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KYBERNETIKA — VOLUME 58 (2022), NUMBER 6, PAGES 903-959

ALMOST LOG-OPTIMAL TRADING STRATEGIES
FOR SMALL TRANSACTION COSTS IN MODEL
WITH STOCHASTIC COEFFICIENTS

PETR DoOSTAL

We consider a non-consuming agent investing in a stock and a money market interested in
the portfolio market price far in the future. We derive a strategy which is almost log-optimal in
the long run in the presence of small proportional transaction costs for the case when the rate
of return and the volatility of the stock market price are bounded It6 processes with bounded
coefficients and when the volatility is bounded away from zero.

Keywords: small transaction costs, logarithmic utility function, non-constant coefficients

Classification: 60H30, 60G44, 91G80

1. INTRODUCTION

The purpose of this paper is to provide certain technical tools for solving the investment
problem in the long run with small proportional transaction costs. Primarily, we focus
on the most aggressive investor with HARA! utility function unbounded from below
whose aim is to maximize the long run growth rate of the wealth process (W,);>0 up to
a certain admissible error. Such an error should be small (of the highest possible order)
when the level of transaction fees, described by a parameter A > 0, is small. Our task
can be viewed as follows

(almost) max litrgglf +EIn(W,).

Since the usual investor is not the most aggressive one, we also consider a modification of
the necessary technical results so that then they can be used in order to derive a certain
strategy, for a more risk averse investor, which is also

1. time consistent,
2. robust with respect to time change in the model,

3. independent on the form of our model in the future.

DOLI: 10.14736 /kyb-2022-6-0903
IThe formal definitionof of a HARA utility function (unbounded from below) is given in (1.1) and
in the paragraph below (1.1).
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We do not believe that there exists a strategy satisfying properties (1,2,3) that also
maximizes the long run growth rate of the certainty equivalent of the wealth process if
the investor faces the following power utility function

Uy(y) 2L Ly, 7 <0, (1.1)

unbounded from below, in general. Note that the certainty equivalent is a deterministic
value giving the same expected utility as the prescribed random variable. Also note that
the abbreviation HARA means that the functions from (1.1), and also the logarithmic
one Up(y) 2£ Iny, have constant hyperbolic absolute risk aversion described by the value
(here not depending on y) defined as

p=—yU(y) U, y) =1—7. (1.2)

See [14] for information on how the derived technical tools can be used in order to obtain
certain results for the investor with v < 0. Further, see Theorems 5.9 and 5.13 in this
paper in order to agree that we are able to find a strategy (dependent also on the level
of transaction fees A) with the wealth process, denoted here as (Wt)tzo, such that for
A > 0 small enough

limsup L E[ln W, — InW;] < K513 \%/7. (1.3)
t—o0

Here, K313 is a fixed finite positive number and (W,);>¢ is the wealth process of an ad-
missible strategy. Note that the symbol “E” stands for the expected value. If it is omitted
n (1.3), then the corresponding inequality holds up to a null set by Theorem 5.13.
Finally, note that the value 6/7 is obtained when minimizing the rate of the error of
our estimate and that this value can be replaced by 1 under certain additional technical
assumptions, see Theorem 5.13 and ¢ € {6/7,1} in Definition 5.3.

It should be mentioned that it is crucially important for us to have a strategy that
is independent of the form of the model in the future, especially in the case when our
model is obtained from another one with the help of filtering techniques. If this property
is not satisfied, then the applicability of the strategy (when we face models with random
coefficients) is significantly reduced.

The results of this paper can be compared with the ones obtained in [27], where
the authors focus on the long term expected growth rate in a Markovian setting. In
the above-mentioned paper, the authors rule out shortselling and allow the drift and
diffusion coefficients of the returns process to be unbounded, and they always obtain an
error bound with ¢ = 1 under their assumptions. Here, it should be mentioned that our
strategy is designed in order to be applicable also in the case when the coefficient of the
model are random. In that case, we would obtain from the methods of robust filtering
a model which is typically non-Markovian.

For non-Markovian dynamics, rigorous results for log optimal portfolios with small
transaction costs are obtained in Section 3.3.1 of the PhD thesis [1]. The market model
considered there is very similar to the one considered here, with general It6 dynamics
assumed for the returns process and the frictionless optimal portfolio weight. If all
coefficient processes are uniformly bounded as in this paper, then the corresponding
results seem to apply, leading to an almost optimal portfolio even for a finite time
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horizon, but the error term in the main result of [1], Theorem 3.2.6, is only guaranteed
to be of order o(A\?/3). The same rate of error is achieved in [23]. Note that the strategy
proposed in [23] is (under circumstances considered in this paper) very close to our
(almost optimal) strategy introduced in Remark 5.11 in the case when we consider ¢ = 1.
More precisely, their strategy should be rather compared with the strategy mentioned
above the remark. In case when ¢ = 6/7, there are slight but substantial differences
between these two strategies, and this is perhaps the reason why their results regarding
the reached rate of error are not so strong.

For further reading, we recommend the overview of the literature given in [23], but
briefly, the reader interested in the classical Merton approach to the (corresponding)
consumption-investment problem is advised to look at [2, 3, 12, 20, 21, 26, 28, 29, 33],
while the reader interested in the properties of the log-optimal investment is referred
to [4, 5, 6, 8, 9, 19, 25, 31, 32, 34, 35]. For the martingale approach to the investment
problem, see [13, 14, 15, 16].

The reader of this paper may be interested also in papers related to optimal strategies
calculated within finite time horizons, see Bichuch and Sircar [7]; using the linear pro-
gramming approach, see Cai, Rosenbaum, and Tankov [10], or recently also the machine
learning approach, see Mulvey, Sun, Wang, and Ye [30].

To the log-optimal investment, it can be written that the logarithmic utility function
is one of the most desirable ones, and it dates back to Daniel Bernoulli in the eighteenth
century. Using logarithmic utility is known as the Kelly criterion, see Kelly [25], and the
objective is to maximize the exponential growth rate rather than to use a utility function.
Breiman [8] and Algoet and Cover [4] showed that maximizing the logarithmic utility
leads to an asymptotically maximal growth rate and asymptotically minimal expected
time to reach a presigned goal. Bell and Cover [5, 6] showed that the expected log-
optimal portfolio is also game theoretically optimal in a single play or in multiple plays
of the stock market for a wide variety of pay-off functions. Browne and Whitt [9] used
the Bayesian approach to derive optimal gambling and investment policies for cases
in which the underlying stochastic process has parameter values that are unobserved
random variables.

Note that the stochastic control approach to the investment problem was estab-
lished by Merton [28], further known as the investment-consumption problem. He found
a closed-form solution for the case of no transaction cost where the stock market price
is a geometric Brownian motion, further known also as the Merton model. Magill and
Constantinides [26] formulated the problem in the presence of transaction costs and
conjectured that the proportion of the total wealth invested in the stock should be kept
within a certain interval. This problem was solved under restrictive conditions by Davis
and Norman [12] and analysed by Shreve and Soner [33]. Constantinides [11] numeri-
cally computed the effect of transaction costs on the value function for the problem and
the width of the no-transaction region. His conjecture has been made precise by formal
power series expansions in a variety of models. A justification for the leading term in the
expansion is given by Janecek and Shreve [20]. Morton and Pliska [29] studied optimal
portfolio management policies for an investor who must pay a transaction cost equal to
a fixed fraction of his/her portfolio value each time he/she trades.

Akian, Sulem and Taksar [3] showed that the ergodic singular stochastic control
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problem corresponds to the limit of a discounted control problem for vanishing discount
factor. Note that the dynamic programming approach to the investment-consumption
problem with proportional transaction costs leads to the variational inequality and the
corresponding viscosity solution. The reader who is not familiar with viscosity solutions,
but wishes to be, is referred to Akian, Menaldi and Sulem [2]. On the other hand, the
reader who is not interested in viscosity solutions may prefer the martingale approach
to the investment problem.

The paper is organized as follows. The next (short) section is devoted to basic
notation. In Section 3, we introduce the model of proportional transaction costs and
specify what is meant by an admissible strategy. The wealth process and the position
process are introduced there. Their dynamics are described in Subsection B.1. In
Section 4, the model for the stock market price is specified. In Section 5, we first
introduce the policies associated with a specific strategy which is in the second part of
the section shown to be almost log-optimal. The main results of this paper are stated
there, see Theorems 5.12 and 5.13. Further sections are complementary. Section A is
an additional part of the paper, and it is (together with the supplement to this paper)
a reaction to the requirement of one of the reviewers who wanted some ,,numerical
confirmation” of the derived theoretical results. This and further sections are placed
behind the references, and they are denoted as appendices (both on demand of another
reviewer) although only the last section plays the role of a true appendix.

In Section B, the necessary dynamics of important processes is described and, in
Subsection B.2, the properties of the policies are treated, and there is introduced a func-
tion which helps us apply the martingale approach to obtain the desired results. Its
properties are described in Section C. Section D is devoted to proofs of results from the
previous sections, and within this section, the proofs are written in the correct order.
The last section is the (true) appendix.

Note that the proved technical results are a little bit broader than it is necessary to
obtain the main result of this paper, Theorem 5.13. It involves only considering one
additional parameter v (or p), and it helps make the results from [14] correct.

2. BASIC NOTATION

Notation 2.1. Let (2, o7, P, %) be a filtered probability space. We denote by CA(.F)
the set of all continuous .#-adapted real valued processes and put

CAy(F) &L {X € CA(F); X is bounded}.

Similarly, we denote by TA(#) the set of all .#-adapted rcll processes (right-continuous
with finite left-hand limits). Further, CM(.%) stands for the set of all continuous .%-
martingales and CM;,.(-%#) for all continuous local .#-martingales,

CI(F) £L {X € CA(Z); X is non-decreasing}, CFV(Z) &L {X —Y; XY € CI(.%)},

and similarly, we consider CI(.%),CFV(%) with C replaced by T in the previous line. We
also denote by CS(.%) the set of all continuous .%#-semimartingales and

TS(F) <L (X + M; X €CFV(F), M € CMioo(.F)} D CS(F).
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Further, we write [ X dY £ (f(fX dY');>¢ if X, Y are processes with the index set [0, 00)
such that the corresponding integrals are well defined.

Remark 2.2. In this paper, we do not work with discontinuous (local) martingales
since every considered discontinuity is caused by trading and since this discontinuity
affects only the “trend” part of the processes.

Definition 2.3. A continuous real valued process X is said to be Lipschitz if there
exists a constant L € [0, 00) such that | X; — X,| € L|t — s| whenever s,t € [0,00). In this
case, we also say that the process X is L-Lipschitz.

Notation 2.4. By CS;(.#) we denote the set of all continuous .#-semimartingales with
Lipschitz quadratic variation, i.e., we put

CSi(
CMy(

F) 2L {X € CS(F); (X) is Lipschitz},

F) L IX — Xo; X € CS|(F) NCM,.(F)} C CM(F), (2.1)
The last relation can be easily obtained from [22, Corollary 15.9]. Note that if 7 is
an integrable .Z -stopping time and X € CM;(.%), then X is a centered random variable
and lim;_, o %Xt = 0. By PM(%) we denote the set of all .Z-progressive processes,
and we put PM,(#) £ {X € PM(Z);3dn € N |X| < n}. Keep in mind that any
Lipschitz .#-adapted process starting from zero is almost surely equal to [X,ds for
some X € PM(.%#). Then we have that

CS|(F) = {X € CS(.F);AY € PMy(.F) (X) = [V,ds}.

We consider the set of all bounded Ité processes with bounded coefficients defined as

BI,(.F) %L {X € CA,(F)NCS)(F);IY € PMy(F) X — [Y,ds € CM(F)}.

For the justification of this notion, see Lemma 4.6. Note that if X € PMy(.#) and if
W is a standard .#-Brownian motion, then [X dW € CM;(.%#) C CM(.%). We omit the
reference to the considered filtration if it is clear from the context which filtration is

considered. Further, whenever (X;);>o is an rcll-process, we denote its jump at time
t € (0,00) from the left as AX; 2L X, — X;_.

3. STOCK TRADING WITH PROPORTIONAL TRANSACTION COSTS

In this section, we introduce the model of proportional transaction costs (together with
the wealth and the position process) and specify what is meant by an admissible strategy
in this paper. Further specific assumptions required in our main results (Theorems 5.12
and 5.13 presented in Section 5) are introduced in the next section.

In this paper, the agent may invest in one risky asset called stock with the market
price 0 < S = (S¢)i>0 and in money market with interest rate r = (r;);>0, which is
assumed in this paper to be zero without any loss of generality. The market price S
is modelled as a positive continuous semimartingale defined on a complete probability
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space (€2, o7, P) endowed with a complete right-continuous filtration F = (F);>¢ so that
there exists F' € CS starting from zero such that
dS=SdF, ie, S= Sjexp{F—i(F)}. (3.1)
Further specification of the process F' will be given in the next section.
Definition 3.1. By a (trading) strategy we mean a pair (p, 1) where o, € TFV stand
for the number of shares held in the stock and in the bank account, respectively. The
corresponding wealth process is defined as follows
L)+ S eTA (3.2)

The agent buys the stock for the ask price ST and gets the bid price S* for it where

STt (14 AT)S, St 4L (1 —\h)S. (33)

Here, we assume that transaction fees AT € (0,00), A € (0,1) are symmetric as follows
AT def A2 £ de g g2 (3.4)

Remark 3.2. Note that if we multiplied S by a positive constant ¢ € (1 — A 14 AT,
we would obtain a new model of the stock market price 0 < S = ¢S € CS with the same
dynamics as S, i.e.,

dS = SdF,

cf. (3.1), but the corresponding transaction taxes AT, A% would differ. On the other hand,
whenever different (non-symmetric) transaction taxes AT € (0,00) and A\ € (0,1) are
given, then there exist a positive value é € (1 — X, 1+ X") such that S = &S satisfies
our assumptions (3.1,3.3,3.4) with

1+ A" 14+ AT o = 7
Ailnl_j\iilnl—)\l’ namely ¢ <L 4/(14+A")(1—\).

Remark 3.3. If (p,%)) is a trading strategy, then by assumption ¢ € CFV. Hence, there
exist ', p* €Tl starting from 0 such that

e=po+¢ —¢*

and that ', p* do not grow at the same time, i. e., that the Lebesgue-Stieltjes measures
induced by both processes are mutually singular. A simple argument referring to the
uniqueness of Hahn decomposition used on compact intervals gives that the processes
', " introduced above are uniquely determined by the process ¢. Then ¢', " are
interpreted as the number of shares bought and sold up to time t, respectively, and the
assumption that they do not grow at the same time is just a natural requirement that
the corresponding strategy does not buy and sell the stock simultaneously.
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Definition 3.4. Let (p,v) be a trading strategy. Then the corresponding value of
transaction costs up to t > 0 is defined as follows

Cf 25 [18.(\Tdip] + A¥depy). (3.5)

The above integral is understood in the Lebesgue-Stieltjes sense, and as the integra-
tors are right-continuous, the integral from 0 to ¢ is understood as integral over (0, t].
Consequently, C¥ = (Cf)i>0 €C1.

Definition 3.5. We say that the strategy (¢, ) is A-self-financing if
=1 — [STde" + [S"de*. (3.6)

Here and in the whole paper, ¢', ¢* are as in Remark 3.3. From (3.6) and the integration
by parts formula Syp; — Sopo — fOtS dp = fot(p dS for S € CS and ¢ € TFV, we obtain
that W =1 + »S € TS and that

W=Wy = [pdS—C?= [SlpdF — A\dp" — Atde']. (3.7)
Note that the integrals with respect to dS,dF are considered in the classical sense of
continuous stochastic integration and that the ones with respect to de',dy",dy are

considered in the Lebesgue-Stieltjes sense.

Definition 3.6. A \-self-financing strategy (¢,%) is called A-admissible if the wealth
processes computed from the ask and bid prices ST, S* are positive, i. e., if

WL g+ ST >0, WY 2L+ pS* > 0. (3.8)
Briefly, we also say that the strategy is admissible. It will be helpful to realize that
WH=W 4+ TS, W' =W — oS,

Definition 3.7. Whenever (p,1) is a A-admissible strategy, we introduce the corre-
sponding position process m = (m;);>0 as

Tt g (ptSt/Wt- (39)

Further, we denote Ay 2L (—1/AT,1/AY) and we call it the set of admissible positions.
A A-admissible strategy is called strictly A-admissible if the corresponding position m
attains values in a compact subset of A,.

