of L if and only if tV z € F and x Ny € F
for all x,y € F, z € L. Moreover, sincex =xV (x Ay),y =y V (x Ay) and F is
a filter, t Ny € F gives x,y € F for all x,y € L, see [6], [5].
(2) If F is a filter of L, then Rad(F') = T( U G), see [4].
GLF
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2. GENERALIZED SMALL SUBFILTERS

Throughout this paper, we assume, unless otherwise stated, that L is a dis-
tributive lattice with 1. In this section, generalizations of small subfilters and
essential subfilters, g-small subfilters and g-essential subfilters are introduced, and
some their properties are investigated. We need the following lemma proved in [4],
Proposition 2.1.

Lemma 2.1.

(1) Let A be an arbitrary nonempty subset of L. Then T(A) = {x € L: ajAaaA...A
an < x for some a; € A} (1 <i < n). Moreover, if F is a filter and A is a subset
of L with ACF, thenT(A)CF, T(F)=F and T(T(A)) =T(A).

(2) Let A, B and C be subfilters of a filter F of L. Then T(T(AUB)UC) C T(AU
T(BUC)). In particular, if F = T(T(AUB)UJUC), then F =T(T(CUB)UA) =
T(T(AuC)UB).

(3) (Modular law) If Fy, Fs, F3 are filters of L with Fy C Fy, then FyNT (FoUF3) =
T(FQ @] (F1 n Fg))

Let U be a subfilter of a filter F' of L. If subfilter V' of F' is maximal with respect
to UNV = {1}, then we say that V is a complement of U. Using the maximal
principle we readily see that if U is a subfilter of F', then the set of those subfilters
of F whose intersection with U is {1} contains the maximal element V. Thus every
subfilter U of F' has a complement.

Definition 2.2. Let U be a subfilter of a filter F' of L.

(1) U is said to be generalized small in F (or, briefly, g-small in F'), written
U<y, F,if T(UUV)=F with V < F implies V = F.

(2) U is said to be generalized essential in F (or, briefly, g-essential in F'), written
UL, F,ifUNV = {1} with V < F implies V = F'.

It is clear that if F' is a filter of L, then {1} <, F.

A lattice L is called semisimple, if for every proper filter F' of L, there exists a
filter G of L such that L = T(FUG) and FFNG = {1}. In this case, we say that F' is
a direct summand of L and we write L = F®G. A filter F of L is called a semisimple
filter, if every subfilter of F' is a direct summand. A simple filter is a filter that has
no filters besides the {1} and itself (see [4]).

We are now in a position to prove necessary and sufficient conditions on a sub-
filter U of a filter F' of L such that U <, F. Compare the next theorem with
Proposition 2.3 in [12].
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Theorem 2.3. Let U be a subfilter of a filter F' of L. Then the following state-
ments are equivalent:
(1) U<y F;
(2) If F = T(UUV), then there is a semisimple subfilter V' of F such that F' =
VaeVv.

Proof. (1) = (2): Let V'’ be a complement of V in F. We first show that
TWVUV)QF. If {1} # K C Fand T(VUV’)N K = {1}, then we prove that
VNTWV'UK)={1}. Let e e VNT(V'UK). Thenz € Vand z = (aAb)Vz =
(xVa)A(xVDb) for somea € V'and b e K. AsaVze € VNV = {1}, we get
x=bVze K. Thuse € KNT(VUV') = {1}, contrary to the maximality of V.
Thus T(VUV’) < F. Since F = T(FUV') = T(T(UUV)UV’) = T(UUT(V UV"))
and U <, F, it follows that T(V U V') = F. To see that V' is semisimple, let H
be a subfilter of V'. Then F = T(T(UUV)U H) = T(T(VUH)UU). Arguing
as above with T(V U H) replacing V, there exists a subfilter K of F such that
F=T(T(VUH)UK)=T(HUT(VUK)) and T(VUH)NK = {1}. By the modular
law, V= V' NT(HUT(VUK))=T(HU (V' NT(VUK))). Now it is enough to
show that HN(V'NT(VUK)) = HNT(VUK) ={1}. Let z € HNT(VUK). Then
there are elements k € K and v € V such that x = (kAv) Ve = (x VE) A (x Vo).
Since H and V are filters, z Vv € HNV C VNV’ = {1} which implies that
c=zVke KNHCKNT(VUH)={1}.

(2) = (1): Let K <9 F and F = T(U U K). Then there is a subfilter K’ of F
such that F = T(K U K’) and K N K’ = {1}. Then K < F gives K = F; hence
U<, F. O

A filter F is called indecomposable if it holds that if F' # {1} and F = T(G U H)
with H N H = {1}, then either G = {1} or H = {1}, see [4].

Corollary 2.4. Let F be an indecomposable filter of L. A proper subfilter U
of F' is small if and only if it is g-small.

Proof. Clearly, every small subfilter of F'is g-small. Conversely, assume that
U<y Fand F=T(UUYV) for some subfilter V of F'. By Theorem 2.3, there exists
a subfilter V' of F such that FF =V @ V’'. But F is indecomposable and V' # {1},
soV =F. Thus U < F. O

Compare the next lemma with Lemma 1 in [8].
Lemma 2.5. Let F be a filter of L. Then the following assertions are true:
(1) If U<y FandU CU, thenU' <, F.

(2) If U and U’ are subfilters of F with U <, U’, then U is a generalized small sub-
filter in subfilters of F' that contains the subfilter of U’. In particular, U <, F.

529



(3) U, Us are generalized small subfilters of F' if and only if T (U;UUs) is generalized
small in F.