Remark 3.8. The position process 7 of a A-admissible strategy describes the ratio of
the investors’ wealth invested in the risky asset, and it attains values in Ay. To see the
latter statement, first realize that the corresponding wealth process W is positive as
W > W' AW* > 0, and then the desired property follows from the following relations

0<W =W +A7), 0<W=W( —An). (3.10)
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Remark 3.9. For \ € (0,A) and a A-admissible strategy (¢,) with the wealth process
W, there exists a strictly A-admissible str ategy with the wealth process W > W starting
from the same initial wealth, i.e. WO = W),. It is sufficient to consider a \-self- financing
strategy (p, 1/1) with ¢ = ¢ and wo = 1)9. Then obviously Wy = Wy and ¢ > z/J, which
gives that W > W. Consequently, we obtain that the corresponding position 7 4£ $S/ W
attains values in Ay, and the closure of A is a compact subset of Aj.

Lemma 3.10. Let (¢, %) be a A-admissible strategy with the wealth and the position
W, m and with the ask and bid wealth processes W', W*. Then

() T W, WL W W €EA.

(i) m— € Ay and Wy > W/ AW/ > 0 hold whenever t € (0, c0).

Proof. See Subsection D.1 in Section Proofs. O

Remark 3.11. An easy calculation shows that if we followed a \-self-financing strategy
and if we decided to withdraw from the market at time ¢ € (0, 00), the remaining wealth
would be equal to W, — S;(ATp, + Mo~ ) = W/ AW/} . Hence, any admissible
strategy always keeps a safe way to withdraw from the market with positive remaining
wealth.

4. MODEL SET-UP

In this section, we will specify the assumptions of our model of the stock market price
S = (S})i>0 generally introduced in (3.1) in terms of the driving process F = (F});>0,
see Assumptions 4.1 and 4.7. Here, we also introduce the key process of this paper called
the displacement, see Definition 4.12. The main results of this paper (Theorems 5.12
and 5.13) are presented in the next section.

Assumption 4.1. There are a standard F-Brownian motion W and «, 8 € Bl,(F) s.t.
FZ [asds+ [odW  where o 2L P, (4.1)
If this assumption is satisfied, we simply write that (A4.1) holds.

Remark 4.2. Assumption 4.1 will be assumed from here (even without further remarks)
if not stated otherwise. Note there are parts of the paper that are completely indepen-
dent of it such as Subsection B.1 from beginning to Lemma B.7, the corresponding part
in the section Proofs (from the beginning of the section to the end of Subsection D.4),
Theorem 5.9 and the Appendix.

Definition 4.3. Let W, F,a,0 be as in Assumption 4.1, but with a less restrictive
requirement that «, 8 € PM. Then we introduce the process 6 = (6;);>0 where

—2
0 LL o, %y = arg max (o —
€

o? ?), (4.2)

N~

and we call it the log-optimal proportion.
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Remark 4.4. Exceptionally, let ¢, 1, be as in Definition 3.1 but with the restriction
that , are progressively measurable instead of ,1 € TFV. Further, assume that
W > 0 and that m = (m;)¢>0 is as in (3.9). Here, we will consider the frictionless market,
which means that the self-financing condition is now of the form that

CSswz Wo—|—f<pdS £ W0+th7Tt[(ltdt+(Ttth].

This includes the assumption that fot|<ps|5's(|as| + 02|ps|Ss) ds € 0o, t € [0,00). With
the help of the It6 rule, we obtain that in this case

W E InWy + [(um — 5 ofn?)dt,
which means that the log-optimal proportion 6 from (4.2) corresponds to the position

maximizing the drift part of the logarithm of the wealth process among all self-financing
strategies in the frictionless market.

Remark 4.5. In Assumption 4.1, instead of assuming that «, 5 € Bl;,, we could equiv-
alently assume that 6,1lno € Bl;,. In order to realize this, it is enough to use Lemma E.1
and the equality § = o2 = ae2"7,

Lemma 4.6. Let Z be a right-continuous complete filtration, and let X € Bl,(.%).
Let W be a standard .#-Brownian motion, and let W be a standard Brownian motion
independent of .%.,. Then there exist a standard Z-Brownian motion W independent
of W and processes a,b,b € PM,(.%) such that

X = Xo+ [asds+ [b6dW + [bdW (4.3)

where Z 4L (Z,Va(Ws; s < t))i>0 is the smallest extension of .7 such that 1/ € CA(.%).

Proof. See Subsection D.5 in Section Proofs. O

Assumption 4.7. Let (A4.1) hold, and let # = 0~ 2a be the corresponding log-optimal
proportion. We say that Assumption 4.7 is satisfied or that (A4.7) holds if there exist
a standard F-Brownian motion W independent of W, a? € PM,, 6%, 6% € Bl, such that

CS20 = 0o+ [aldt + [60dW + [b7dW. (4.4)

Remark 4.8. Again, (A4.7) will be assumed from here (even without further remarks).
Obviously, the parts that are independent of (A4.1) are also independent of (A4.7).

Remark 4.9. Note that under Assumption 4.7 the processes b7, |f~)9| are continuous and
that they are almost surely uniquely determined as follows

as  d(O,W 4 as d(o d(0,W),\2
o = A ) 22 (M s (45)

Definition 4.10. Besides the log-optimal proportion 6 from Definition 4.3, we also
consider © 2£ 0/p and call it the Merton proportion, see (1.2).
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Note that if the stock market price is a geometric Brownian motion, then © at-
tains just one deterministic value which is usually called the Merton proportion. Under
Assumption 4.7, we have that

Bl, 50 = O+ [aPdt + [6°dW + [6° AWV (4.6)

where a® 22 o/ /p € PM, and (b°,6°)" 2L (6% 6%)" /p € BI7. See also Remark 4.5, which
easily gives that ©,c € Bl holds in this case. Hence, under Assumption 4.7,

¢ 2L (0,6°,6°,0)" € BI}. (4.7)

This process € will be called the complementary process. It contains additional infor-
mation that helps construct an almost optimal strategy.

Remark 4.11. If 7 is the position process of an admissible strategy, then 7 € CS. In
order to be more specific, 7 — [7(1 — 7) dF € TFV. It follows from Lemma B.5. This
information is used only for an explanation accompanying the following definition.
Definition 4.12. Let Assumption 4.7 be satisfied. The key process of our analysis is
the process D 2L 7 — © called the displacement and its diffusion coefficient. According
0 (4.6) and Remark 4.11, we have that D € TS and that

D —[[or(l—n)dW — (f6°dW + [6°dWW)] € TFV.

Then the infinitesimal fluctuation of the diffusion part of D is described by the function

D(z,¢) %L Do) 2L [cya(1 — ) — co]? + 2, G (3)=(me). (4.8)

Note that D(G) = [om(1 — 7) — b2 + (b°)2.

Notation 4.13. We count the coordinates of GG from zero so that its Oth coordinate is
and that its ith coordinate coincides with the ith coordinate of € if i € {1,2,3,4}. Then
we can write that G € ©S® where 5 <£ {0,1,2,3,4}. If A is a set, we denote by 14 its
indicator function attaining the value 1 on A and zero otherwise. This notation enables
us to denote the ith canonical vector as 1;3 and to denote 9 £ 14y — I{Q € {-1,0,1}5,
with a slight abuse of notation: = (1,—1,0,0,0)" € R®. Note that 0 G = D is the
displacement. Similarly, we use the notation 1 _; for the indicator of a statement.

5. ASYMPTOTIC (ALMOST) OPTIMALITY

In this section, we introduce an almost optimal strategy. See Theorems 5.12 and 5.13
for the corresponding statements and Definition 5.8 for the definition of a (pure jump)
strategy defined according to the prescribed four policies. In the first part of this section,
we introduce the corresponding policies, and in the second one, we show how the corre-
sponding strategy is defined and that it is almost optimal for small values of transaction
fees in Theorems 5.12 and 5.13.
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5.1. Almost optimal policies

From now, we will consider only A € (0,1).

In this subsection, we introduce four ,,policies” that enable us to define an almost
optimal strategy, with the help of Definition 5.8, in the next subsection. Our almost
optimal strategy is considered in Theorem 5.12, for example, where the properties of the
long run growth rate of its wealth process are presented. Here, we start with motivation
coming from the case of constant coefficients, where the optimal strategy can be found,
and it (roughly speaking) just keeps the position process within a certain interval. Then
we introduce very useful objects in Definition 5.3 that enable us to define a certain
function in Definition 5.5, which helps us define the inner two ,,policies” in Notation 5.7.

Remark 5.1. In the case of constant coefficients, roughly speaking, we are able to find
a function f € C?(A,) and v € R such that the process Uy, (W; exp{—f(m:) —vt}),t > 0,
is a martingale in the optimal case and that it is supermartingale when considering any
other “admissible” strategy. See [16] for details.

Remark 5.2. The classical martingale approach, considered in [16], is based on the Itd
rule, which leads to a certain PDE. This PDE can be reduced to an ODE that can be
solved almost explicitly in the case of constant coefficients. More precisely, the solution
is explicit in the terms of € (0,|©|A|1—0]) such that v = £ 0?(©? — ?) in the regular
case when © € R\{0,1}. The value is closely related to the with of the no-trade region,
which is approximately of the form (6 — ,© + ) for small values of the transaction
fees corresponding to small values of . In the limiting case, the ODE on this interval
is approximately of the form

['(@) ~ 6] 2= (z - O)7] (5.1)

for some constant « € (0, 00). This approximation stands behind Definitions 5.3,5.5 and
Notation B.15.

Definition 5.3. Let Assumption 4.7 be satisfied. Since ¢ € Bl} and Ino € Bl,, there
exists a compact convex set K C R3 x (0,00) such that € attains values within K. This
set is fixed from here. If

Vee K  Dg(er) >0, (5.2)
we put @ &£ 00, g 2L 1, and a £ % € (0, %),q def g otherwise. Then we consider
def p def 3/ 3\
Kae == —5—F + a» P— S, 5.3
" Cy 2D(1(Cl) + A® ‘ e ( )

For an interpretation of the parameter ¢, see the second part of Remark 5.4. Further,
def

in order to abbreviate the notation, we will write <% (), ¢)" instead of A, c.

Remark 5.4. If the condition (5.2) is satisfied and if A € (0, 1), then the “correction”
A% =0, and the function (0,1) x K> +— k attains values within a compact subset of
(0,00). This can be considered as the regular case when the diffusion coefficient of the
displacement is bounded away from zero. Here,  is of the order O(A'/3) as A — 0.
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In the opposite case, the diffusion coefficient of the displacement can be close to zero,
and in order to prevent x from being close to infinity, we have added the “correction
term” A, where the value a has be chosen as in Definition 5.3 in order to minimize
some estimate of the order of the reached error, which corresponds to the value of ¢.
The reader interested in the details where the values a = 2/7 and ¢ = 6/7 come from is
referred to the end of the proof Lemma C.7 in Subsection D.15. See also the main result
of this paper, Theorem 5.13.

Definition 5.5. Before the definition of f , we need to introduce h as follows. Put

ha(z,c) 2L h (z) 2Lk [1 222 — L2t + %ZG] where 2z 2Lz — ¢y (5.4)

Here, € > 0 is an arbitrary but fixed value. This is the reason why it does not have to
be emphasized in the notation. We chose € > 0 (instead of € = 0) in order to be able to
ensure that the function satisfies some boundary conditions that are the subject of the
next lemma.

Lemma 5.6. There exist A5 € (0,1) and n € N such that

Wi+ )>+Gla+ ),

Wien— )<=Clea— ) ler £ | <n, [-n,n] C A, (5.5)
holds if A € (0, A5.4) and ¢ € K where
0 def AT 1 def AV 5.6
G(z) = TNz’ Gilx) = T (5.6)
Proof. See Subsection D.8 in Section Proofs. O

For an interpretation of the functions (3, (5, see (B.5), where we can see that their
values at 7 play the role of the multiplicative factors of the infinitesimal decrease of the
logarithm of the wealth process corresponding to the infinitesimal change of the position
caused by transactions. In the following notation, we introduce functions _ ,~ that help
define policies 7,7 in Notation 5.10 and subsequently also an almost optimal strategy
introduced in Remark 5.11.

Notation 5.7. Let G, be the set of all ¢ € R3 x (0,00) such that ¢; + e A,
and that the inequalities in (5.5) on the left hold. The set G, is obviously open as
c— ,(xz,c)— b (z) and (},(; are continuous functions and as Ay C R is an open
set. Let A € (0,X5.6). As h/ (¢1) = 0 and as (], ¢} attain only positive values on Ay, we

get from the continuity of ", (], ¢} and from the definition of G, that for every c € Gy

L sup{z € AW (2) < @} € (= La), K (C)==¢( ),
T = inf{z e AN () 2 +G@)} E (et ), (T ) =G0

Note that K C G holds if A € (0, A5.6) by Lemma 5.6.
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5.2. Almost optimal strategy

In this subsection, we present the main results of this paper, Theorems 5.12 and 5.13.
First, we introduce a strategy based on four policies, and we show (in Theorem 5.9) that
it exists. Further, we introduce a process (in Notation 5.10) whose long run average is
close to the long run growth rate of the wealth process of our almost optimal strategy,
see Theorem 5.12.

Definition 5.8. In the whole definition, we assume that (@, ) is a A-admissible strat-
egy. It is called a pure jump strategy if it is of the form

(0, 0) = > 0o (Phes Oi) Ly ) (5.9)

where (73)%2, is an increasing sequence of stopping times tending to oo as k — oo with
7o = 0 and where ®;, ¥, are F,, -measurable real valued random variables whenever
k € Ng. Let a' < b" < b* < a' be continuous adapted processes with values in Aj.
The strategy (¢,%) from (5.9) with the position 7 is called [a'(b"b%) a']-strategy if
a; < m < a; holds for every t € [0, 00) and if for every t € (0, 00)

Uplilt = 7] C [m- = af] U [m— = a3], (5.10)
Theorem 5.9. Let a’ < b" < b* < a* be continuous adapted processes with values in
Ay. Given Fp-measurable random variables to > 0 and p € (a), ap), there exists a A-
admissible [a'(b",b") a']-strategy with the initial wealth o and the initial position p.

Proof. See Subsection D.22. O

In the following notation, we will introduce processes v, w that play similar roles as
the constant values v, from Remarks 5.1 and 5.2. In particular, if p = 1, the value vy,
roughly speaking, will (more or less) represent the instantaneous rate of the long term
exponential growth of the wealth process. The value of the process w can be viewed
as the half-width of the "no trade” region of a strategy with the policies © + w that
could be shown to have similar properties to the one considered in Remark 5.11. See
also Remark 5.16.

Notation 5.10. Let (A4.7) hold. We briefly write

v L %02(92 —w@?)  where @<L ( )¢ )0, (5.11)

and similarly, we put 7 &£ (_, ¢ )¢>0 and @ 2L (Ty ¢, )i0. See (4.7,5.3) for €, ..
Remark 5.11. If A € (0, A54), any A-admissible [© —w (7, 7) O+ w]-strategy is strictly
A-admissible. It follows from (5.5) in Lemma 5.6 and from Definition 5.8. Further,
whenever we write about [0 — @ (7, T) © + w|-strategy, we implicitly assume that it is
A-admissible without emphasizing the considered A in the notation. We hope that it will
not lead to confusion. To agree that this strategy exists, see the following paragraph.
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By (4.7), € € Bl} € CA* holds under (implicitly assumed) Assumption 4.7. This
ensures that © £ w € CA, and similarly, we get from Lemma B.14 that =, 7 € CA if
A € (0,Ap14). For such A, Theorem 5.9 gives that the strategy [0 — w (7, 7) © + w]
exists. Here, we used that Ap 14 € (0, A5.6), which ensures that © + w attain values in

.A)\ if\e (0,)\3,14).

Here, the main results of this paper come. The first one, Theorem 5.12, says (roughly
speaking) that the long run growth rate of the wealth process corresponding to our
almost optimal strategy is very close (for small transaction fees) to the long run average
of the process v from Notation 5.10. The corresponding error is of order O(A?). The
second result, Theorem 5.13, shows that the wealth process of any admissible strategy
does not have significantly higher long run growth rate than the (above mentioned) long
run average of the process v.