(4) If Uy, Uy, Vi and Vs are subfilters of F with Uy <, Us and Vi <4 Vb, then
T(U1 U Vl) <g T(UQ @] VQ)

Proof. (1) Let T(U'UV) = F for an essential subfilter V of F'. Then F =
TWUV)CTWUWUV)C Fgives T(UUV)=F;s0V =F. ThusU' <, F.

(2) Assume that V is a subfilter of F with U’ C V and let T(U U K) =V for an
essential subfilter K of V. Since U C U,

U'=U0nNnVv=UNTUUK))=TUUU NK))

by the modular law. Now U <, U’ and K N U’ < U’ gives U’ = U’ N K; so
UCU CK. Hence V=TWUUK)=T(K)=K. Thus U <, V. The particular
statement is clear.

(3) Let U1 <4 F and Uz <4 F. Let G be an essential subfilter of F' such that
T(T(U1UU2)UG) = F. By Lemma 2.1, F = T(T(U;UU2)UG) = T(U, UT (U2 UQ)).
As G CT(U2UG) and G 4 F, we have T(GUUy) < F. Now U; <, F gives
F =T(Us UG); hence G = F since Uy <4 F. Thus T(U; UUs) <4 F. Conversely,
since for each i (i = 1,2), U; CT(U1 UUs), U; <4 F by (1).

(4) By (2), Uy C Us C T(Uy U W) gives Uy <4 T(Uz U Va). Similarly, Vi <,
T (U U Va). Thus T(U1 U Vi) <4 T(Uz U V) by (3). O

At this stage it is useful to give an elementary remark about essential subfilters of
a filter which we will use without further comment.

Remark 2.6 ([4]). Let G be a subfilter of a filter F' of L. Then G < F if and
only if for every 1 # = € F there exists an element a € L such that 1 #aVzx € G.
To see that, assume G < F and 1 # x € F. Then T({z}) N G # {1}; so there is
an element 1 # y € G with y = y Va € G. Conversely, if the condition holds and
1#x € H CF,thereis an element a € L such that 1 FaVvVax € GNH.

Theorem 2.7. Let U, V be subfilters of a filter F' of L such that V is a direct
summand of F with U C V. Then U <, F if and only if U <, V.

Proof. IfU <, V, then U <, F' by Lemma 2.5 (2). Conversely, assume that
U <, F. By assumption, there is a subfilter V' of F' such that F' = T'(V U V")
and VNV’ = {1}. To see that U <, V, assume V = T(U U K) for some K V.
Then F =T(VUTWUUK)) =T({UUT(V'UK)) by Lemma 2.1. We claim that
T(V'UK)<F.Letl#x € F. Thenz = (aAb)Vz = (aVz)A(bVz) for somea € V
andbeV'. Ifava=1,thenb#land 1 #AbVa=xz € V' CT(V'UK). So we can
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assume that aVx # 1. Then aVx € V gives that there is an element 1 # ¢ € L such
that 1 # aV x V¢ € K which implies that cVa = (¢cVa Va)A(cVaVb)#1. Now
eve=cVz(lecvavVa)A(cVbVz)) givescVa € T(V'UK); hence T(V'UK) < F
by Remark 2.6. Since U <, F, we get (V' UK) = F. Let z € V C F. There
are elements v € V and k € K such that z = (v Ak)Vz=(2VV)A(2VE). As
zvv eVNV' ={1}, wehave z =2Vk e K. Thus K=V andso U <, V. O

Compare the next theorem with Proposition 2.5 (3) in [12].

Theorem 2.8. Assume that Uy, Vi, Uy and Va are subfilters of a filter F' of L
and let Uy C Uy, Vi C Vo and F = Uy @ Vo. Then Uy @ Vi <, Uy @ Vs if and only if
Uy <g Uy and V1 <g Vs.

Proof. If Ui <4 Us and Vi <, Vo, then T(U1 UWV) <4 T(Uz U V2) by
Lemma 2.5 (4). To see the other implication, U3 C T (U1 U W) <4 F =T (U U V2)
gives U; <4 F' by Lemma 2.5 (1). Since Us is a direct summand of F' and U; C Us,
we get Uy <4 Uz by Theorem 2.7. Similarly, Vi <, Va. O

Corollary 2.9. Assume that Uy, Vi, Uy and Vs are subfilters of a filter F' of L
and let Uy C Uy, Vi C Vo and F = Uy ® Vo, Then Uy @ Vi < Us @ Vs if and only if
Ui < Uy and V; < Vs

Proof. IfU; < Uz and V; <« Vs, then T(U; U Vi) < T(Us U V) by [4],
Lemma 2.5 (4). To see the other implication, U; C T(U; UV;) < F = T(Us U Vs)
gives U; < F by [4], Lemma 2.5 (1). Since U; is a direct summand of F' (so it is a
supplement in F') and U; C Us, we get Uy < Uz by [4], Proposition 3.6. Similarly,
Vi < Va. O

Lemma 2.10.
(1) If U # {1} is a subfilter of a filter F' of L, then U <, F' if and only if for every
1#4xz e F; if T({z}) < F, then there exists a € L such that 1 #aV z € U.
(2) Let U, V, K be subfilters of a filter F' of L with K C U.
(a) If K <4 F, then K 4, U and U 4, F.
(b) UNV <, Fifand only if U 43 F and V <, F.

Proof. (1) Let U <, F. For every 1 # « € F, if T({z}) < F, then
T({z}) # {1} and T({z})NU # {1}. Therefore, there is an element a € L such that
1#aVxeU. Conversely, assume that H is a small subfilter of F and 1 # = € H.
By Lemma 2.5 (1), T({z}) < F; so there exists ¢ € L such that 1 #cVz e UNH.
Thus U 44 F'.
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(2a) If KN K’ = {1} with K’ < U, then [4], Lemma 2.5 (1) gives K’ < F; hence
K'=U. Thus K <, U. Moreover, if UNG = {1} with G < F, then KNG = {1}
gives G = F,and so U 4, F.

(2b) Assume that U NV <, F and let U NV’ = {1} for some small subfilter V’
of F. Then UNV NV’ = {1} gives V' = F. So U <, F. Similarly, V 4, F.
Conversely, assume that UNV N K = {1} for some K < F. Then VN K = F since
U4y, F;hence K=F. ThusUNV 4, F. O

Compare the next theorem with Proposition 2.7 in [12].

Theorem 2.11. Assume that U;, Vi, Us and V5 are subfilters of F' and let
Ur C Vi, Uy C Voand F =Vy @ Vo, Then Uy @ Uy <y Vi @ Vo if and only if
U, <y Vi and Uy <y Vs.

Proof. Suppose, say, that U; is not g-essential in Vi; so U3 N K = {1} for
some small subfilter K # {1} of V;. Let € T(U; UUz) N K. Then z € K and
x = (ug Aug)Ve = (xVur)A(xVug) for some u; € Uy and uy € Us. Since K and Uy
are filters, z Vu; € K NU; = {1}; hence & € U,. Therefore z € V1 NV, = {1}. Thus
T (U UUsz) N K = {1} which is impossible. Thus U; <, Vi and U, <, V5.

Conversely, assume that 1 # 2 = (v1 Ave)Va = (v V) A (v Va) € T(V3UVy) for
some v; € V; such that T'({z}) < T (V1 UV;). We can easily show that T'({v1 Va})N
T({vaVa})={1} and T(T({v1 Va}) UT({v2 Vz})) C T{z}) < T(V1 UVz), which
implies that T(T({vi V 2}) UT({v2 V z})) < T(V1 U V2); hence T({vy V z}) < Vi
and T'({v2 V z}) < V2 by Corollary 2.9. Then by Lemma 2.10 (1), there is some
a1 € L such that 1 # a1 V(vyVa)eUs. Ifa V(vaVa) €U thenl #a; Ve =
a1V (1 V) A(veVa)) = (e Vo Ve)A(arve V) € T(UUU). If a1V (vaUz) ¢ Us,
then again by Lemma 2.10 (1), there is as € L with 1 # a2 V a1 V (v2 V ) € Uz and
we have 1 # a1 Vas Vo € T(Uy UUs). Thus T(U; UUz) < T(V; U V). O

Corollary 2.12 ([4], Lemma 2.15(2)). Assume that Uy, Vi, Us and V, are sub-
filters of F and let Uy C Vy, Uy C Vo and F =V, @ Va. Then Uy @ Uy <V, @ Vs if
and only if Uy <V; and Uy < Vs,

Definition 2.13. Let K be a subfilter of a filter I’ of L. If K is both maximal
and essential in F', then K is called a generalized maximal subfilter of F. The
intersection of all generalized maximal subfilters of F' is called the generalized radical
of F' denoted by Rady(F). If F' does not have generalized maximal subfilters, then
we write Radg(F) = F.

Compare the next theorem with Theorem 2.10 in [12].
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Theorem 2.14. Let F' be a filter of L such that it has at least one generalized
maximal subfilter. Then the following statements hold:
(1) z € Rady(F') if and only if T({z}) <4 F.
(2) Rad,(F) = T( U v).
V< F
Proof. (1) Suppose that T'({z}) is not generalized small in F' and set

O={U:2¢U, USF, and TUUT{z})) = F}.

As T({z}) is not generalized small in F, we conclude that Q # (. Clearly, every
chain has an upper bound by inclusion in €2; hence () contains a maximal element K
by Zorn’s lemma. Let U be a subfilter of F’ such that K C U C F. Then x € U by
maximality of K and so F'=T(GUT({z})) CU; hence F = U. Thus K is a gener-
alized maximal subfilter of F' with = ¢ K. Since Rady(F) C K, we get = ¢ Rady(F),
which is impossible. Therefore T'({z}) <4 F. The other implication is clear.

(2) Let V <4 F. If K is a generalized maximal subfilter of F and V' ¢ K, then
T(VUK) = F; but since V <, F, we have K = F, which is a contradiction.
Therefore, V' is contained in every generalized maximal subfilter of F' and hence

T( U V) C Radgy(F'). For the reverse inclusion, assume that = € Rad,(F’). Then
VLF
xeT({x}) C T( U V) by (1), and so we have equality. O
V& F

Corollary 2.15. Let F be a filter of L. Then the following statements hold:
(1) If F does not have generalized maximal subfilters, then Rady(F') = T( U V).
(2) Rad(F) C Rad,(F). Ve

Remark 2.16. Let F be a simple filter of L. Then Rady(F) = F and
Rad(F') = {1}; hence Rad,(F') # Rad(F).

Proposition 2.17. Let F' be a filter of L. Then the following statements hold:
(1) Rady(F) = F if and only if all finitely generated subfilters are g-small subfilters
of F.
(2) Let Rad(F') # F. If every proper essential subfilter F' is contained in a general-
ized maximal subfilter, then Rad(F) <, F'

Proof. (1) Assume that Rady(F) = F and let H = T(A), where A =
{a1,a2,...,a,} C H. By assumption, T({a;}) <43 F (1 < ¢ < n), and so by
Lemma 2.5(3), S = T(T({a1}) U...UT({an})) <4 F. Now by Lemma 2.5 (1),
H C S gives H <4, F. Conversely, assume that z € F. Then by assumption,
T({z}) <4 F; hence x € T({z}) C Rady(F') by Theorem 2.14.
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(2) Let G be an essential subfilter of F' such that F' = T(Rad(F) UG). If F # G,
then there is a generalized maximal subfilter H of F' such that G C H; hence
F C T(Rad(F)U H) = T(H) = H which is impossible. Thus G = F, and so
Rad(F) <4 F. O

Compare the next theorem with Theorem 5 in [8].