Theorem 5.12. Let (A4.7) hold, let p =1, i.e., 7y =0, and let ¢ € {g, 1} be from De-
finition 5.3. Then there exist A5.12 € (0,00), K5.12 € (Kp.1s,00) such that the following
holds whenever A € (0, A5.12). Let (o, %) be a A\-admissible [© —w (7, T) © 4 w]-strategy
with the wealth process W, and let v be from (5.11). Then

|[E[ln 3352 ] — E[ [y vs ds]| < Ks512(1 + E[7]) A\ (5.12)

holds whenever 7 is an integrable stopping time. In particular,

1
limsup - |E[ln Wt — E[ v, ds]| < K512 A

t—o0 t 0

Proof. See Subsection D.19 in section Proofs. O

Theorem 5.13. Let (A4.7) hold, let p = 1, ¢ € {£,1} be from Definition 5.3. Then
there exist K513, A5.13 € (0,00) such that the following holds whenever A € (0, A5.13).
Let W be the wealth process of a A-admissible [O—w (7, T) O+w]|-strategy, and let W, 7
be the wealth process and the position of a A-admissible strategy such that W, = Wo.
Then

limsup L (InW, — InW;) £ K5 13 A9, (5.13)
t—o0
lim sup % E[ln W; — In Wt] < Kx.13 M. (5.14)
t—o0

Moreover, if 7 attains values within a compact set X C A, then

E[ln(W,/W,)] < K513 X(1 + E[7]) + 25ugmax{| In(1+ ATz)],|In(1 — M)} (5.15)

whenever 7 is an integrable stopping time.

Proof. See Subsection D.21 in section Proofs. O
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Remark 5.14. Note that Assumption (A4.7), including (A4.1), is absolutely essential
in the statements of Theorems 5.12 and 5.13, regarding their formal proofs in this paper.
Further, see Remark A.4 for the comments showing how (A4.7) can be verified in some
special cases and how to cope with some technical difficulties that may arise.

Remark 5.15. The statements of Theorems 5.12 and 5.13 remain valid if the policies
(m,7) are replaced by other continuous adapted processes A < B (dependent also on
A > 0)suchthat O—w < A < mand 7 < B < ©+w hold for A > 0 small enough, say for
A € (0, A5.14). The corresponding proofs can be obtained by a minor modification, but
this modification has to be applied to the whole tree of proofs including the corresponding
auxiliary statements.

Remark 5.16. Similarly as in Remark 5.15, instead of the strategy [© —w (m, 7) ©+w],
we could consider a strategy that just keeps the position within the interval [© — ww, © 4+
w]. The corresponding statements would remain valid, and the proofs of the theorems
can be used as a guide that can help the reader prove them, but the rigorous proof
of that would significantly increase the length of this paper. On the other hand, for
practical purposes (including simulations), it is always easier to apply (approximately)
a strategy mentioned in this remark, although its existence (and its almost optimality)
is not proved in this paper.

A. APPENDIX

This section was added additionally as a reaction to the requirement of one of the
reviewers who wanted some ,,numerical confirmation” of the derived theoretical results.
The corresponding numerical illustration is a part of the supplement to this paper, and
this section serves as a theoretical background for the corresponding calculations and
comparisons.

The following lemma says how the long run growth rate of the wealth process can be
approximated based on the values of the position process.

Lemma A.1. Assume (A4.1). Let W and 7 be the wealth and the position process of
a pure jump strategy. Then

lim 3 e = 3 AW, =[5 02007 = (m, = 0,)°] ds] = 0, (A.1)

. . 142 Trem 1—Atm_
and Aln W, = Inmin{1, TV 1o 1, s € (0,00).

Proof. Here, we will use Remark D.10. It says that (a) the continuous parts of 7", 7*
are equal to zero and (b) that (D.88) holds, which gives the expression of AlnW, from
the statement of the lemma since 1+a,,>0) = L=ax,>0) holds (if (o, 1) is the considered
strategy) and as m;, m— € A), see Remark 3.8 and Lemma 3.10 (ii). Hence, it remains
to show (A.1).

From (A4.1) and Lemma B.7, we have that

In 5t =30 o AW, = [£02[02 — (7, — 05)%) ds + [omdW,
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and to get (A.1), it remains to show that lim;_, o % fg ordW £ 0, but this follows from
the Strong Law of Large Numbers for martingales as both ¢ € Bl, C PM, and © € TA
are bounded progressive processes, see Lemma 3.10 (i). Here, we used again Remark 3.8,
which says that 7 attains values within a (bounded) interval A,. O

In the following example, we consider three basic cases which are considered in this
paper (and in the corresponding supplement) for an illustration.

Example A.2. Here, we will consider 0 = 1. Note that this restriction is (almost)
without loss of generality (when it comes to examples) due to the nature of the considered
investment problem (and of its suggested solution in this paper).

(a) First, we consider the case when 6 = ¢ € R\{0,1}.

(b) In the second case, we consider § = arctan(U) where U € CA(F) is (an Ornstein-
Uhlembeck process) such that W =U —-Ug+Z= f U, ds is a standard F-Brownian motion
where = € (0,00) is a real number.

(c) The last case is obtained from case (b) if W is in (b) replaced by a standard
F-Brownian motion (say W) independent of 1.

Remark A.3. Note that the assumption (A4.7) is satisfied in all of the cases (a,b,c)
from Example A.2. We have (a) € = (19,0,0,1)" and D¢ (6) = 6%(1 — 6)2,

(b) €= (6, (1+U*)7,0,1)", De(6) =[0(1—0) - (1+ U],
(c) €=(0,0,(1+U*"11)", De(0) =60*(1-6)>+(1+U*)>2
The process € attains values within the compact set (a) K = {(¢,0,0,1)"},
(b) K = {(9,c02(9), 0,1)'; || < T}, () K = {(9,0, c0s*(9), 1)"; 9] < 5}

where 7 stands for the Ludolphine number. For our choices, (5.2) holds, which means
that we have a = oo and ¢ = 1 in Definition 5.3. Note that D is defined in (4.8).

Remark A.4. The purpose of this remark is to show that § € Bl, hold in case (b)
from Example A.2. Case (c¢) can be treated similarly, and case (a) does not require any
treatment to obtain the corresponding result.

(i) We easily obtain that the following functions are continuous and bounded

Rz ¢ (x), ¢d(x)x, ¢"(x), ¢"(x)z, ¢"(x) where g =arctan.
(ii) From the Itd rule and (i), we obtain that (4.4) holds with
ol = 1g"(U) - EUg'(U) € PMy, b =g'(U) € PMy, 6% =0 € BI,

if there exists a standard F-Brownian motion W independent of W, which is easy to
ensure in our examples. See point (iv) below.
(iii) Further, we obtain again from the It6 rule and from (i) that b’ € B, as follows

b’ = g'(U) = b5+ [[3 9" (Ur) — EUG"(Uy)]) dt + [¢"(U) dW € Bl,.
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(iv) Hence, if there exists a standard F-Brownian motion W independent of T, Assump-
tion 4.7 is satisfied. This condition can be easily ensured with the help of Lemma 4.6
if we are allowed to consider an extended filtration instead of F and if there exists
a standard Brownian motion independent of ,,anything already mentioned”. This last
condition is easy to satisfy by extension of our probability space (which means that our
probability space is then replaced by the extended one).

The following lemma says that the inner two ,,policies” can be obtained as the only
roots of certain functions for A > 0 small enough, and the subsequent remark (following
after the proof) specifies the corresponding condition under which the uniqueness of the
roots is ensured.

Lemma A.5. There exists Aa5 € (0,56) such that the following points (i,ii) hold
whenever A € (0,A45).

(i) _ is the only root of the function b’ 4 (] on the interval (¢c; — ,¢1),

(ii) ~ is the only root of B — (3 on (c1,¢1 + ), cf. (5.7,5.8).

Remark A.6. Let g : I — R be a continuous function where I is a non-degenerate open
interval. If [¢ = 0] &£ {z € I; g(z) = 0} C [¢’ > 0], then card[g = 0] < 1.

Proof. (of Lemma A.5) We show only that (ii) holds for A > 0 small enough as (i) can
be shown similarly. The unicity of the root will be verified once we use Remark A.6
for g &£ B/ /¢(; — 1 and I 2= (c¢1,¢1 + ). Hence, it remains to verify the condition
[9=0] C [¢' > 0]. Since ¢} (x) = ¢§(2)? and (5 > 0, the condition to be verified (for
A > 0 small enough) is of the form

Vael [N (x)=C(x) = h'(x)/W (@) >1]. (A.2)
On I, we have the following inequalities

0<h(z)=k [ Yz—a)—s(@—a)l+z—a)’] <k 3[E+e2 2%, (A3)
W (z)=r [ 2=(x—c1)?+5%(x —c1)*] >« 2min{3, 52 2} (A.4)
In the inequality in (A.4), we have used the following relation (for w, b positive)

{W if 1> 2bw

inf (w—y+by?) =
Wy W)= i 1< b

O<y<w

} > w min{bw, %}

Then we get that
0<h (x)?/0"(z) < (k 3[3+¢? 2])2/(/{ 2 min{3,5e% 2})

=r 13+ PP/min{l,5e? 2} =k [Z2+e? ?PPmax{2,1/(5¢* %)}

= %)\ [% + &2 2}Qmax{27l/(552 )} = o( 3)maux{1,l/(1052 DY =ok( ) = ok(1),
see (B.12) in Lemma B.12. This ensures that (A.2) holds for A > 0 small enough. O

Remark A.7. It follows from the proof of Lemma A.5 that the unicity in the point (ii)
of the statement of the lemma holds whenever x *[2 + &2 %] <min{3,5¢? ?}. Note
that the same condition ensures also the unicity in the point (i) since to get the missing
part of the proof, it is enough to consider g <= b/ /(| + 1 with I &£ (¢ — ,¢q) as
@) = = @),
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A.1. Constant coefficients

In this subsection, the processes o € (0,00) and 6 € R\{0, 1} are assumed to be constant,
and we consider here only the case when p = 1. Note that the restriction to A € (0,1)
does not apply (exceptionally) to this subsection.

Remark A.8. Consider p = 1 and § € R\{0,1}. According to Theorem 5.5 in [16],
if the strategy of keeping the position just within the interval [«, 3] is applied, where
a, B € A\{0,1}, a < B, the rate of the exponential growth of the portfolio market price
is of the form % o2u(a, ) where u(a, 3) is given by the formulas (39,40) in [16]. In
our settings, which includes the assumption that the transaction fees are symmetric, see
(3.4), this value can be rewritten as follows

{ - (B,A) =& (a,\) if ptg— l =0

In|l/a—1|-In|1/B8—1]

a\)|1/a—1]72— A1 —2r (A.5)
sl Eoc i e (0. 4.1)

UG,A(aa B) de

where &4 (z,A) 2£ 1/[1 4 (L — 1)eT*/2]. See also Remark 1 in Section 4 in [16].

Remark A.9. According to Corollary 6.5 combined with Theorem 4.3 (both) from
[16], the maximal long run growth rate of the portfolio market price is of the form

= "72(92 — w?) where w € (0,wp) is the unique solution of the equation given by the
first equality in

o 0+w w2 —(0—=x)> O+w
A= I(w) [T m_m)[g,fx - (9>2_w2)] da = [ [x(f 5 Tz | dz,  (A6)

def

where Z comes from Lemm 6.3 in [16] and wy
that

|6] A |1 — 6]. Equivalently, we can write

(A7)

N {1 5710 arctanh(%) — (1 — 0) arctanh(725)]  if 6 € A\\{0, 3,1},

1/2—w .
e w2+21n1§2+w if =1

Note that the function Z : (0,wp) — (—00,0) is continuous decreasing bijection by
Lemm 6.3 in [16], which ensures that w = Z71(=)) — 0 as A — 0F. Obviously, also
A—=0asw— 0t.

The following lemma provides a certain upper bound for w.

Lemma A.10. Let A € (0,00) and w € (0,wp) be as in Remark A.9. Put

~wr J10—1]tanh [|2=E A+ 2 In(20 — 1)],  if p >0,
|9|tanh[|2901|)\+2(991)1( 20)],  if p <0,

and @) 2L ’\/%'i/e if p=0. Then w € (0,@,).

Proof. See Subsection A.2. O
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Notation A.11. We will use the Laudau notation O (and the asymmetric notation
=) formally introduced in Notation B.11 for A — 0" in a more general setting. We
hope that the reader will accept this notation (in this subsection) even if it is not used
only for A — 07,

Lemma A.12. Consider 6 € R\{0,1} and ug , from (A.5). Then as A\ — 0

w S 3/3A2(1 - 0)2 = w + e’ + O(w), (A-8)

ug A0 — @,0 + @) = 02 — @* + 2V + O(w®), (A.9)

where w comes from Remark A.9 and where Wy 4 % =102+ (1-6)72.

Proof. The relation in (A.8) can be obtained by a straightforward computation, with
the help of software on symbolic computing and (A.7). Here, keep in mind that A — 0T

if and only if w — 0%, roughly speaking. See the end of Remark A.9.
Similarly, we obtain the following relation

o(w) 2L & (0 +w, 4 gr8g) = Sp(w) + Cou’ + Ow"), w— 0, (A.10)
— e w3 0— w4 w5
Eo(w) 2L 0+ w— 32 + S + g, Co €R. (A.11)

From Remark A.8, we obtain that ug (0 — w, 0 + w) = Up(w) where

Ug(w) £ 5(w) o(w) + o(-w) o(-w),  o(—w) =& (0 = w, § i),

— 1 if =1
o(w) 2 { ln|1/(9+w>71|7131|i/1(|5;u>71\

2
0+w . ‘w| € (07‘0‘/\|179|)3
2/)|(3+w)71|£1-:_72)p,|(07w)7171‘,2/) otherwise,

_ 2_ b
=00 g 1w 200w 4 Dyw® + O(w®), Dy R, (A12)

as w — 0. Note that the relation in (A.12) was obtained with the help of symbolic

computing. Since »(w) = O(w™!) as w — 0 and since ¢(—w) = — g(w), we get that
Ug(w) = Zp(w) g(w) + Zg(—w) o(—w) + O(w") (A.13)
= 0% —w? + 2Vpuw* + O(w") (A.14)

Note that the relation in (A.14) simply follows from (A.11,A.12). Finally, it is enough
to realize that @ — 0 as A — 0T, see (A.8), to get the relation in (A.9). O

Corollary A.13. In the context of Lemma A.12, we have that
ug A0 — @, 0 + @) = 02 —w? + 0(\?), A—0T. (A.15)

Proof. Since w — 0 as A — 0T, see the end of Remark A.9, we get from (A.8) that

@? = w? + 20wt + 00, @' =w'+0W"%, Z -1, asA—0". (A.16)

From (A.8,A.16), we obtain that O(w®) = O(w%) = O(A\?), which enables to obtain
(A.15) from (A.9,A.16). O
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Remark A.14. In the case of constant coefficients considered in this subsectlon we
have the maximal growth rate of the portfolio market price in the form < (92 w?), see
Remark A.9. From Remark A.8, we obtain that if w € (0, |8| A |1 — 6)]), the strategy of
keeping the position just within the interval [# — @, 8 + w] leads to the long run growth
rate of the portfolio market price in the form %Z’ug_)(tﬁ) — w, 0+ w). Corollary A.13 says
that the difference between these two growth rates is of the form O(A\?), which is far less
(for A > 0 small enough) than the error from the statement of Theorem 5.13.

For example, if § = %, the relation (A.15) from Corollary A.13 can be improved into
the form

u%)\(%—w,%—&—w) = i—w2+%+0(/\8/3), A— 0T, (A.17)

which means that the error (between the optimal and the achieved long run growth rate
of the portfolio market price) from Remark A.14 is in this case of the form %2 (% +

O(\¥/3)).

Proof. (of (A.17)) With the help of symbols introduced in the proof of Lemma A.12
and with the help of arguments (and comments) from its proofs and from the proof of
the subsequent corollary, we obtain that

J(w) = & — w838 4 pyT 4 O(wt), E€R, (A.18)
1(w) = Ex(w) — 2" +O0w?), w—0, (A.19)
w7w+8w3—|—ﬁ§w +0W"), A—=0t, (A.20)

which gives that @w® = w% + O(w®) and that

@ = w?+ Bt 4 1982,0 4 O(w®), Lot = LBt 4 32,0 4 O(w®) (A.21)
as A — 0T. Altogether, we obtain from (A.18,A.19) and (A.11) that
1(w) =

as w — 0, and then we get from the part from (A.20) to (A.21) combined with (A.22)
that

Up(w) = 3 —w? 4+ (32 — 122 — 21888),0 + O(w®) = 1 —w® — 28u° + O(w®) (A.23)

u (—w) = 2 —w?+ B — 216845 4 O(w®) (A.22)

(w) %(w)—i— %(—w) 315

1 1
2 2

as A — 0T. In order to get (A.17) from (A.23), it is enough to realize that
WS+ 0(w®) = @ + 0(W®) = @° + O(=®) = (£3)2 + O(\¥/?)
holds in this case, see (A.8). O

A.2. Proof of Lemma A.10

Proof. (a) Let p# 0. Then
A= ,l[f(l —0,w) —§(0,w)] where f(x,y) &L gln ZEY
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is a function increasing in the variable y, |y| < |z|. Further,

[f(l - eay) - f(97w0)] if P> 0,
[F(1 = 0,w0) —§(0,y)] if p <O,

1
A> A(y) {f;
P

and this function is increasing on (0,wy). Note that A(wy) = A. Since A is increasing,
we obtain that w < @) since the opposite inequality w > @, leads to the following
contradiction A = A(w) > A(w) > Al@wy) = A.