Theorem 2.18. If F is a finitely generated filter of L and F' has a proper essential
subfilter, then every proper essential subfilter of F is contained in a generalized
maximal subfilter.

Proof. Assume that H is a proper essential subfilter of F' and let F' = T'(A),
where A = {a1,a2,...,a,} C F. Since H # F, it cannot contain all of the generators
ai,...,a,. By reordering the generators, if necessary, it is possible to find a1, ..., ag
such that ' = T(HUT({a1,...,ax})) but F # T(HUT({aqg,...,ar})). Set K =
T(HUT ({ag,...,ax})); so a1 ¢ K. At first we show that F' has a subfilter G maximal
with respect to K C G and a1 ¢ G. Consider the set Q = {U: U is a subfilter of F,
K CU and a1 ¢ U}. This set is not empty since K € Q. Clearly,  is closed under
taking unions of chains and so the result follows by Zorn’s lemma. Let G be the
maximal element of Q. Let V be a subfilter of F' such that G C V C F. Then
a1 € V by the maximality of G and so F' = T(K UT({a1})) C V; hence F = V.
Thus H C K is contained in a maximal subfilter G and G < F because H < F. [

Definition 2.19. A filter F of L is called a generalized hollow filter if every
proper subfilter of F' is generalized small in F.

It is clear that every hollow filter is a generalized hollow filter. Compare the next
theorem with Theorem 4 in [8].

Theorem 2.20. Let F' be a filter of L such that Rad,(F) # F. The following
conditions are equivalent:
(1) F is a generalized hollow filter;
(2) F is a local filter;
(3) F is a hollow filter.

Proof. (1) = (2): Let G be a proper subfilter of a generalized hollow filter F.
Then G <, F gives G C Rady(F') by Theorem 2.14 (2). Since Rad,(F) # F, F is
local, as needed.

(2) = (3): Assume that F'is a local filter with unique maximal subfilter of K and
let U be a proper subfilter of F' with T(U UV) = F for some subfilter V of F. If
V#F, then FCT(KUU)=T(K) = K, a contradiction. Thus F = V.

(3) = (1): Clear. O
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3. GENERALIZED SUPPLEMENTED FILTERS

In this section, we define the concept of generalized supplemented filters of a lattice
and we prove some basic properties concerning such filters. We begin with the key
definition of this section.

Definition 3.1. Let U and V be subfilters of a filter F of L. If F = T(UUYV)
and F=T(UUK) with K <V implies that V = K, then V is called a generalized
supplement (or briefly a g-supplement) of U in F. If every subfilter of F' has a
g-supplement in F, then F is called a generalized supplemented (or briefly a g-
supplemented) filter.

The supplemented filters are g-supplemented. Compare the next lemma with
Lemma 2 in [8].

Lemma 3.2. Let U, V be subfilters of a filter F' of L. V is a g-supplement of U
in F ifand only f TUUV)=F andUNV <, V.

Proof. Let V be a g-supplement of U in F' (so T(UUV) =F). Let Y <V
with T(Y U(UNV)) =V. Then by Lemma 2.1, we have

F=TUUV)=T(T(UNV)UY)UU)
=T(TUUUNV)UY)=T(T(U)UY)=TUUY),

which implies that V' =Y because V is a g-supplement of U in F' and Y < V. Thus
UNV <, V. Conversely, assume that T(UUV)=Fand UNV <, V. For X 4V
with T(XUU) = F,wehave V = VNF = VNT(XUU) = T(XU(VNU)) by the mod-
ular law. Now UNV <, V gives X = V. Hence V is a g-supplement of U in F. [

Proposition 3.3. Let U, V be subfilters of a filter F' of L. Assume V to be a
g-supplement of U. Then the following assertions are true:
(1) If T(VUU') = F for some U’ CU, then V is a g-supplement of U’.
(2) If K<y FandV < F, then 'V is a g-supplement of T(U U K).
(3) If K is a subfilter of V and U < F, then K <,V if and only if K <4 F.

Proof. (1) By Lemma 3.2, it is enough to show that U' NV <, V. Assume
that X is an essential subfilter of V' such that T(X U (U'NV)) = V. Now V =
TXuU'NV)CTXUUNV))CVgives V=T(XUUNV)); hence X =V
since UNV <, V. Thus V is a g-supplement of U’.

(2) By Lemma 2.1, we have that F = T(UUV) C T(T(UUK)UV) C F; so
T(T(WUK)UV) = F. Assume that Y is an essential subfilter of V' (so Y < F))
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such that T(T(U U K)UY) = F; we show that Y = V. By Lemma 2.1, F' =
TTWUUK)UY)=TTUUY)UK). SinceY < F and Y CT(Y UU), we clearly
see that T(Y UU) is essential in F. Now K <4 F gives T(UUY) = F; henceY =V
since V' is a g-supplement of U. Thus V is a g-supplement of T'(U U K).

(3) If K <4 V, then K <, F by Lemma 2.5(2). Assume that K <, F' and let
GLV withV=T(GUK). F=T({UUV) gives

F=TUUT(GUK))=T(KUT(GUU)).

AsU Q Fand U C T(GUU), we get T(UUG) < F which implies that T(GUU) = F.
Since V is a g-supplement of U in F', G =V. Thus K <, V. O

Compare the next theorem with 41.1(5) in [11].

Theorem 3.4. Let V be a subfilter of a filter F' of L such that V is a g-supplement
of an essential subfilter of F. Then Rad,(V) =V NRad,(F).

Proof. By Proposition 3.3(3) and Theorem 2.14, it is clear that Rady (V) C
V NRady(F). For the reverse inclusion, assume that € Rady(F)NV. Since z €
Rad,(F), by Theorem 2.14 (1) then T'({z}) <4 F, which implies that T'({z}) <, V
by Proposition 3.3 (3); hence x € T'({z}) C Rady(V), and so we have equality. O

Compare the next theorem with 41.1 (3) in [11].

Theorem 3.5. Let V be a subfilter of a filter F' of L such that U is an essential
maximal subfilter of F' and V is a g-supplement of U in F. Then Rad,(V) =UnNV.

Proof. Since T(UUV) = F and U is a maximal subfilter of F, then V ¢ U;
so UNV # V. Let K be a subfilter of V' such that U NV C K C V. Then
there is an element © € K C V with ¢ U. Now U C T(T'{z}) UU) C F gives
F=T(T({z})UU). By the modular law, we conclude that

V=vVnT(T{z})uU)=T(T({z})UUNV)) CK;

so V= K. Thus U NV is a maximal subfilter of V. Since U is essential in F,
we clearly see that U NV is essential in V. So Rady(V) CUNV. As Vis a g-
supplement of U, UNV <, V; hence UNV C Rady (V') by Theorem 2.14 (2). Hence
Rad(V), =UNV. O

Proposition 3.6. Let V' be a g-supplement of U in a filter F of L. If H is a
subfilter of V and K <V, then H is a g-supplement of K in V if and only if H is a
g-supplement of T(K UU) in F.
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Proof. Let H be a g-supplement of K in V. Then V =T (K U H) gives F =
TUUT(KUH)) =T(HUT(UUK)). Let F =T(GUT(UUK)) =T(UUT(GUK))
with G < H. Since K <V and K CT(GUK) CV, then T(GUK) QV. Now V
is a g-supplement of U, which gives V = T(G U K). Since G < H and H is a
g-supplement of K in V, G = H.

Conversely, let H be a g-supplement of T(KUU) in F;so F = T(HUT(KUU)) =
TWUT(KUH)). Since K <Vand K CT(HUK) CV, thus T(KUH) 4 V.
Then by V being a g-supplement of U in F, V =T(HUK). Let V =T(KUG")
with G’ < H. Then F =T (U UV) gives

F=TWUUTKUG"))=T(GUT(KUU)).
Since G’ < H and H is a g-supplement of T(U U K) in F, G’ = H. Thus H is a
g-supplement of K in V. 0

Theorem 3.7. Let U and V' be mutual g-supplements in a filter F of L. If G < U,
G' A4V, H is a g-supplement of G in U and H' is a g-supplement of G’ in V', then
T(H UH’) is a g-supplement of T(GUG’) in F.

Proof. Since U=T(GUH) and V =T(G' UH'), Lemma 2.1 gives

F=TUUV)=T(T(GUH)UV)=T(GUT(HUV))
CT(GUT(G'UT(HUH))=T(T(GUG")UT(HUH")) C F;

b

hence F = T(T(GUG')UT(HUH")). Since V is a g-supplement of U in F', G’ IV
and H' is a g-supplement G’ in V, then by Proposition 3.6, H' is a g-supplement
of TWUUG')in F; s0o TWWUG')NH' <4 H'. Similarly, T(VUG)NH <4, H. To
simplify our notation let

T(GUG'UH)NH' = A, T(GUG'UH'")NH =B and T(GUG')NT(HUH')=C.

We first show that C' C T(AU B). Let z € C. Then there are elements g € G,
g € G, he Hand I € H such that z = (gA¢g)Va = (hAR)Va; sox =
(GNAGHYV(RAR)VE=((gVR)A(GVRIAN(GVR)A(§VE)) Ve eT(AUB). Thus
C CT(AUB). Since GUH C T(GU H), we have

ACT(GUT(GUH)NH =T(G'UU)NH'.
Similarly, BC T(GUV)NH. So
CCTAUB)CT(T(G'UU)NHYU(T(GUV)NH))=D.

As D <, T(HU H') by Lemma 2.5(4), C C D gives C <, T(H U H') by
Lemma 2.5 (1). O
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Corollary 3.8. Let V be a supplement of U in a filter F' of L. If H is a subfilter
of V and K <V, then H is a g-supplement of K in V if and only if H is a g-
supplement of T(K UU) in F.

Proof. SinceV is a supplement of U in F, V is a g-supplement of U in F. Now
the assertion follows from Proposition 3.6. ([

Corollary 3.9. Let F=U@ V. If H is a subfilter of V and K <V, then H is a
g-supplement of K in V' if and only if H is a g-supplement of T(K UU) in F.

Proof. Since F =T{UUV)and UNV = {1} < V, we get that V is a
supplement U in F'. Now the assertion follows from Corollary 3.8. O

Corollary 3.10. Let U and V' be mutual supplements in a filter F' of L. If G < U,
G' A4V, H is a g-supplement of G in U and H' is a g-supplement of G’ in V', then
T(H UH') is a g-supplement of T(GUG’) in F.

Proof. Since U and V are mutual supplements in F', we get that they are
mutual g-supplements in F'. Then the assertion follows from Theorem 3.7. (]

Corollary 3.11. Let F =U® V. If G QU, G’ <V, H is a g-supplement of G
in U and H' is a g-supplement of G’ in V, then T(H U H') is a g-supplement of
T(GUG') in F.

Proof. Since F=TUUV),UNV ={1} < UandUNV = {1} <« V, we get U
and V are mutual supplements in F. Now the assertion follows from Corollary 3.10.
O

Proposition 3.12. Assume that Fy and U are subfilters of a filter F' of L and
let Fy be a g-supplemented filter. If T'(Fy; U U) has a g-supplement in F', then the
same is true for U.