(b) Let p =0, i.e., 6 = 1 . This case can be treated similarly. Here, we only show
what is different. Put A(y) << de* 24 1/ °. Then

1/2—
w w) In w —w
Mw) < 2et/2 /; n12) = e 4 2In(] —w) < T 2 }j§+w = Aw).
We use that  +y € (3,1) holds for any y € (0,w) = (0, 3) in this case. O

B. BALANCING FUNCTION AND DYNAMICS

In this section, the necessary dynamics of important processes is described. In subsec-
tion B.2, the properties of the policies are treated, and there is introduced a function
which helps us apply the martingale approach to obtain the desired results.

B.1. Basic dynamics

The following lemma provides a decomposition of the wealth process of any admissible
strategy into a product of two factors. One of them is a continuous semimartingale
(a stochastic exponential of [7dF), and the second one is a non-increasing pure jump
process.

Lemma B.1. Let W, 7 be the wealth process and the position of an admissible strategy
(¢,1). Then W € €S and

WEE - Wy — [(E7)71dC?]  where &7 2L exp{[ndF — [x*d(F)}. (B.1)

Proof. See Subsection D.2 in Section Proofs. O

Remark B.2. The paper is based on continuous stochastic integration described in
Chapter 3 in [24]. The jumps of the processes are treated separately. This is a reason
why we introduce the so-called continuous part of a process.

Definition B.3. Let (X¢);>0 be a R-valued rcll-process such that > . [AXs] < o0
holds for every ¢ € (0,00). By its continuous part we mean the process

X9 =(X{")zo where X 2LX, Y o AX,

Obviously, X§” = X and X© is a continuous process as it is rell, and AX;” = 0 holds
whenever ¢ € (0,00). Finally, note that if X is an adapted process, so is X ©.
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The following lemma says how the jumps of the position process look, and it shows that
this process has a continuous part with the dynamics described in Notation B.6.

Lemma B.4. Let (p, 1) be an admissible strategy with the wealth process W and the
position 7. Then

Am = [+ X ) (D)t — (1= Amo) (A7), € (0,00).

In particular, ZsE(O,t] |Amg| < 0o holds if ¢ € [0,00), i.e., m has a continuous part.

Proof. See Subsection D.3 in Section Proofs. O

The following lemma describes the dynamics of the position process of an admissible
strategy.

Lemma B.5. Let (p, 1) be an admissible strategy with the wealth process W and the
position 7. Then

CS2am@ = my+ [7(1—m)[dF — 7 d(F)] + [&[(14+ AT7)de" — (1 — Arr) dp*“].

Proof. See Subsection D.4 in Section Proofs. O

Processes ], m; introduced in the following notation represent the increment and the
decrement of the position process caused by the purchase and by the sale of the stock,
respectively. This notation helps express the dynamics of the logarithm of the wealth
process in terms of the position with the help of functions (J, ¢}, see Lemma B.7.

Notation B.6. Let W, be the wealth and the position processes of an admissible
strategy (p,1). Put

€ t c

T 2L Y 0 (AT 4 [y (14 ATm) de™, (B.2)
e - t c

my 2L Zse(o,t] (Ams)™ + fo % (1 — Abm)dpt. (B.3)

def

Then 7" 4L (7] )¢>0, 7" 2L (77 )¢>0 are in T, and we have by Lemma B.5 that

TSom Emp+ [r(l—m)[dF —ad(F)] + n" — 7" (B4)

The following lemma describes the dynamics of the wealth process of an admissible
strategy with the help of the continuous part of its logarithm.

Lemma B.7. Let W, be the wealth and the position processes of an admissible strat-
egy (¢,%). Then

(W) & Wy + [[rdF — 372 dF) — (7)) dr" — ¢ () dr*]. (B.5)

Proof. See Subsection D.4 in Section Proofs. O
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Remark B.8. If (4.1) holds, then (B.4) obtained in Lemma B.5 reads as follows
= mo+ [B(m, 0i,00)dt + [S(m,0)dW + 7" — dr (B.6)
where
B(z,9,s) &£ s%z(1 —2)(¥ —x), S(x,s) 2L sz(1 — ). (B.7)

These functions B, S help describe the drift and the diffusion coefficient of the continuous
part of the position process.

Remark B.9. Let Assumption 4.7 be satisfied. By (4.6,B.6), D =7 — 0 €TS and
Dz DO—I—f[B(ﬂ't,@t,O't) a; ]dt—l—f[ T,0) — bG]dW fbedW+7T — 7t
In particular, (D) = [D(G}) dt, see Definition 4.12.

The following lemma describes the joint dynamics of the complementary process and
of the position process of an admissible strategy.

Lemma B.10. Let Assumption 4.7 be satisfied. There exist (k,)2>; € NN and K 19 €
(0, 00) such that the following holds. If G = (g ) and if 7 is the position of a A-admissible
strategy, then there exist a® € PM?, n& € F’M;:’X5 and m© € CM? such that

TS® 3G = Go+ [afds+mE + 1 (n" — 1), (B.8)
(m&) = [nCds, D(G) = 2"n%0, (B.9)
lT{O}aG =B(n,0,0), IEO}nGl{O} = S%(7,0), (B.10)
T + G

where 7', 7" are as in Notation B.6, see (4.8), and that 1[‘W|<,L]u
values within [—k,, k,]® and [—k,, k,|®*®, respectively, and that 1] 9
in the absolute value bounded by k, if 4,5 € {1,2,3,4}.

[|7T‘<n] G attain
, {}n 1{j} are

"))—l

Proof. See Subsection D.6 in Section Proofs. O

B.2. Balancing function and asymptotics

In this subsection, the properties of the policies are treated, and there is introduced
a function which helps us apply the martingale approach to obtain the desired results.

Notation B.11. In this paper, we are interested in small values of A > 0. For this
reason, we introduce the following notation. If 0y, py are functions of A € (0, ¢) for some
€ € (0,00) and of another variable, say 2 € R4, where A is a finite set. We write

0x = Op(pxr) (B.11)

if there exists a constant C' € (0,00) such that |§y] < C|px| holds on B C R4 for
A > 0 small enough. If this constant C' € (0,00) can be chosen arbitrarily small, we
write op instead of Op in (B.11). More precisely, we write 6y = og(py) if for each
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C € (0,00), there exists A\g € (0,00) such that |dx| < C|pa| holds for every A € (0, Ag).
If A=0,B = {0}, i.e., if there is no variable x, we omit the index B in (B.11) in both
the previous cases. We use asymmetric notation in (B.11) just in order to be able to
write briefly Op(dx) = Op(p») instead of saying that every function of the order O ()
is also of the order Op(py). Further, 6y < Op(py) means that there exists oy = Op(py)
such that ) < py.

Lemma B.12. As A\ — 0", we have that

= Ox(\Y®), A=o( ?), K =ok( ). (B.12)

Proof. See Subsection D.7 in Section Proofs. O

Next, we mention the asymptotics of the policies. We will introduce the desired
function f in Notation B.15. Its further properties are described in Section C.

Lemma B.13. Let us consider _ ,~ from (5.7) and (5.8). Then

=a+ (- )+o(?),
= — (1—5 )+OK( 2).

Proof. See Subsection D.9. O

Lemma B.14. There exists Ag14 € (0, A5,6) such that the following holds whenever
A € (0,Ap.14). There exists an open convex superset Gy 2 K such that Gy C GA and
that _ ,~ € C?(G,). Moreover, the derivatives of _ ,~ w.r.t. ca,c3, ¢4 are of the order
ok (1) and w.r.t. ¢; of the form 1+ ok(1).

Proof. See Subsection D.10. O

In the following notation, we introduce the main technical object of this paper which
we call here a balancing function. This function is designed to play a similar role as
(similarly denoted) function f from Remarks 5.1 and 5.2 related to the case of constant
coeflicients, where the corresponding problem can be solved almost explicitly without
admitting any error.

Notation B.15. If A € (0,A5.14),c € Gy 2K, weput f (z) &L h (zx)ifz e[_ ,” |,

F) g s )+ [T Gy i ze (1A, (B.13)
f@) g (@) h (L )+ [; Qydy i ze(=1/AT, ). (B.14)

We also write fx(z,¢) 2L f (z) = fae(z). Then fy € C(A) x G,) and
HEeCH(H) e A xGyy . #a#" ) (B.15)

For C'-property of fy, see Theorem B.16. Further, we write f{ instead of %f,\.
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B.3. Advanced dynamics

In this part, we assume that A € (0, A\5.14).

Theorem B.16. Let fy be as in Notation B.15 and A € (0, Ap.14). Then f\ € C1 (A, x
G,). If (A4.7) holds and 7 is a position process of a A-admissible strategy, then

G E fi(Go) + [VING)AG® + 5 [ tr{ V> fr(G) d(G)} (B.16)

where V2fy(z,¢) 2L V2 £, (). See (4.8) for G. Moreover, V2 fy has coordinates that
are Borel measurable and locally bounded on Ay x G,.

Proof. See Subsection D.11 in section Proofs. O

The following lemma plays a supporting role for the subsequent theorem. It provides
a useful decomposition of the logarithm of the wealth process of a strictly admissible
strategy.

Lemma B.17. In the context of Lemma B.10, let W be the wealth process of a strictly
A-admissible strategy (¢,%). Let f\ be as in Notation B.15 and A € (0, A56). Then

TSV E W - f1(G) = Vo + [alds+m” +DY + (3, ,AVi)io (B.17)

where AV 2£ 0 and

\%4

a’ &£ 520 — %wz) - VfA(G)TaG - %tr{@QfA(G) nG}e PM,, (B.18)
mY 2L [ordW — [Vf(G) dm® € CM, (B.19)
DV 2L — [[f(G)+ ¢ (m)]dr" + [[fA(G) = ¢ ()] dm"“ e CFV. (B.20)
Proof. See Subsection D.16 in section Proofs. O

The following theorem says that the long run average of the process v is very close
to the long run growth rate of the wealth process of our almost optimal strategy. The
corresponding error is of the order O(\?).

Theorem B.18. Let Assumption 4.7 be satisfied, and consider p = 1, i.e., v = 0.
Then there exist Kp 15 € (0,00) and Ap 15 € (0, Ap.14) such that the following holds if
A€ (0,Ap.18). Let (p,9) be a [© —w (7, T) © + w]-strategy with the wealth W and the
position 7 and let V,a",m" be as in (B.17,B.18,B.19), v as in (5.11) and G = (g)
Then

VZ]HW—fA(G) = Vo+fa;/ds+mv, m" e CM,, (B.Ql)
and |v — a¥'| < Kp.13\?, where g € {g, 1} comes from Definition 5.3. In particular,
limsup § [In W, — fotys ds| € Kp1s A7 (B.22)
t—o0

Proof. See Subsection D.18 in section Proofs. O
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Further, we show that it is not possible to achieve a better asymptotic result of the
logarithm of the wealth process than fg vsds +t- Oqyur+ (A).

Theorem B.19. Let (A4.7) hold, and let p = 1. Let v be as in (5.11) and ¢ € {2,1}
as in Definition 5.3. There exist Ap 19, Kp.19 € (0,00) such that the following holds. If
(p, ) is a strictly A-admissible strategy with the wealth process W and if A € (0, Ap 19),
then

W — fr(G) = [ [vs + Kp.10A7] ds € CM; O (B.23)

where A © C &£ {a —c;a € A,c € C} if A, C are subsets of a linear space.

Proof. See Subsection D.20 in section Proofs. O

C. PROPERTIES OF THE BALANCING FUNCTION
Lemma C.1. Let fy be as in Notation B.15. (i) Then fi = O_y, njxx(A);n € N.
(ii)) If A € (0,AB.14), 2 € Ay and c € K, then
@) = @) € G @), 6wl ©)

In particular, |f" ()| < [C}(z)| V [¢5(@)] = O—nnxk(A),n € N. See (5.6).

Proof. See Subsection D.12 in section Proofs. O

Lemma C.2. Let f be as in Notation B.15. If 4,5 € {1,2,3,4}, then

2= (@, ¢) = Orxk(N),

g A@1:0) = Orak(N) + 11 (@) - [Orxk(Ar'?) + 1 ()00"). (C2)

-

If (¢,7) or (4, i) is in {0} x{1,2,3,4}, (C.2) holds with the first term on the right omitted.
Proof. It follows from Lemmas D.7 and D.8. See Subsection D.13. O

In the following notation, we introduce functions, depending on the balancing function,
that help approximate the difference v — a¥ in Theorem B.18, for example. The first

one Y, . consists only of the essential terms, and it is motivated by the task (5.1),
cf. Lemma C.4.

Notation C.3. For z € A, and ¢ € K put

Yae(@) 2 Y (2) £ f"(24)Del2) + Z (2), Z (2) 22 pel(@ —ex)? = ?], (C3)
cf. (5.1). See (4.8) for D.(x).
Lemma C.4. Put R 2L 1ifa = oo and R 2L 2 (¢ + 1) < 1if a € (0, 5). Then

1[\1—01|§ ]Y (17) = ORXK(AN)- (04)
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Proof. See Subsection D.14 in Section Proofs. O

In the following notation, we introduce a function T analogous to the half of Y ,
but this new function also contains some additional negligible terms. These new terms
enable us to use the It6 rule and the information on the dynamics of the process G
described in Lemma B.10. The definition of the set V reflects the properties (B.9,B.10)
summing up the essential information on the coefficients a®, n“ describing the dynamics
of the process G.

Notation C.5. For z € Ay,c € K,B € R®, D € R5*% we set

T (2,B,D) * §{[V*f (z4) = (L =p)VS (@)Vf (2)' D} + V[ (2) B+3Z (2),

where Vf &£ (%f )ies and V2f 2L (%;cjf )i,jes, and
V 2L (2, B,D) € Ay x R® x R%*®;D.(z) = 02" D, (C.5)
Do,o = S*(x,c4), By = pB(x,c1,cq)}.
Remark C.6. If p = 1, the term containing 1 — p = 0 vanishes from T , and then
T (2,B,D)=3Y (2)+%{[V*f (z4)—f"(z4)00"|D}+Vf (z)'B if D.(z)=10"Do,
Note that Vf is negligible according to Lemma C.2.

Lemma C.7. Let g € {% 1}a € {%,oo} be from Definition 5.3. Whenever n € N,
He—erj< 1(Iv T )z, B, D) = Orxkx[=n,n]5 x[-n.n]5x5 (M),
Ljo—er> (v T ) (@, B,D) = Orxkxproxrz(A),  Rp 2L R x [—n,n]. (C.6)
Proof. See Subsection D.15. O

Lemma C.8. Let p = 1. Then there exist K¢ g € (0,00) and Acs € (0, A5.6) such that
whenever (p, 1) is a Al-admissible strategy, we have that

Ljr—o)<w]|T (G,a%n%)| < KesAl, v—a” =T (G,a%n% > -KcsA? (C.7)

holds if A € (0, Ac.s), where G, a“, n comes from Lemma B.10 and a"" from Lemma B.17.

Proof. See Subsection D.17 in section Proofs. O

D. PROOFS
D.1. Proof of Lemma 3.10
Proof. As p,%,S are rcll-processes, we get from (3.2) that also W is an rcll-process.
(i) Let t € (0,00). From (3.7), we have that —AW, = ACY = S;[AAp] + AAgpt],

and from Remark 3.3, we obtain that Ap] = (Ap)t, Ap; = (Ap;) . Hence, we have
that AW] = AW, + ATS;Apy < 0, AW} = AW, — M S A, < 0. In particular,

Wi >W_ AW >W] AW >0, te(0,00), (D.1)
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and then from (3.10) we obtain that also 7, € Aj.

(i) By assumption, W is a positive process, and as it is rcll, we get that also W~!
is a right-continuous process and that it has also the left-hand limits in (0, cc]. From
(D.1), we obtain that the limits are finite, i.e., the process W~ is rcll. From (3.9), we
get that 7 = SW™! is a product of rcll processes and hence, it is also an rcll process,
and similarly, we obtain from (3.10) that W', W* have the same property. Finally, note
that all processes considered in (i) are obviously adapted as ¢, and S are adapted
processes, see (3.2,3.8,3.9). |

D.2. Proof of Lemma B.1
Cf. the proof of Lemma 2.18 in [17].