Proof. Let X bea g-supplement of T'(F;UU) in F;so T(XUT(F,UU)) =F
and XNT(FUU) <4 X. Since Fj is g-supplemented, B = T(XUU)NF, C T(XUU)
has a g-supplement in F, say Y (so T'(Y U B) = F;). We now show that T(X UY)
is a g-supplement of U in F. By Lemma 2.1, we have

F=T(XUT(FUU)CTHUT(XUU))=TT(BUY)UT(XUU))
CTYUTBUT(XUU))=TXYUuT(Xul))
cT

(UUT(XUY)) C F;
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hence F =T(UUT (X UY)). It is enough to show that (X UY)NU <, T(X UY).
As Y is a g-supplement of T(X UU) N F in Fy,

A=YNT(XUU)=YN(T(XUU)NF) <, Y.

Since T(UUY) C T(FLUU) and F = T(UUT(XUY)) = T(X UT(U UY)),
Lemma 2.5 (1) gives that X is also a g-supplement of T(U UY') in F which implies
that B=TUUY)NX <, X. We first show that (X UY)NnU C T(AU B).
Let z € T(X UY)NU. Then there are elements 2’ € X and ¢y € Y such that
x=aV((xVvVa")A(xVy')), where xVa’' € B and xVy' € A; hence xz € T(AUB). Now
by Lemma 2.5 (4), T(X UY)NU CT(AUB) <, T(XUY); hence T(XUY)NU <,
T(X UY) by Lemma 2.5(1). O

Compare the next theorem with Theorem 1 in [8].

Theorem 3.13. Let F = T(F) U F). If F} and Fy are g-supplemented filters,
then F' is a g-supplemented filter.

Proof. If U is any subfilter of F, then T(Fo UU U Fy) = F. Let V be a
g-supplement of D = T(F, UU)NF; C T(F, UU) in Fy; so T(V U D) = F; and
DNV «4 V. Moreover, D, F, UU CT(F,UU) gives T(DU F, UU) CT(F, UU).
Now by Lemma 2.1, we have

F=T(FUUUFR)=T(FUUUT(V UD))
CT(VUT(F,UUUD)) CT(VUT(F,UU)) C F;

hence F' = T(V UT(F, UU)) which implies that V is a g-supplement of T'(F, U U)
in Fsince VNT(FUU)=VNT(F,UU)NF <, V. Now the assertion follows
from Proposition 3.12. O

n
Corollary 3.14. If Fy,..., F, are g-supplemented filters of L, then T( U Fz) is

a g-supplemented filter. =1
Proposition 3.15. Let F be a g-supplemented filter of L. If V is a subfilter of F'
with V N Rad,(F) = {1}, then V is semisimple. In particular, if Rady(F) = {1},

then F' is semisimple.

Proof. Let V' be any subfilter of V. By assumption, there is a subfilter K of F'
with F = T(V'UK) and V'NK <, K (so V'NK C Rady(K)). By the modular law,
V=VNTV'UK)=T(V'U(VNK)). As (VNK)NV'= KNV’ CVNRad,(K) C
VNRady(F) = {1}, weget VNEK)NV' ={1} and V=T(V'U(VNK)). Thus V
is semisimple. Moreover, if Rad,(F) = {1}, then F N Rad,(F) = {1}; hence F is
semisimple. ([
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Proposition 3.16. Let I be a filter of L. Then the following statements hold:
(1) IfU, V are subfilters of F' such that F' = U @&V, then Rad,(F) = Rad,(U) &
Radgy (V).
(2) If F is semisimple, then Rady(F) = {1}.

Proof. (1) By assumption, Rad,(U) N Rady(V) C UNV = {1} gives
Rady(U) N Rady(V) = {1}. By Lemma 2.5(2), Rady(U),Rad,(V) C Rady(F),
which implies that T'(Rady(U) U Rady(V)) € Rady(F). For the reverse inclusion,
assume that @ € Rady(F). By Theorem 2.14, x = (z1 Aza A ... A xy) V &, where
1 € Fi <4 F,...,x; € F, €4 F. By Lemma 2.5(1), T({z1}) C Fi <, F gives
T({z1}) <4 F. Since z1 € F =T (UUV), then x1 = (uAv)Ver = (21 Vu)A(z1 Vo) for
some u € U and v € V. We can easily show that T'({z1Vu})NT({z1Vv}) = {1} and

T(T({xr Vup) UT({z1Vo})) CT({an}) <o T(Vi U V2),

which implies that T'(T({z1 V u}) UT({z1 V v})) <4 T(UUV) by Lemma 2.5 (1);
hence T({z1 V u}) <4 U and T({z1 V v}) <, V by Theorem 2.8. Therefore
z1 Vu € Rady(U) and x1 Vv € Radg(V). Hence 1 = z1 V (uAv) Vs =
(1 Vu)A(z1 Vo)) Va € T(Radg(U) URady(V)) = A. Similarly, xa,..., 2, € A.
Thus = € A and so we have equality.

(2) Since every proper subfilter of F' is a direct summand, the only proper g-small
subfilter of F' can be {1}. Thus Rad,(F) = {1}. O

Theorem 3.17. Let F' be a g-supplemented filter of L. Then there exist a
semisimple subfilter K and a subfilter V with Rady(V) <V such that F =K @ V.