Proof. For the property W € TS, see Definition 3.5. As 7€ TA by Lemma 3.10, we
have that [7dF is a well defined continuous semimartingale. As Y 4L )W+ (C* € CS is
such that dY = 7WWdF and as 1/E™ € CS satisfies d (£™) 7! = (£7) "} [—n dF + 72 d(F)],
we obtain, with the help of calculus of continuous stochastic integration, that

Y/ETE Y+ [CPd(E™) N (D.2)

As C? is a non-decreasing adapted rcll-process and as 1/E7 is a continuous semimartin-
gale, we obtain, with the help of the integration by parts formula, that

C?/EF = Cg + [C?d(E™) 1+ [(E7)~tdCe. (D.3)

Then we obtain (B.1) if we subtract (D.3) from (D.2). O

D.3. Proof of Lemma B.4

Proof. Note that S € CA and ¢ € TFV hold by assumption and that W~!, 7 € TA by
Lemma 3.10. Let t € (0,00). Since AW, ' = =W, "W, ' AW,, we get that

AW = o AW+ W Ay = W Apy — o WL AW].

From (3.7), we have that —AW; = ACY = Si[A\TAp] + AFAp;], and from Remark 3.3,
we obtain that Ay} = (Ag,)T, Apr = (Ag;)~. Hence, as Sy W, b = 7, we get that

Ay = A(Sppi/Wi) = Sy - AW ) = S A — o WP AWY]
=S (L + AT ) (D) T — (1= M) (M) 7]

As S, W, m € TA, they have locally bounded trajectories. In particular, there exists
a non-decreasing real-valued process (N;);>o such that SV, 14+ (AT + )7 |] < NV
holds whenever ¢ € (0,00). Then we get that

Zse(o,t]|A7rS| <M Zse(o,t]|A<Ps| < Nywvy(p) < 00

where v;(¢) is a variation of ¢ on [0, ¢], which is finite by assumption. O



Almost log-optimal trading strategies for small transaction costs 931

D.4. Proof of Lemmas B.5 and B.7
Cf. the proof of Lemma 2.20 in [17].

Proof.(of Lemma B.5) By Lemma B.4, 7 has a continuous part 7, and from the point
(i) of Lemma 3.10, we easily get that 7 € CA. Hence, once we show the desired equality,
we will also have that 7 € CS. By assumption, S, F' € CS and S = Spe”~F)/2, Then
we get from the It6 Lemma, with 0 < €7 from (B.1), that

Z 2L S/E™ = Zo+exp{[(1 —m)dF — 5 [(1 —7?)d(F)} € CS,
7% Zo+ [Z(1 - m)[dF — wd(F)]. (D.4)

As the considered strategy (p,) is admissible, we get from Lemma 3.10 that W,_ > 0,
€ (0,00), and as W is a positive rcll process, we have that inf{Ws;s <t} > 0. As 7
is a positive continuous process, we also have that inf{Ls;s < ¢} > 0 where

L2LW/E™Z W,y — [(£m)~1dC* (D.5)

holds by in Lemma B.1. As the filtration F is complete by assumption, there exists a set
A € Fy with P(A) = 1 such that we have equality in (D.5) on A. Then L <£ L1 4+1g\ 4 €
TFV also satisfies inf{is; s <t} >0, and we get from Corollary E.12 that

(LY = Lot 4+ [L72(E7)71dC?@ = Lyt + [WIL~1dC#,
(SDIN/_l)(C) as SDOL 4 fL dSO (c) + ’]T(ATd(p(C) + )\‘Ldﬁp(c))] (D6)

see (3.5) and (3.9). Since ZL~' = SW~, we get that 1 = pSW ! = pZL ' = pZL 71,
and by integration by parts formula and (D.4), we have that

TE m+ [eLMdZ + [Zd(pL ™) (D.8)
E o+ [r(1—7m)[dF — n d(F)] + [Zd(pL™h). (D.9)

Note that the continuous part of [Zd(¢L~') is, according to (D.6,D.7), of the form

[Zd(eL™)© = [S[(1+ A7) dep® + (1 — M) de®@)]. (D.10)

Then we get the statement of the lemma from (D.8,D.9) and (D.10). O
Proof. (of Lemma B.7) From the definition of C*, 7", 7* in (3.5,B.2,B.3), we get that
C*9 = [S(ATdp™ + At de*@) = [W]CL(r) dr'© + ¢ (r) dr* )], (D.11)

see (5.6). Consider L,E™ as in the previous proof. From Lemma B.1, we obtain that
W= [(rdF —i72d(F))+InL and L= L= W/ET (D.12)
Further, as L© = Wy— [(£7)~1dC*", we get from Corollary E.12 and (D.11,D.12) that
(InL)® —InLy = f[i’l dL® = — Jw=dc# = — [[¢(m) dn" + ¢ (mr) dr*],

and then (B.5) follows immediately from these equalities and (D.12) as Lo = W,. O
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D.5. Proof of Lemma 4.6

Proof. As X € Bl,(.%), there exist a,¢ € PMy(.#) and M € CM(.Z) such that
X =Xo+ [aeds+ M, (X)= (M)Z [c,ds. (D.13)

As W is a standard .#-Brownian motion, we get from (D.13) that (X, W) have locally
absolutely continuous trajectories with d(X,W);/dt < \/¢; up to a null set. Hence,
there exists b € PM,(.#) such that

(X, W)= (M,W) 2 [b,ds. (D.14)

As My = Xy — X = 0, we have, according to (2.1), that

N &L M — [6dW € CM(F) C CM(Z). (D.15)
Further, from (D.13,D.14,D.15) we obtain that
<N7W> = 0, <N> = I(Cs*bg)ds,

and obviously there exists b € PMy(.7) such that [;°[b? + b7 — ¢;[ d¢ = 0. Then

W2 [ 1007 AN + [T g dW (D.16)

is a continuous local .Z- martingale starting from 0 with (W) = t, t > 0, uncovariated
with W, and therefore, W is by the Lévy Theorem a standard Z-Brownian motion
independent with W, see [22, Theorem 16.3]. Further, as ( jbi ds, we get that the
first equality in

NZ [1j.qdN E [6dW, (D.17)

while the latter equality is based on (D.16). Then (4.3) follows from (D.13,D.15,D.17).
(]

D.6. Proof of Lemma B.10

Proof. By (4.7), ¢; € Bl;. Hence, there exist a® € PM;, n® € PM}** and m® € CM}
such that

¢ =C+ [af dt + m®, (m®) = [nfdt. (D.18)
Then obviously there exists K € [0, c0) such that
e [-K,K]*, nfec[-K K* ¢ ¢cK, t € [0, 00). (D.19)

Here, K comes from Definition 5.3. As B, S from (B.7) are continuous functions and as
K is a compact set, there exists a sequence (k,,)5%; € NN such that

VneN Vze[-nn VeeK IB(z,per,ca)| VSHw,cs) VK < k,.  (D.20)
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Now, let (p,%) be a A-admissible strategy with the position process w. By (B.6) in
Remark B.8, we have that

T=mo+ [alds+ [67dW + 7" — 7" (D.21)

where a™ 2L B(w,0,0) € PMy, b™ 2L S(71,0) € PM,,. Here, 6 stands for the log-optimal
proportion introduced in (4.3). From (D.18,D.21), we have that G = (7 ) satisfies
(B.8) with

0¥ & (%) e PMP,  m& et (ST e omp, (D.22)

From (D.19,D.20,D.22), we have that 1|<,a® attains values in [—kn, ky]®, and simi-
larly, we get that [1{;<n d{(m®)) has k,-Lipschitz coordinates. Hence, what remains
to show is that

O'm%) = [D(Gy)dt (Tjgym®) £ [S%(m,0)dt (D.23)

since then it is immediate that there exists a process n® € PM}*® satisfying (B.9,B.10)
and such that the coordinates of 1(;<,n“ have values in [— kn, kn]. By (D.22),(4.6) and
the uniqueness of the decomposition of a continuous semimartingale, we have that

(Lop, Lgry)'m® = [(67,6°)"dW + [(0,69)"dIWV. (D.24)
Then we obtain (D.23) from (D.24) immediately since
D(G:) = [(6] — bf)* + (67)%],  S(m,00) = b7, ¢ € [0,00),

see (4.8,B.7), and since the processes W, W are assumed to be independent. g

D.7. Proof of Lemma B.12

Remark D.1. Consider the case a = 2/7. As D attains only non-negative values, we ob-
. a 1

tain from (5.3) that 0 <A=3k 3 <3pA® 3 hence 0 <A< (3p %)™ = ok( ?)

as a=2/7 € (0,1/2) holds in this case.

Proof. (of Lemma B.12) As (x,¢) — D.(z) is a continuous function attaining non-
negative values and as K is a compact subset of R® x (0, 00), we get that

0<L,2 sup{cgzD,;(cl);c € K} < 0.

Let A € (0,1). As a € (0, 00], we have that \* < 1. Then, by the definition of x and
n (5.3), we get that x > p/(L, + 1) and that

0< /43;\ < &/3)\(Lp+1) )\1/3

which gives that = Ox(A\Y/3) = ok(1), i.e., the first relation in (B.12) is verified.

Note that the third relation follows from the second one, which remains to be proven.
If @ = oo, then k does not depend on A € (0,1), and it is bounded on K. In this

case, we get that A = Ox( 3) = ox( ?2). For the case a = 2/7, see Remark D.1. O
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D.8. Proof of Lemma 5.6

Proof. We consider both cases together with a new variable s € {—1,1}. By the
definition of & in (5.4) and  in (5.3), we have that

Wei+s )=su (3 >4+ %)=s3(1+3*2), se{-1,1} (D.25)

From (3.4), we get that AT, AV are of the form 4 + O(A\?). By Lemma B.12, we have that
(B.12) holds. In particular, we have that = ok(1), which helps verify that ({(c1+ )
and (| (c1 — ) are also of the form 3 +O(A?) = 3 4+ o0k(\ 2), where the last relation is

based on A = ok( 2) from (B.12). Here, we also used the above-mentioned asymptotics
of AT, A\t and the definitions of (], ¢} in (5.6). Then by (D.25) we have that

Wi+ )—CGla+ )=32n 2+oc(X ?), (D.26)
W (c1— )=Clea— ) =32 240X ?). (D.27)

As the right-hand sides of (D.26,D.27) are positive for A > 0 small enough, the first part
of the statement is proved, and the second one follows immediately from the definition
of Ay and from = Ox(A\Y3) = ok(1) as A — 0%, O

D.9. Proof of Lemma B.13

Proof. Similarly as in the proof of Lemma 5.6, we consider a variable s € {—1,1}
saying which case is considered. Besides this variable, we introduce also the variable *

such that
(S’ s) € {(177 ),(—1, - )}
and the following variables (without emphasizing their dependence on s € {—1,1})

S

u L _Cl, 2z 2L 1 —su = L= =)/ ?f s=1 (D.28)
1+(. —a)/ if  s=-1.

In terms of these variables, we just have to show that

z =¢ +ok( ) as A—0T. (D.29)

Immediately from (5.7,5.8), we have that _ ;™ are of the form ¢; +Ok( ) = ¢1+0k(1),
see (B.12) in Lemma B.12. Hence, by the definition of (I, {i in (5.6), we get that

W )==C( )= -240c?) and K (" )=¢(")=2+0xk(1?). (D.30)

From the definition of & in (5.4) and from (D.30), we obtain that
ko u =3P e ) =0 () =534+ 0c(N?), se{-1,1}.

This can be rewritten, with the help of the relation 2 = %I{ 3 from (5.3), into the

2
form

2’ P =s24+(3udP—u +0k(\) =s2”(1— 42 )+0k(N), se{-1,1}.
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Here, we used the relation v = s(1 — z ) obtained from (D.28). By (5.7,5.8), we have
that 1 —2z = su € (0,1) holds for every A € (0, A56), and therefore also z € (0, 1).

Hence, as v € [—1,1] holds for A € (0,A56), a8 = ok(1) by (B.12) and as A = o(1),
we get that
se2yb 2
=)/ — 1) = 1). D.31
z = 172/3+0K().0K() (D.31)
Then v = s(1 —z ) = s+ ok(1), and we obtain from the left-hand equality of (D.31)
together with z = ok(1), stated also in (D.31), that (D.29) holds. O

D.10. Proof of Lemma B.14
Lemma D.2. As A — 0T, we have that VInk = Ox(y/k ),ViInk = Ok(k ).

Proof. See (4.8,5.3). It is sufficient to show that the first and the second derivatives
of

€ o S p/n =le(l—c)— 22 +[2] + )

Ca
are of the order Ok (v/€ ) and Ok(1), respectively, i.e., that (D.32) holds, as

dlnk _ _9lng 8¢ PInk 9% 1 1 9¢ 9¢

1
dc; dc; dc; € and dc;0c; — dc;oc; € + €2 dc; Ocj °

Obviously, k > 0 is large if and only if £ is small. We will verify that

- ok(VE), ESo=0k() if ijef1,2,3,4} (D.32)

First, note that the first and the second derivatives of £ are continuous functions in ¢ € K
independent of A > 0. As K is a compact subset of R? x (0, 00), we immediately have the
second relation in (D.32). To obtain the first relation in (D.32), the same arguments can
be used together Wlth the chain rule and with the property 0 < 8“ = 2u < 24/Z(u,v)
where Z(u,v) 2L u? + v? + 1%

In order to be able to find the derivatives of function h (z) defined in (5.4) up to
the second order, we need the following lemma introducing accompanying functions
H (x),H (z) defined in (D.38,D.39). Note that J/0c stands for the derivative w.r.t. x.

Lemma D.3. Let h (x) be a function defined in (5.4). Then

Ger (@) =1 (@)0i+ H (2) 5 Ink (D.33)
T (x) = W'(@) 0 + H (x) - 2 (D.34)
Ger (@)= H' (2)0; + H (2) - 52 Ink (D.35)
hold for i € 5 ={0,1,2,3,4}, and
1
Wi(x)=r [ 2(x—c1) — = (x—c1)® +%(x — 1)), (D.36)

3
H (z)=%[ *(z—a)— (x—c1)® + 3%z — ¢1)”] (D.37)
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hold where

H (z) &£ 5% 2 —c)? - 5 (- ) 2z — )l (D.38)
=

[53 *(z—c)’ =3 (@—c)' +(@—a)’. (D-39)

Proof. Note that the statement of the lemma is trivial for ¢ = 0. Hence, we may
assume that i € {1,2,3,4}. In this case, 0; = —1,—y.

Formula (D.36) can be obtained immediately from (5.4), similarly (D.37) from (D.38),
and (D.34) follows immediately from (D.33). Hence, it is enough to verify (D.33) and
(D.35) without using (D.34). By the definition of  in (5.3), we have that

InA=In}+Ink +3ln , andso LI =-1 Znx. (D.40)
From (5.4), we obtain that
%}; (x)=h ()0, +h (x)- % Ink +r 2(x—c)*- % In . (D.41)

Then (D.33) follows from (5.4,D.38,D.40,D.41). Similarly, we get that

aali (x)=H'(x)0; + H (x)- a%ilnn +25 Pz —c)*- 8%iln , (D.42)
and then we obtain (D.35) from (D.38,D.39,D.40,D.42). O

Remark D.4. By Lemmas B.12 and D.2, = O(\'/3) and

ko=ok( Y, 85“70? = Ok(rx'?), %QC%Z. = Ok(k ), i,j€{1,2,3,4}. (D.43)

Proof. (of Lemma B.14) We restrict to A € (0, A56). By (5.7,5.8) and Lemma 5.6,

W()==GC), MO )=G0), c€Gy 2K (D.44)

As in the proof of Lemma B.13, we will further write * instead of _ ,~ together with

the accompanying variable s € {—1,1} saying which case is considered, and we use u
defined by (D.28). First, note that _ ,~ are here defined on G, so that

Foy(z,c) =20 (z) + (L (2),

Fl(l‘,c) def pr (x) . C;(x) (D.45)

Fs( °,¢) =0  where {

We are going to use the Theorem on implicitly defined functions, and for this reason we
are interested in OF;/0x. By Lemma B.13, we have that

T— =s(l—¢ )4ox( ), hence 1—-wu?=2c +ox( ) (D.46)
as A — 01, and therefore, since A\ = %/@ 3 holds by (5.3), we get that

R'( %)=k 21—u?+5%u* 2] =2k *+ok(\) = 2ed+ok(N),  (DAT)
H(®)=23[u 1-u?)+3c%® ] =0c(\ ), (D.48)
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see (D.37,D.38). From (D.46), we have that * = Ok(1). Then we get from the definition
of ¢}, ¢} in (5.6) that the values from (D.44) are of the order Ok (\). Hence, as -+ ({(z) =
¢4 (z)? and 2 ¢l () = —(](z)?, we obtain with the help of (D.44,D.45,D.47) that

O (s,c)=h"(*) =N (*)=3ex+ok(N) >0 (D.49)

holds for A > 0 small enough. Let Ag14 € (0, A5.6) be such that the derivatives on the
left-hand side of (D.49) are positive for s € {—1,1} if A € (0, Ap.14) and if ¢ € K.