Proof. Let K be a subfilter of F' which is a complement of Rad,(F'). Then
K NRady(F) = {1} and T(K URady(F)) < F. Since F is g-supplemented, there
is a subfilter V of F such that F = T(VUK) and VN K <, V (so VN K C
Rad,(V)). Since VN K = KN (VN K) C KN Rady(V) € KN Rady(F) = {1};
hence FF = T(K UV) with VN K = {1}. By Proposition 3.15, K is semisimple.
By Proposition 3.16, Rady(F) = T(Rady(V) U Rady(K)) = T(Rady(V) U {1}) =
Radgy(V). Since T(KURady(V)) S F =T(KUV), Rady(V) <V by Corollary 2.12,
as requried. (I

Definition 3.18. Let U be a subfilter of a filter F' of L. If for every subfilter V'
of F with F = T(UUYV) has a g-supplement H in F such that H C V, then we
say that U has an ample generalized supplement (or briefly an ample g-supplement)
in F. If every subfilter of F' has ample g-supplement in F', then F is called an amply
generalized supplemented (or briefly an amply g-supplemented) filter.

540



Compare the next theorem with Theorem 7 in [8].

Theorem 3.19. Assume that U; and U, are subfilters of a filter F' of L and let
F =T(U, UU,). If Uy and Uy have ample g-supplements in F', then Uy N Uz has
also ample g-supplements in F'.

Proof. Let H be a subfilter of F such that FF = T(H U (U; N Us)). Suppose
now that Uy N Uy = A and Uy N H = B. Then by Lemma 2.1, U; N Uy C U; gives

U, =U; ﬂT(HU (U1 n UQ)) = T((U1 n UQ) U (U1 N H)) = T(AU B),

which implies that F = T(U; UUz) = T(T(AUB)UUy) = T(BUT(AUUs)) =
T(BUUz) =T(UxU (Uy N H)). Similarly, F = T(U; U (U N H)). Therefore there
is a supplement H) of Uy in F with H) C U N H and a supplement H of Uy in F
with H{ C Uy N H which implies that T(H{ U H}) C T(HnN (U; UU2)) € H. So
T(H,UU,) =F, H,NU,; < H), T(H{UU3) = F and H{NU; < Hj. By Lemma 2.1,
Uy =UiNT(H{UUy) =T(Hy U (U NUz)); hence

F=T{UUHY) =T(HyUT(H; U (U NUy)))=T(T(HyUHS) U (U NUs)).

By the modular law, T(H{UH,)N(U1NU2) = T(H{U(HLNUL))NU2 = T((H,NU;)U
(Uz N HY)). Now by Lemma 2.5(4), T(H; UH)) N (U1 NUs) <4 T(HHUHS). O

Theorem 3.20. Let F be a filter of L. If every subfilter of F is a g-supplemented
filter, then F' is an amply g-supplemented filter.

Proof. Let U and V be subfilters of F' such that F' = T(UUV). By assumption,
there exists a subfilter V' of V such that V =T(V'U(V NU)) and (UNV)NV’' =
V'AU <, V. Then V = T(V'U(VNU)) C T(V'UU) gives F = T(U UV) C
TWOUTWV'UU))=T(V'UU) C F; hence F =T(V'UU). O

Corollary 3.21. The following statements are equivalent for a lattice L.
(1) Every filter is amply g-supplemented.
(2) Every filter is g-supplemented.

Proof. (1) = (2): Clearly, if a filter F is amply g-supplemented, then F is
g-supplemented.
(2) = (1): Follows from Theorem 3.20. O
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4. GENERALIZED SUPPLEMENTED QUOTIENT FILTERS

Quotient lattices are determined by equivalence relations rather than by ideals as
in the ring case. If F is a filter of a lattice (L, <), we define a relation on L given
by = ~ y if and only if there exist a,b € F satisfying x Aa = y Ab. Then ~ is an
equivalence relation on L, and we denote the equivalence class of a by a A F' and the
collection of all equivalence classes by L/F. We set up a partial order <g on L/F
as follows: for every a A F,b A F € L/F, we write a A F <g b A F if and only if
a < b. It is straightforward to check that (L/F,<q) is a poset. The notation below
(Lemma 4.1) will be kept in this section.

Lemma 4.1. (L/F,<q) is a lattice.

Proof. Let aAF,bAF € L/F and set X = {aAF,bAF}. By definition of <g,
(aVb) A F is an upper bound for the set X. If ¢ A F' is any upper bound of X, then
we can easily show that (a Vb)) AF <g ¢cAF. Thus (aAF)Vg (DAF) = (aVb)AF.
Similarly, (a A F)Ag (bAF)=(aAND)AF. O

Remark 4.2. Let F be a filter of L.
(1) Ifa € F, then aAF = F. By the definition of <, it is easy to see that IANF' = F
is the greatest element of L/F.
(2) Ifa € F, then aAF =bAF (for every b € L) if and only if b € F. In particular,
cN\F = F if and only if ¢ € F. Moreover, if a € F,thena AF =F =1AF.
(3) By the definition of <¢, we can easily show that if L is distributive, then L/F
is distributive.

Lemma 4.3. Let G be a filter of L. Then the following statements hold:

(1) If G C F is afilter of L, then F//G ={aANG: a € F} is a filter of L/G.

(2) If K is a filter of L/G, then K = F/G for some filter ' of L.

(3) If F and H are filters of L such that G C F, G C H and F/G = H/G, then
F=aG.

(4) If F, H and V are filters of L containing G, then F/GN H/G = V/G if and
onlyif V=HNF.

(5) If U, V are filters of L containing K, then T(UUV)/K =T(U/KUV/K).

(6) Let H be a subfilter of F with G C H. If H is a maximal subfilter of F, then
H/G is a maximal subfilter of F/G.