Let A € (0,A5.14) be fixed for a moment. By the Theorem on explicitly defined
functions, _ ,~ are C?-functions defined locally uniquely by (D.45) on an open set G
such that K C G, C G A, and we are allowed to use the chain rule in order to get the
corresponding derivatives. Since (}, ¢y do not depend on ¢, the focus is on Oh' /dc;( *).
From Lemma D.3, namely from (D.34), we obtain that

g’ (*)=—=h"( *)ly=y+H'( S).a%lm . 1€{1,2,3,4}, se{-1,1}. (D.50)

From Remark D.4, we have that ‘r)glicf = ok( _1/2) = ok( _1), and then we obtain
from (D.45,D.47,D.48,D.50) that
s o )
%I;S( - 7C) = 8}:21- ( s) = — %E)\l[izl] =+ OK()\). (D51)

From the chain rule and (D.49,D.51), we have that

9 g F(¢)  deMy+ok(V)

Oc;  9E(s) T Fed+ok(N)

= L=y +ok(1)

whenever i € {1,2,3,4}. Obviously, the set G, can be chosen to be convex, for example,
of the form {c € R*;dist(K,c) < §} for some small § > 0. To see that this choice can
ensure that G, C GM it is important to realize that the set (~3>\ is open and that K is its
convex compact subset, which means that dist(K, R*\Gy) > 0. O

Remark D.5. The notation ¢ introduced in the previous proof will be used also in
the proof of Lemma D.7, and besides this notation, we will also use some results from
the proof, namely that H' (_ ), H' (T ) are of the order Ox(\ ), see (D.48).

Assumption D.6. From here, many times we need to restrict ourselves to A € (0, Ap.14).
Instead, we briefly write that (AD.6) holds or that we assume (AD.6).

D.11. Proof of Theorem B.16
Here, we assume (AD.G).

Proof. By Lemma B.10, (B.8) holds. From Lemma B.14, we get that there is Ag 14 €
(0, A5.6) such that whenever A € (0,\p.14), there is an open convex set G, 2 K such
that —, _ defined by (5.7,5.8) are of type C2(Gy). Then also the functions g*, ¢ from
(B.13,B.14) are of C?(A) x G,) if we ignore the corresponding restrictions in (B.13,B.14)
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that are primarily related to the definition of f). Then the functions fT Lot gT —h,
frat gt — b are also of type C2(Ay x Gy). Note that

fCYy=0=C) 2 )=0=2f() ceGy,

where the equalities on the left follow from (B.13,B.14) and the ones on the right from
(5.7,5.8). Then, by Lemma E.13 withm = 5,ug =c € Gyand v : u— _, , and u > "y 4,
respectively, each point (_ ,c')", (T ,c¢')",c € Gy, has an open neighbourhood O and
a sequence of functions (f,)2%; C C?(O) such that (E.27,E.28) hold with f replaced
by fT or fi according to which of the two cases is considered. Then we can apply
Lemma E.11 (iii) to function f to obtain that (B.16) holds and that the coordinates of
V2f are Borel measurable and locally bounded on Ay x G,. It is easily seen that once

fr can play the role of go, from Lemma E.11 (iii), we have that f, € C1(Ay x G,). O

D.12. Proof of Lemma C.1
Here, we assume (AD.G).

Proof. First, we get from Notation B.15, (5.3,5.4),(5.7,5.8) and Lemma B.12 that

m 2L sup{|f (2); . <w <7 }<sup_g < b (2)] = O(AY?).

Further, as _ ,~ are of Ok (1) by Lemma B.13 and as AT, A¥ are of O()), we obtain that
1+ AT
— = P ™ —
1[m§, ][f (l‘) f (7 )] - 1[x§7 ]ln 1+)\T£E = O[fn,n]XK()\ ) = O[fn,n]XK(A)
14+ Mz

1[1’27 ][f (.Z') - .f (7 )] = 1[9327 ]1 = O[fn,n]XK()‘i) = O[fn,n]XK()‘)7

LA
1+ A
and therefore, f (7) = O[_pnxk(A),n € N. Here, we used that
If @) <m+1p< If (@)= F (C)]+ 1> lf @)= F ()] = Ornmnxx(A)

Further, note that (],(y attain only positive values on Ay, and therefore, —(}(z) <
(3 () holds for every x € Ay. If z € (—1/AT, _ ], then f/(z) = —(}(2), and similarly,
f'(x) = ¢5(z) holds if z € [~ ,1/A%). Hence, in both considered cases, we have that
(C.1) holds immediately. Let A € (0,Ap.14). Note that f, € C*(A\ x G,) holds by
Theorem B.16. Let z € (_ ,™ ), then

f(@) =1 (x) € (=C\(2), X ()

holds by the definition of _ ,~ in Notation 5.7. The last part of the statement of the
lemma follows immediately from the definition of the functions (J, (5 in (5.6). O

D.13. Proof of Lemma C.2
It follows from Lemmas D.7 and D.8. Assume (AD.6).
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Lemma D.7. Let f be as in Notation B.15. If i, 5 € {1,2, 3,4}, then

1~A>\\[, - )(x)aicif)\(xac) = ORXK()\)v (D.52)
2

Lan (@) 556 Ma(@+,€) = Orxk(A)- (D.53)
The expression in (D.53) on the left is equal to zero if (4, 5) or (4,4) isin {0} x {1, 2, 3,4}.
Proof. As A\\[_ ,” ] > 2+ f'(z) does not depend on ¢, we get that (%fg(x,c) =0
holds for any =z € A)\[_ ,” | and i € {1,2,3,4}. This gives that the expression in
(D.53) on the left is zero if just one of the values 4, j is zero. Further, we will consider
only 4,7 € {1,2,3,4}. As in the proofs of Lemmas B.13 and B.14, we write * instead of
_,~ and we use the accompanying variable s € {—1, 1} saying which case is considered.
Further, we write ¢{” for function (] if s = —1 and for function (j if s = 1. By

Lemma B.14, we have that 0 ®/Jc; exists and it is finite for A > 0 small enough. Then
we get, with the help of the equalities in (5.7,5.8) on the right, that

@) =2 [h () + [0 (v) dy] (D.54)
= O () o[ (%) =S¢ (o)) =2 ( %) (D.55)

holds if A > 0 is small enough for

re (=1/AT, ) if s=-1,

ze (T, 1\ i s=1 (D.56)

Note that f € C1(A\ x G,) by Theorem B.16. As f =h holdson (_ ,” ), we get
that a%i (°)= a%ih ( ). Hence, thanks to (D.54,D.55), in order to show (D.52), it
is sufficient to verify that (%_h ( *) = Ok(N). By (D.33) in Lemma D.3 and (5.7,5.8),
we have that

T () ==s( )=y +H (*)- & Ink . (D.57)

Note that Lemma B.13 gives that

f=c+s Fok( ) (D.58)
From (D.58,D.38), we have that H ( ) = Ox(\ ), and from the definition of ({”
combined with (D.58), we obtain that ({”( *) = Ok(\). Then we get from (D.43,D.57)
that é%h ( *) = Ok(X), and we obtain (D.52) from this and from (D.54,D.55). If z, s
are as in (D.56), we get from (D.54,D.55) and (D.57) with the help of Lemma D.3,
namely with the help of (D.35), that for A > 0 small enough

5% d[h % Ink nk nk
Bcigc]- (.’17) = % a[ci ( 5)] =H ( 3) 88011-80]- + H ( 3) agci 3(%901' (D59)
T (s s 9 ° s nk
= EE G pm) + (g — L= H'(°) Z5 (D.60)

From (D.58) and (D.38,D.39), we get that H ( ®),H ( °) are of the order Ox(A ).
From Remarks D.4 and D.5, we obtain that H' ( S)aglcf = ok(A). Further, as

V() = 0k(W?) = Ok(N),
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we obtain from the “moreover part” of Lemma B.14 and from (D.43) that the right-
hand side of (D.59,D.60) is of Ok(A). To obtain (D.53), it is enough to realize that the
expression in (D.59,D.60) on the right does not depend on z if s € {—1,1} is fixed. O

Lemma D.8. Let f be as in Notation B.15. We have the following asymptotic rela-
tions

1 @)V, 0) = Orxk(A), (D.61)
1 @)V a(ag,c) — h"(2)00"] = Opuk (A6'?). (D.62)
Proof. Let A € (0,Ap.14). Then f) € C'(A, x G)) by Theorem B.16. As —(},(} are

increasing functions on Ay, we get from Lemmas 5.6,C.1 that [_ ,~ ] C [-n,n] holds
for some n € N and then that for x € [_ |7 ]

Ok(N) = = Q=) < Q@) < f'(2) < (@) < ¢x(n) = Ok(N),

which verifies (D.61) in the Oth coordinate. Note that f =h holdson [_ ,” ]. Then
by (D.33) in Lemma D.3, we will have (D.61) once we verify that

1 (@) H (z) 252 = Orxk(N), i€{1,2,3,4}. (D.63)

From (D.37,D.38,D.39) in Lemma D.3, we get that 1j,_.,|< 1H'(z) = Orxk(}),
1[\$—61|§ ]H (l‘) = ORXK(/\ ), 1[|z—01\§ ]7‘[ (93) = ORXK(/\ ) (D64>

From the property in (D.64) on the left together with (D.43) in Remark D.4 and (5.7,5.8),
we have that (D.63) holds. As f = h holds on (_ ,” ), we get by (D.33,D.35) in
Lemma D.3 that on (_ ,” )

?f 9 Ink dlnk 91 dlnk al
devg = H Geger +H e e + 100+ H' 0,550 + 0,55 (D.65)
As k does not depend on z, which is represented by the variable ¢y here, we have that

3%0 Ink =0= %zci Inx holds if ¢ € 5. From (D.43,D.64,D.65) and from the relation
above (D.64), we have that

2 x o .
1 @55 — 1 (@)o,) = 0x(s?), ijes. (D.66)

From (D.66) we easily obtain (D.62) as the corresponding limit from the right exists. O
D.14. Proof of Lemma C.4

Proof. Here, we assume (AD.6). First, we will show that

I ()Y (z) = Orxk(A)  where | (2) 2 1,0 < 71— 11 - (). (D.67)

By Lemma 5.6, there exists n € N such that (5.5) holds whenever A\ € (0,)\5¢), and
then we get from Lemma C.1 that 1{j,_.,|< 1f'(z) = Orxk(A). By the definition of f
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on Ay\[_ ,” ) and the definitions of (], ¢y, we have that f”(z4) = f’(z)* holds for
x € A\\[_ ,7 ), and then we get that

I (2)f"(24) = Orxk(A)? = Orxk(N). (D.68)

Lemma B.13 gives that | (z)] —|x—c1|] = Orxk( 2) asfollows. Note that if | (z) # 0,
then ¢; — <z< or” <zxz<ec+ ,andin the latter case, for example, we have
from Lemma B.13 that 0 > [z — 1| — =2 —c¢; — >e 24 ok( 2). Here, we have
used that £ >~ > ¢; holds in this case, see (5.8). The remaining case could be treated
similarly. Then by Lemma B.12

I (z)pcil(z — 1)’ = 2] = Orxk( ?) = Orxk(N), (D.69)
as ¢ = Ok(1). Further, we obtain from the definition of D.(x) in (4.8) that
D.(z) — D.(c1) = [S(z,cq4) — S(e1,¢4)][S(z, cq) + S(er, cq) — 2¢2].
This gives that
g—erl< 1Pe(®) = 1jz—cij< 1Delc1) + Orxk( ) = Orxk(1). (D.70)

Then we get (D.67) from (D.68,D.69,D.70). Second, from the definition of  in (5.3)
and the definition of h in (5.4), we have that

1[|x—cl|§ ]{h“(l’) — K [ 2 (IE - 01)2]} = 1[|I—01|§ ]56211 (IJ - 01)4 = ORXK(>‘)7
and as f () =h (x) holdsforz € [_ ,7 ]C(c1— ,a1+ ), we obtain that
I @ f" () =6 [ 2= (z—a)’l1 ) (@) + Orxk(N). (D.71)
From (5.3,D.70,D.71), we obtain that

1 @ {f"(x4)De(x) — £ [ > = (z—c1)’De(c1)} = Orxk(h*) = Orxk(N).

Here, we used that £ 3 = 2 X, see (5.3). In terms of Y , we have that

1 @Y (@) +1[ 2 = (@—ca)?llpei — & De(er)]} = Orxk(A). (D.72)

As cip/k

= D.(c1)+c3A\? holds by (5.3), we have from (D.72) and from (5.7,5.8), saying
that [ ,~ ] C

(1= ,a+ ), that
I (@)Y (2) = Orxk(A) + Orxk(k 2A%) = Orxk(A) + A T%0rxk( ~1). (D.73)

If a = oo, then A} = 0, and in this case, we obtain (C.4) with ¥ = 1 from (D.67,D.73).
If a =2/7 € (0, %), we get, according to Remark D.1, that

1= Og(A(@tD/3)  and therefore  A'TY T = Og(AF (“TD) = Ok (AY),

where X = 2 (a + 1) < 1. Also in this case, we obtain that (C.4) from (D.67,D.73). O
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D.15. Proof of Lemma C.7
Here, we assume (AD.6).
Lemma D.9. Put F (z) 2L f/(z)x(1 — z) + ¢; — . Then
infl, o> F*(z) 2 min{F*(ci + ),F*(e1— )}+0xk(\) = %+ 0k(N). (D.74)

Proof. From Lemmas 5.6 and C.1, we obtain that f'(c; =+ ) = Ok(X), and then,
with the help of Lemma B.12, we get that

Fa+t )=7F +0k\N), FPlaa+ )= 24+0k0N), (D.75)

which gives the second relation in (D.74). The first relation in (D.74) is obtained from
the first relation in (D.75) once we show that the function F decreases on both intervals
(=1/AT,¢c; — Jand [c; + ,1/A%). On these intervals, we have that

f'(@) = f(2)* € {C i (), Gul@)}, Gola) 2 25, 2 € {-AT, M} C (~o0,1),

and then also that F' (v) = [L+zf (2)][f' (z)(1—2)—1] < 0 since 1 +2(,(z) = = >0

1—zx
and 1+ (z — 1)(.(z) = {=% > 0 hold whenever z € A,z € (—00, 1). O
Proof. (of Lemma C.7) If A € (0, Ap.14), we have (5.7,5.8) and, according to the defi-
nition of fy, that f”(z4) = f’(z)? holds if |z —¢;| > . Then we get from Lemma C.2

that

1[\m—cl|> ][T (I7B7D) -3 (I,B,D)] = ORXKXRnXR%()‘)v n €N, (D76)
§ (2,B,D) £ § [ (1)’ Do + [/ () Bo + § (v —e1)* = °].

Further, on V we have the equality in

1[\1751|> ]8 (Jf,B,D) = 1[|:L’7c1\> ]Cig [FQ(x) - 2] 2 OK<A)> (D77)
while the second relation follows from Lemma D.9. Then (C.6) follows from (D.76,D.77).
Put K 2L {(z,¢c, B,D) € R x K x [-n,n]® x [-n,n]**®;(z,B,D) €V }.
By Lemmas C.1 and C.2, we have that

Vf (2)'B=0x,(\), 52Vf (2))DVf (z) = Ok, (N).
Then we obtain from Notation C.5 that
T (z,B,D) = $tr{V*f (z)D}+ Lci[(x —c1)® — ?]+ Ok, (N). (D.78)

From (C.5), we have that D.(z) = tr{D0"} on V , and then we get from (C.2) that
tr{V? (24)D} = O, (A) + 1 (@) [0k, (A&"?) + 1" (x)De(z)].  (D.79)
As b''(z) = (x4 ) holds for x € [_ ,7 ), it follows from (C.3,D.78,D.79) that

1 ~y(@)- [T (#BD)-1Y (2) = Or. (WV/?),
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and then as 1| - y(7) < 1jjz—c,|< ] holdsif A € (0, A5.6), we get from Lemma C.4 that

1 ~y(@)-T (2,B,D) = Ok, (\Y) + Ok, (As"?). (D.80)

By (D.78,D.79) and Lemma B.13, we get with | () << 1.,y ¢4+ () that
| ()T (2,B,D) = Ok, (N) +1 (z) 2ci[(z—c1)® = ?] = Ok, (N (D.81)

since = Ok(AY3) by Lemma B.12. If we sum up (D.80,D.81), we will obtain that
lfo—eris 1°T (@, B,D) = Ok, (AY) + O, (As""?) = Ok, (A7) (D.82)

as follows. If (¢,a) = (1,00), we have that X = 1 and x = Ok(1), and hence, (D.82)
obviously holds in this case. If (g,a) = (£, 2), then K = Og(\~) holds by definition

T
of k as D.(¢1) > 0, and therefore, Aet? = Ok(A'~2). Further, X = 2(a + 1) and

RA(-$) =B+ DA -5 =% =g
holds for the optimal choice a = 2. Thus, Ok, (A") + O, (/\Iil/Q) = Ok, (A\7). O

D.16. Proof of Lemma B.17
Here, we assume (AD.G).

Proof. By (B.5) in Lemma B.7 and by the definition of F' in (4.1), we get that

(In W) = (620, — =) ds + [[omdW — ¢|(m) dn’® = ¢{(m) dr*©].  (D.83)

By Theorem B.16, f\ € C1(A, x G,) and
NG = 1(Go) + [[VIA(G) GO + 3 e{V [A(G) dYG“)}]. (D.84)
From Lemma B.10, we obtain that
GO = Go+ [afds+mC + 1 (x" —7*?), a® e PM},m% e CM?.  (D.85)

From (B.9,D.85), we get that (G©) = (m®) = [n¥ds, and then the equality in (B.17)
follows from equalities (D.83,D.84,D.85). Since the considered strategy is strictly A-
admissible, we have that V f,(G) € PM} and V£, (G) € PM7*5. Then as om € PM;, and
W e CM;,m% ¢ CI\/Il57 we obtain that also m" € CM;. Since a“ € PMg’,nG € PMZ’XE’ and
0,0, 7 € PM,, we get that also a¥ € PM,. The property ®" € CFV is obvious. O

D.17. Proof of Lemma C.8

Here, we assume (AD.6).

Proof. Since we restrict to A € (0, Ap.14) and Ap.14 < A5 according to Lemma B.14,
we get from Lemma 5.6 that there exists n € N such that |c; £ | < n holds whenever
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¢ € K. Further, consider K defined as k,, € N from Lemma B.10. By Lemma C.7, there
exist Kog € (0,00) and Ac.g € (0, Ap.14) such that for every A € (0, Ac.g)

1[\z—cl|> ](1V T )($7B,'D) Z —Kc,g)\ Z —Kc,g)\q (D86)
whenever ¢ € K and B € Ri,D € Ri and that
1[|w—01\§ ]|(1\/ T )(I,B,D)‘ S Kc.g/\q (D87)

if we additionally assume that the coordinates of B,D in (D.87) are within [—K, K].
Let A € (0, \¢c.g) be fixed from here, and let (¢,1) be a A\-admissible strategy. By the
choice of k;, from Lemma B.10, 1jjrj<p) a®, 1“7,‘91}110 attain values within [~ K, K]® and
[~ K, K]°*3, respectively, where a® € PM® and n® € PM®*® from Lemma B.10 attain
values in Ry and R%, respectively, and they are associated with the strategy (p,1)).
Since (s, af,nf’) € Vi ¢,,t € [0,00), we obtain from (D.86,D.87) that (C.7) holds, see
Notation C.5 and (5.11,B.18). O

D.18. Proof of Theorem B.18

L(e)

Remark D.10. (a) Let (p,1) be a pure jump strategy. Then ¢' =0 = ¢*“ and see

the definition of 7, 7" in (B.2,B.3) in order to agree that also 7' =0 = 7+,
(b) Let (¢,%) be an admissible strategy. Whenever ¢ € (0,00), we have that

A(pt >0 = AWtT =AW, + )\TStA(pt = St(l + )\T)Atpt + Awt =0,

and similarly also that Ay, <0 = AW/ = 0. Then by (3.10), we have that

T N
AlnW, =In 11':\”7” “1iag>0) +1n 11_)‘)\7%“ “liag,<0), € (0,00). (D.88)

Proof. (of Theorem B.18) Here, we consider the restriction (AD.6). First, we show that
V €S is a continuous process. Let t € (0,00). It follows from the definition of f) and
of a (A-admissible) [© — w (7, 7T) © + w]-strategy that

In 11—"_)\;:"7 if Te— < Tt
AfNG) = falme, &) = falme—, &) = ¢ (AT
In 1_)\%: if m_ >m

As sign(Am;) = sign(A¢py), Remark D.10 (b) gives that AV; = Aln W, — Afy(G) = 0.

Lemma C.8 gives Kp 15 &£ Kcg € (0,00) and Ap.1s £ Ac.g such that (C.7) holds
if A € (0,\c.g). In particular, we have that |[v — a¥'| < Kp.15\? holds for such \ as
|7 — ©] < w; holds for every ¢t € [0,00) by the definition of a [© — w (7, 7) © + w]-
strategy. We are going to show (B.21). Since A < Ap.1s = Ac.s < As.6, we have that
the considered strategy is strictly A-admissible, see Remark 5.11. Since the considered
strategy is pure jump, we have that 7', 7> = 0 by Remark D.10, and consequently
also that ®V = 0, see (B.20). As V is a continuous process by the first part of the
proof, we get from Lemma B.17 and from ©" = 0 that (B.21) holds, and we get from
the strong law of large numbers for Brownian martingales that %my % 0ast — oo, and
then (B.22) follows from already proved parts of the statement. O
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D.19. Proof of Theorem 5.12
Here, we assume (AD.6).

Proof. By Lemma 5.6, there exists n € N such that G attains values in [—n,n] x K
if A € (0,A56). From Lemma C.1 (i), we get that there exist K512 € (Kp.15,00) and
A5.12 € (07)\B.18) such that 2‘f,\(G)| < K5.12A < K5.12A? holds whenever \ € (0, )\5.12).
Let A € (0,A5.12) and 7 be an integrable stopping time. By Theorem B.18

|ln %g — fOTVS ds — m7‘_/| ’i<SKBA18/\qT + ‘f/\(GT) — f)\(GQ)| agﬁ K5,12)\q(1 + T). (D89)

As mY € CM; and 7 is an integrable stopping time, we have that E[mY] = 0, as stated
already in Notation 2.4. Then we get (5.12) from (D.89). O

D.20. Proof of Theorem B.19

Here, we assume (AD.6).

Proof. Put Kg 9 def Kes, AB.19 def Aosg. Let A € (O, >\C,8)~ By Lemma C.1 (ll)7 (Cl)
holds if A € (0, Ap.14), 2 € A\ and ¢ € K. This gives first that f{(G;) € [—C}(m), ()],
which ensures that the proces ®V from (B.20) is non-increasing, and second, that also

xdx——lnw it mo <y,
ARG = [T fx,€) do > h LHATE T
+fm,, y(z)de = —In 1__»7:”7 it m >y,

(D.90)

t € (0,00). From (D.90) and from (D.88) in Remark D.10, we get that
AV, =AW, — Afx(Gy) <0, t € (0,00), where V=InW - f\(G). (D.91)

As the considered strategy is strictly A-admissible, we have that m"" € CM; by (B.19) in
Lemma B.17. Further, we obtain from Lemmas B.17 and C.8 that

CM; > m" 2L VO 1 -V — [al ds = a¥ <v+ KegAL (D.92)

Then we get from (D.91,D.92) and from —®" € Cl that —=V +m" + [[vs+ Ko gAY ds €
Tl, i.e., (B.23) holds. O

D.21. Proof of Theorem 5.13

Proof. By Lemma 5.6, there exists n € N such that (5.5) holds whenever A € (0, A5.¢).
From Lemma C.1, we obtain that there exist K1 € (0,00),Ac.1 € (0,A5.14) € (0, A5.6)
such that |f (x)] < Kc.1A holds whenever A € (0, A¢.1), ¢ € Kand |z] < n. Then we can
put K5.]3 def K5.12 + KB_]g + KB.]Q + ZKCJ. Note that if X Q .A)\ and A € (0,)\0.]),

Kx <L supsup|fa(z,¢)] < KeaA+ sup max{|In(1 + A\Tz)[,|In(1 — M=)}, (D.93)
zeX ceK

see Notation B.15. In this proof, we restrict to A € (0, A5.12 A Ag.1s A AB.19 A Aci1).
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1. Initially, we assume that the strategy (¢, ) with the wealth process W is strictly
A-admissible, i. e., the corresponding position 7 attains values in a compact set X C A,.
As € attains values in K, we have that |f,(G)| < Kx holds with G 2£ (7,¢")". By
Theorem 5.12, we have that (5.12) holds. By Theorem B.19, we get that

W — £A(G) — [ [vs + Kp.19A\7 ds € CM; ©T]. (D.94)
In particular, as any m € CM; satisfies %mt'ﬂ 0 as t — oo, we have that

lim sup %[ln W, — fotys ds] £ Kp.19)\2. (D.95)
¢

—00
As we assume that Wy = Wy, we obtain from (5.12,D.94) that
Eln W, — InW;] < 2Kx + Kp.1o\ E[7] + K5.12(1 + E[7])\7.

Hence, (5.15) holds according to (D.93), and then (5.14) follows immediately. Finally,
we get from (D.95) and Theorem B.18 that (5.13) holds as follows

limsup 1 (In W, — InW;) € (Kp.1o + Kp.as) A < K5 13M7.

t—o00

2. Let € > 0. Then there exists A € (0, A\) such that
SupcGK‘ i,c - ?\,c| <e

see Definition 5.3. By Remark 3.9, there exists a strictly A-admissible strategy with the
wealth process W > W such that Wy = Wy = Wy. Then, as in (D.95), we get that

M A tN 3 7, de 2 nd
h?isogp %[ln W, — fo Usds] < KpigA?  where 0 4L %(92 —&?)
~  def

and where @ <= (5 ¢ )i>0. Then again, with the help of Theorem B.18, we obtain that

lim sup %[ln W; — In Wt] < K513\ + limsup %f(ﬂz}s — Vs|ds < K5.13\7 4 § sup 2.
t—00 t—o0 ceK

As the last term can be made arbitrary small by the choice of € > 0, we finally obtain
from the inequality YW < W that (5.13) holds. The relation (5.14) can be obtained in
the same way. O

D.22. Proof of Theorem 5.9

Proof. Without loss of generality, we may assume that to = 1. First, we put
Dg 2L p/Sy, Uo 2L 1 —p, 79 2L 0. Once @, ¥, 7, is defined for n € Ng, we set

Tot1 2L 7PATE where 1) 2L inf{t > 7,; 0} (¥, + D,5;) = D,5:}, (D.96)

n

and analogously, we consider 7 with a' replaced by a* in (D.96). Further, put

A, o {aln on C} B, {b;ﬂ on C} A () 2 {1+)\7x on C} (D.97)

1 17 1 L 1
at on C} bt on Cj 1— Xz on C}
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on the set C), 2< [1,, < 0o] where Cf) <L C,, N |1, = 7,_4] and C}, &L C, N |1, = 755_4]

are disjoint sets as C), N C}, C [1, < 00,al =at | =0, n € N. On the set C,,, we define
®,,, ¥,, by the following equations

(Upoy + ®po1 Sy ) An(An) = (U + 8,8, ) A(By), (D.98)
Uy =Wy =—Ap(1) S, (B — Pp_y), (D.99)

and we set them to zero on Q\C,,. It follows by induction that C,, C [(®,,¥,) # (0,0)],
n € Ng. From (D.96,D.97), we obtain the first equality in

[rn < 00] € [ApWp_1 + (Ap — D)®p_1Sy, = 0= BU, + (B, — 1)®,5,.], (D.100)

and the second equality in (D.100) follows from the first one combined with (D.98,D.99).

1. Our first task is to show that 7 2£ lim,, 7,, = oo. Let w € Q be such that 7(w) < oo.
Without loss of generality, we may assume that Q = {w}, and then we can obviously
omit the argument w. Since (4,41, B,)32; is a bounded sequence in R?, it has at least
one mass point, say (a,b) € {al,at}x{bl,bt}. Since we assume that al < bl < b: < ak,
we have that a # b. Hence, at least one of them is non-zero. For example, if b # 0, then
for infinitely many n we have that B,, # 0, and for those n, with the help of (D.100),

we can express

v, =(B'-1)®,5,, . (D.101)

Note that if (D.101) holds, then ®,, # 0 as the case ®,, = ¥,, = 0 cannot happen. Then
for all n such that (D.101) holds, we have, according to (D.100), that

0= An+1(B;1 - 1)Sm + (An-i-l - 1)‘9

Tn412

which gives (after passing n — oo along a suitable subsequence) that
0=[a(6~! 1)+ (a—1)]S,.

Since S; € (0,00), we have that a(1 —b) = (1 —a)b, i.e., a = b, which is a contradiction
with a # b. The case a # 0 can be shown to lead to a contradiction in the same way.
Hence, 7 = oc.

2. Our second task is to show that the strategy (¢,v), defined below, is admissi-
ble. Put

SO def Z:,O:O ¢n1[‘rn77n+l)7 1[) def ZZ’OZO \Ijnl[rn,Tn+1)7 W det ¢ + SOS (D]‘02)

In order to show that the strategy (p,) is self-financing, it is enough to verify that

Ay = =S](Apy) T + St (Agy)™,  te(0,00), (D.103)

cf. (3.6), but (D.103) follows from (D.99), see (3.3). Its wealth process W starts from
Wy = ¥y + &¢Sy = 1. The ask and the bid wealth processes W', W* from (3.8) are rcll,
and they start from W) = 1+ XTp > 0 and W} = 1 — Mp > 0, respectively. We are
going to show, by induction, that

W>W AW >0 on [Th,Tnt1), n€N. (D.104)
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Note that the first inequality in (D.104) holds immediately and that we already have
the second inequality at zero. What we assume in the nth step of the induction is that

[T <o0o] CWI AW >0]N[al W, < ®,8,, <ar W, ], (D.105)

n € Np. Recall that 79 = 0. To verify (D.105) for n = 0, it remains to realize that
DSy =p € (a)),a5). Let w € Q be fixed. For brevity of the notation, we will omit this
symbol, and we set m 2L n + 1. Obviously, we may assume that 7, < co. As W, S, a', a*

are continuous on [Ty, T, ), we get from (D.105) and the definition of 7, in (D.96) that
aW<®,S<a'W on [, Tm) (D.106)

If we use that W is continuous on [7,,7,,) and that W, > W! AW} > 0 again, we
obtain from (D.106) that the case inf[. . yW < 0 implies that ®, = 0, which gives
that W =¥, =W, > 0 on [7,, 7). Here, we used that 0 < S € CA. Hence, we have
that

infi, -y W > 0. (D.107)
From (D.106,D.107), we get that
®,S/W € a,a'] C Ay = (—1/AT,1/A)  on  [1h,Tm) (D.108)

and that the same holds for the limit at time 7, from the left if 7,,, < co. Then we
obtain, with the help of (D.107), that

0<®,5+W/\ =W/l 0< —8,5 +W/A\ =W/ (D.109)

holds on [7,,, ;) and that the same holds for the limits at 7,,, from the left if 7,,, < oo.
In particular, (D.104) holds for the considered n € N. For the rest of the proof, we may
assume that 7, < oco. From (D.98) with n replaced by m, we obtain that

Wy, =W, — - A (An) /A (By) > 0.

From (D.100) with n replaced by m, we have that W, B,, = ®,,S;_, which gives that
the relations in (D.108) hold with n replaced by m at time 7,,, as By, € [bl b% ] C
(af af ). Then we have that also (D.109) holds with n replaced by m at time 7,,.
Hence, we have that (D.105) holds with n replaced by m = n + 1. This completes the
proof of (D.104), and then we have that (¢, ) is an admissible strategy.

From (D.102,D.106,D.107), we obtain that the position m = pS/W € (a', a*) holds at
every (t,w) € [0,00) x €. Hence, it remains to show that (5.10) holds for each t € (0, c0).
Let t € (0,00),w € Q and m € N be such that t = 7, (w). Put n 2£ m — 1 € Ng. From
(D.100), we get that

$,S: _ ®,, Sy — Am ®.,S: ®,, S — Bm
’ )

Ti— = W, = T,+0,5 Tt = ", Tt ®mS;

which together with (D.97) gives (5.10). O
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E. TRUE APPENDIX

In this section, .# = (.%;)>0 is an arbitrary complete filtration on a complete probability
space (2, 7 ,P). If Z C & is a o-algebra, we denote by L(2) the set of all -measurable
real valued random variables.

Lemma E.1. If X € Bl,(Z)™,m € N, and f € C?*(R™), then Y 2L f(X) € Bl,(.%).