Proof. (1) Since 1AG € F/G, then F/G # 0. Let a AG,bAG € F/G (so
a,b € F)and cAG € L/G. Then (a ANG) Ao (bANG) = (aANb) AG € F/G and
(aNG)Vg (¢cANG) = (aVe)ANG € F/G by Proposition 1.1. Thus F/G is a filter
of L/G.
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(2) Assume that FF = {z € L: xt AG € K} and let g € G. Then by Remark 4.2,
gNG=1ANG =G € K;s0G C F. It is easy to see that F' is a filter of L with
K = F/G.

(3) If x € F, then © AG = y A G for some y € H which implies that  ~ y. Then
x A c=yAdfor some ¢,d € G. Since H is a filter and z A c € H, we get x € H by
Proposition 1.1. So F C H. Similarly, H C F, and so we have equality.

(4) Letx e HNF. Then x AG € (F/G)N(H/G) =V/G;s0 x NG =z NG for
some z € V which implies that £ Aa = 2z A b for some a,b € G. Now x Aa € V gives
x €V. Thus HNF C V. Similarly, V C F'N H. The other implication is similar.

(5) Let t A K € T(U/K UV/K). Then there are elements v € U and v € V
such that (u A K) Ag (vAK) <g A K; so uAv < x, which implies that x =
zVaV(uAv) =zV((@Vu)A(zVv)). Then (uva)A(vVe) <z givesz e T(UUV)
and so x AK e T(UUV)/K. Thus T(U/KUV/K) C T(UUV)/K. The proof of
the reverse inclusion is similar.

(6) If H/G C K/G C F/G, then H C K C F gives K = F, as needed. O

Lemma 4.4. Let F be a filter of L. The following statements hold:
(1) Let K, H be subfilters of F with K C H. If H/K < F/K, then H < F.
(2) Let K, H be subfilters of F with K C H. If H < F, then H/K < F/K.
(3) Let K, H be subfilters of F with K C H. If H <4 F, then H/K <, F/K.
(4) If K, H are subfilters of F' with H < F, then T(HUK)/K < F/K.

Proof. (1)isclear. To see (2),let F/K = T(H/KUG/K) for some filter G/K
of F/K;s0 T(HUG)/K = F/K gives T(HUG) = I by Lemma 4.3. Hence G = F
since H < F', as needed.

(3) Follows from (1) and (2).

(4) Assume that A =T(HUK) andlet F/K =T(A/KUG/K)=T(AUG)/K for
some subfilter G/K of F/K;s0 F =T(T(HUK)UG) = T(HUT(KUG)) = T(HUG)
by Lemma 4.3. Then H < F gives G = F. ]

Compare the next proposition with 41.1(7) in [11].

Proposition 4.5. Let X, U be subfilters of a filter F of L with X CU. If V is
a g-supplement of U in F, then T(X UV)/X is a g-supplement of U/X in F/X.

Proof. If A=T(VUX), then
TAUU)=TUUT(VUX))=T(VUTUUX))=T(UUV)=F

by Lemma 2.1. Now Lemma 4.3 gives T(U/X UA/X) = T(UUA)/X = F/X.
For X C U, we have UNT(X UV) = T(X U (UNYV)) by the modular law, and

543



so (U/X)NT(VUX)/X =T(UNV)UX)/X by Lemma 4.3. Since V is a g-
supplement of U in F', we have D = UNV <, V. By the above consideration, it
is enough to show that B=T(DUX)/X <4 A/X. Let T(BUK/X) = A/X for
some K/X <A/X (so K IT(VUX)=A). Then

A=T(VUX)=T(KUT(XUUNV))) = T(UNV)UT(KUX)) = T(KU(UNV)).

Since UNV <, VCT(VUX), weget UNV <, T(V U X) by Lemma 2.5; hence
K =T(V UX), as required. O

Theorem 4.6. If F' is a g-supplemented filter of L, then every quotient filter of F'
is g-supplemented.

Proof. Clear from Proposition 4.5. ([

Theorem 4.7. If F' is an amply g-supplemented filter of L, then every quotient
filter of F' is amply g-supplemented.

Proof. Let V/X be a subfilter of /X such that F/X = T(V/X UU/X) for
some subfilter U/X of F//X. Then Lemma 4.3 gives F = T(VUU). Since F is amply
g-supplemented, there is a subfilter H C U such that H is a g-supplement of V in F'.
Then by Proposition 4.5, T(HU X)/X C U/X is a g-supplement of V/X in F/X.
Thus F/X is amply g-supplemented. U

Compare the next theorem with 41.2 (3) (ii) in [11].

Theorem 4.8. If F' is a g-supplemented filter of L, then F'/Rad,(F) is a semi-
simple filter.

Proof. Let G be any subfilter of F' containing Rad,(F). Then there is a
supplement H of G in F; so T(GUH) = Fand HNG <, H; so GNH <4 F
by Lemma 2.5. If K is a generalized maximal subfilter of F and H N G ¢ K, then
T((HNG)UK) = F; but since HNG <4 F, we have K = F, which is a contradiction.
Therefore, H NG is contained in every generalized maximal subfilter of ' and hence
HNG CRady(F). Then F =T(Rady(F)UHUG) CT(GUT(Rady(F)UH)) CF
which implies that F' = T'(G U T'(Rady(F) U H)). Set T(Rady(F) U H) = A. Thus
by Lemma 4.3,

F  TGUA) G, _A
Rad,(F)  Rad,(F) (Radg(F) Radg(F))'
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It suffices to show that G/Rad,(F) N A/ Rady(F) = {1}, where 1 = 1 A Rady(F) =
Radg(F') is the greatest element of L/ Rady(F'). By the modular law and Lemma 4.3,
we have

G A A GNA  T(Rady(F)U(GnH))
Rad,(F) Rady,(F) Rady(F) Rad, (F)
_ T(Rady(F)) _ Rady(F) _

Rad,(F)  Rad,(F)

{1}

O
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