Proof. For brevity, we will omit the reference to the filtration .# in the notation. By
assumption, X € CA;" N CS;" and there is a € PM" such that

ML X — X, — [a,ds € CM]". (E.1)
Then as f € C?(R™), we get, with the help of the Itd6 Lemma, that
Y € CA,NCS, Vf(X)eCA" CPM™, V2f(X)e CA™™ C PM™*™.  (E.2)

Since X € CS]", there exists n € N such that the processes (X ), i < m, are n-Lipschitz.
Then we get that all components of (X)) are n-Lipschitz processes as follows
2UX ) = (X)X D) — (X)) Lt — ],

|<X(i2X(j)>t _ <X<i3X(j)>s

s,t € [0,00). Hence, there exists b € PM;"*™ such that (X)) = [bsds. From (E.1,E.2)
and the It6 rule, we get that

CM; 3 LY — Yy — [esds & [VF(X) dM, (E.3)
¢ 2L Vf(X)a+ 3tr{V?f(X)b} € PM,. (E.4)
To get that Y € CA, N CS; from the first relation in (E.2), it is enough to realize that
(V)2 (F(X)) 2 (L) = [gods  where g% Vf(X)BVf(X) € PM,

and then Y € Bl follows from (E.3,E.4). We used that Y — [¢;ds = L+ Y, € CM as
Y, is a bounded .%#3-measurable random variable and as CM; C CM. O

Lemma E.2. Let T € TI(#) be an increasing process with Ty = 0,lim;_, o T} = o0.

Then 7 2L (74)5>0 € CI(.#) starts from 79 = 0 and lim,_, 75 = co where

7o 4 inf{t > 0; T, > s}, F L (T, )0 (E.5)

Moreover, [1s < t] = [T} > s] € % and [rs < t] = [s < T}_] if s,¢ € [0,00) where
To— 2L 0. In particular,

t=r]=[T,. <s<T],  stel0,00). (E.6)

Proof. Since the process T is .Z#-adapted, we have that [T; > s] € F,s € [0,00).
Further, we get immediately from the definition of 75 in (E.5) that [T} > s] C [rs < t].
On the other hand, again from the definition of 75, we obtain that

[T <t =Nyt [Ts <T] CNMpsy[s < T3] C [s < Ty ] = [s < T}
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as T is a non-decreasing right-continuous process. Hence,
[1s <t]=1[T; > s] € #, s,te]0,00), (E.7)

which means that 7, is an .7-stopping time whenever s € [0,00), and as 7 is obviously
a non-decreasing process, we get that .7 from (E.5) is a well-defined filtration. Further,
as T is an increasing process, we get for every ¢ € (0, 00) that

[s <Ti_] =Upct[s < T] = Upe[rs <] =[1s < t], [s<Tp-]=0=[rs <0]. (E.8)

It follows immediately from the definition in (E.5) that 7 is a non-decreasing process
(with 79 = 0 and lim,_, o 75 = 00 since T starts from T, = 0 and has locally bounded
trajectories as it is an increasing process defined on [0,00)). In order to show that
7 is a continuous process, assume the contrary. Let s € [0,00),w € € be such that
Ts—(w) <7 <t < T4y (w) holds for some r,t € [0,00). Then we get from (E.7,E.8) that

wE [t <Tox] CNusslt <7yl =Nuss[Ty <u] = [T <]

wWeEr>T] CNycslr > 7Ty = Nucslu<T,_]C[s<T_] if se(0,00).
Obviously, also if s = 0, we have that [r > 7,_] =[r > 0] C [0 < T,_| = [s < T,_]. Thus,
in all cases, we have the following contradiction w € [T} < s|N[s < T, N[T,— < T}]
as the process T is increasing by assumption. Finally, [rs < t] € Finr. C Fr, = ﬂig
holds if t € [0,00), and [rs < t] = 0 € Py C F,,t € (—00,0), which gives that
7s € L(Z5), s € [0,00), i.e., T is an .Z-adapted process. O

Lemma E.3. In the context of Lemma E.2, let X& CA(F), then X 2L (X, )50 €
CA(%) and the same holds with CA replaced by CI, CFV, CM;,., respectively.

Proof. 1. By Lemma E.2, 7, are #-stopping times, and as X € CA(F), we get that
X, =X, € L(Z.) = L(Z,),s € [0,00). Since 7 is a continuous process by the same
lemma, we have that X(w) = X(w) o 7(w) is a continuous function whenever w € Q.
Hence, X € CA(.Z).

2. If X e CI(.%), then obviously X € CI(.%). If X € CFV(.%), then there are Y, Z €
CI(.7) such that X =Y —Z and then X =Y —Z € CFV(.7) as Y 2L (Y, )50 € CI(F)

El

and Z 2L (Z, )40 € CI(F).
3. Let X € CM(.%) be bounded. Then X € CAy(#) and we obtain from the Optional
Sampling Theorem, see Theorem 1.3.22 in [24], that X € CM(.%#) as follows

E[X,|Z.] £ E[X,.| %] Z X,, = X, 0<u<s<oo.

u

4. Let X € CMpe(F). Then M 2L (Yyru, Jus0 € CM(F),n € N, are bounded where
v LAt >0;|V| >n}, YV EEEX-X,. Put 0,7, .
Since v, are .7 -stopping times, we obtain from Lemma E.2 that

[On <s]=[Ty,- <s]|=[v, <75 €%, = 32\5, s € [0,00),
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i.e., Iy, are .Z-stopping times, and from (E.6), we obtain that 7, = t,t € [0, 00), which
gives that v, = 7, . Since Y is a continuous process, we have that v, 1 co, which ensures
that lim,, 7, = lim;_,~, T}~ = oco. Obviously, v, < Upy1,n € N. From the previous step
of the proof, we obtain that M 4t (M{)s>0 € CM(.%). Since v, = 75, , we have that

Xoni, — Xo= X7, Avp — Xo =M™, s€[0,00),
and then we get that X e CMloc(ﬂN’) holds by definition. O
Corollary E.4. Let m € N, X € CM;,.(Z)™ and X 2 (X+,)s>0- Then

Proof. By Lemma E.3, X € CM;,.(.Z#)™. By the Doob-Mayer Theorem

Y 2 XX — (X)) € CMpoe(Z)™™, X X' — (X)) € CMype(F)™7™,

o~

and Lemma E.3 gives again that Y e XXT - ((X)) € CMyoe(.Z)™>™ Then (X)) — (X))
€ CMjo(.Z)™*™ N CFV(.Z)™*™ starts from zero, which gives the equality in (E.9). O

Lemma E.5. In the context of Lemma E.2, let both X € TA(Z)™ and (X;_);>0 attain
values in an open convex set G C R™ where m € N and Xy_ 2£ X,. If

Vte (0,00)  [AT, =0]C[AX, = 0], (E.10)
then X 9L X — X € CA(.Z)™ attains values in G and X = (X1, )0 where

9 (X, Yos0 Ko ol <oeny (T — $)AX, /AT, se€[0,00).  (E.11)

(i) If X € CFV(Z)™, then X € CFV(.Z)™. (ii) If X € ©S(.Z)™, then X € CS(.Z)™

Proof. By assumption X;, X;— € G,¢ € [0,00). Since G is a convex set, we get from
the definition of X that X,(w) € co{X,(w), X;_(w)} € G holds with t = 7,(w),w € Q,
see (E.11) and (E.6) in Lemma E.2. Here, co stands for the convex hull of a set. Hence,
X attains values in G. As T is an increasing function, we get from (E.6,E.11) that

[SZTt]g[Xs:07rs:t]g[Xs:Xs:Xt]a S,tE[0,00),

which verifies that X = (X7,)i>0. As X € TA(F)™ C PM(.Z)™ and as 7, is an .Z-
stopping time by Lemma E.2, we get that X, = X, € L(.Z,.)™ = L(Z.)™, s € [0,00).
Further, as T € TA(.%), we have by (E.6) that for any A; € %

VT’G[0,00) Atﬁ[Tt,§S<Tt]ﬁ[TS§r]:Atﬂ[Tt,§5<Tt]ﬂ[t§7"]€ﬁ7r,

Which means that A; N [T;- < s < T}] € 7, = F,. As (T}, — s)AX, /AT, € L(F)™,
€ (0,00), we obtain from this that X € L(%)™, and as X, € L(.Z,)™, we have that
XS:X — X, e L(F)™, s €[0,00),i.e., X is F-adapted.
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Since X is an rcll process by assumption and as 7 € CI(.7 #) holds by Lemma E.2,
we immediately get that X = (X+,)s>0 is also an rcll process. As Uy[Ti— < s < TL]
C [AXS = 0], we have that AX, = AX, if there exists t € (0,00) such that s = T;_,
and it is zero otherwise. More precisely, AX, = D i ls=1,_1AXt, s € (0,00).

Since X is an rcll process, we have that
AX, =0 as r—t" ifte[0,00), andalsoas r—t" if te€(0,00). (E.12)

The process X is obviously continuous on U, (T}, T}). From (E.11,E.12), we obtain that

it is continuous from the right at every T3, ¢ € [0, 00), and that it has the limit zero from

the left at every T;_,t € (0,00), since T is an increasing rcll function. Hence, X is an rcll

process, and we get from (E.11) that AX, =Y, (1js=r, |AX; = AX,,s € (0,00). This

means that the rcll process X = X — X is continuous as AX; = AX, — AX, = 0,
€ (0,00), i.e., X € CA(Z)™

(i) If X € TI(Z)™, then we obtain that X € CA(Z)™ have also non-decreasing
coordinates as follows. Let w € © and 0 < u < s be fixed, and put 0 < r 2L 7, (w) <
t 2L 7 (w). (a) If r = ¢, we get from (E.11) and from X € TI(.#)™ that X, (w) > X,(w),
and consequently, X, = X, — X, < X; — X, = X, holds at w. Note that inequalities
between two elements of R™ are considered coordinatewise here. (b) If r < ¢, we get
from (a),(E.11) and from X € €I(.#)™ that X, < X7, = X, < X, = X, < X, at w.

If X € TFV(Z)™, then there are Y, Z € TI(.#)™ such that X =Y — Z. Then we
obtain from the arguments mentioned just above to Y, Z that VY _VandZ & Z-Z
are in ¢ 1(.Z)™ where Y, Z and Y, Z come from (E 11) with every X replaced Y and Z,

respectively. Finally, we get that X =Y — Z e TFV(.%)™.
(ii) Let X € TS(.7). Then there are Y € TFV(F)™, Z € CMoe(F)™ s.t. X =Y + Z,
and we get from Lemma E.3 that Z 2L (Z, )s>0 € CMZOC( #)™ and from the previous

s

part of the proof that Y 2 X — Z € CFV(.%)™, which gives that X € CS(.%#)". O

—_~—

Corollary E.6. In the context of Lemma E.5 (ii), (X©)) 2L ((X ), )s>0 = (X)).

Proof. By assumption, there exists M € CM,.(.#)™ such that X — M € TFV(Z)™
Then X© —M € CFV(.#)™, and we have that (X©)) = (M)). By Lemma E.5, X — M €
CFV(.Z)™ where M 2 (M. ) >0, which gives that (X)) = <<M>) Then it is enough to
use Corollary E.4 to get that (X)) = (M) = (M)+r.)s>0 = (X)) s>0- O

Notation E.7. Further in this appendix, if X, X are as in Lemma E.5, we simply write
X 2L T(X). Note that Corollary E.6 says that T((X©)) = (T(X))) if we extend this
notation also for matrix valued processes and that T(X) = (X,,)s>0 if X € CA(Z).

Remark E.8. (Dominated convergence) If X € CS(.%) and if Y, Y € PM(.%) are
such that Y| <Y,n € N, and that [V dX is well-defined, then by [18, part II1, 2.1.19]

YO 5y® = fY™WdX - [[YOdX (E.13)

in probability as n — co whenever ¢ € [0,00). Note that [Y dX is well-defined (in the
Ito sense) if there exist A", A* € CI(F) such that X — A" + A* € CM,.(#) and that
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fJ|Y|(dAT +dAY) + f(fY2 d(X) < oo almost surely whenever ¢ € [0, 00). Further, note
that the conclusion in (E.13) holds also if Z <= 11 ).y sy} € PMy(F) is such that
J5SZ(dAT + dA* + d(X)) = 0 since then we may consider (1 — Z)Y™ instead of Y.

Lemma E.9. In the context of Lemma E.2, let X € ©S(.%),Y € TA(F) and let [AT, =
0] C [AX; = AY; = 0] hold for every t € (0,00). Then for each ¢ € (0, 00)

[Ydx© = [T1,VdX  where H %L [0,00)\ Uyso (Tr—, T3] (E.14)

and where CS(.7) 3 X %L T(X) and CA(Z) 3 Y 2L (V). See Notation E.7.

Proof. 1. First, we will show that (the last equality in the following holds)

XOS X=X, = Y AXy=Xp — Y (Xg,—X5,) = Xo+ [j1gdX,
te(0,7s] te(0,7s]

(E.15)

5 € [0,00). Note that X = (Xr,)s>0 holds by Lemma E.5, which ensures the middle
equality in (E.15). Note also that the point (ii) of Lemma E.5 applied to X says that
X© € CS(.#). Further, 1 is an .#-progressive process as 1 — 15 is a sum of processes

of type 1(r,_ 1) that are left-continuous and they can be easily shown to be .7-adapted

with the help of Lemma E.2. Finally, since (s,7,.] and H from (E.14) are disjoint
random sets, we get with the help of Remark E.8 that

foslﬂ dx = foTTS Iy dx = XTTS - XO - Zo<t§75 (XTt - Xth)a

which gives the desired equality. Here, keep in mind that s < T, € L(.Z,.) = L(.%,) as
T, is an .7 -stopping time and as T € CI(.#) is an .% -progressive process.

2. Let Y be bounded, and let ¢ € (0,00) be fixed. Then we obtain from (E.15) that
S vax©e s [, ydx = [f1,7dx". (E.16)

Note that ¥ = (Y7, )u>0 by Lemma E.5. Since at every w € Q we have that

Ys(n) = Zzozoykt/n1[Tkt/n,SS<T(k+1>t/n] =Y, n— oo,
up to countably many s € H, we obtain from Remark E.8 and (E.16) that
Ty vaw 2 T 7 1% () . Tiq () 3%
fo IgYdX = "1 Y dX™ =P lim fo 1 Y™ dX™. (E.17)
n—oo
As X© = ()?;f:)uzo holds by Lemma E.5, we obtain from (E.15) and Remark E.8 that

_ X(C)

Ty v (n v (c) as Ter(n v (c) as n—1 c
fo I Y™dx"” = fo R kzOth/n(X((k)Jrl)t/n kt/n

)= [y YdX©
(E.18)
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in probability as n — co. Then (E.14) follows from (E.17,E.18).
3. In general, put Y™ 2L (—p) VY An € CA(Z) and Y™ 2L T(yI) 5 ¥V = 3(Y)
as n — 00, and use step 2 of this proof and Remark E.8 to get that
t c) as . t yrin] o) as . Teq xrinl gw as Teq yd
fo YdX© = Pnh_{roloon dX© = Pnll_{]gO o lpY™MdX = 15V dX.

Note that for fixed w € Q and t € [0, 00), we have that (Y,!"!(w))r<¢ = (Yr(w))r<¢ holds
for n € N large enough, which ensures that also (Y{"(w))s<r, = (Ys(w))s<r, holds for
such n, and this ensures the pointwise convergence Y™ — Y as n — oo. O

det \JStr{zx"}.

Lemma E.11. (i) Let m € N and let both X € TFV(#)™ and (X;_):>0 attain values
in an open convex set G C R™. If g € C1(G), then Y &£ ¢(X) € TFV(%) and

Notation E.10. If z € R™*™ and m,n € N, we denote ||x

YO = Yo+ [Vg(X) dX©. (E.19)
(ii) If g € C?(G), then (i) holds with TFV replaced by TS and with (E.19) replaced by
YO =Y+ [Vg(X)dX© + 1 [ tr{V?g(X)d(X )} (E.20)

(iii) The point (ii) holds also with g replaced by go, € C'(G) and with V2g by %2900 :
G — R™*™ if each x € G has an open neighbourhood © C G and a sequence of C?(O)-
functions (g,)%2 ¢ such that both ¢, — goo and Vg, — Vg uniformly on O and that

V2gse = lim, 00 V2g, on O, lim sup,,_, ., SUpe || V3gn|| < .

Note that here, the coordinates of 62%0 are Borel measurable and locally bounded on
G.

Proof. (i) By Lemma E.5, there exists X € CFV(.%)™ with values in G such that
X = (X1,)¢>0 holds with T} 4t et 4 e € t]HAX ||, where .7 comes from (E.5). Then

we have that ¥ 9 ¢(X) = Y + [Vg(X)'dX, which gives that
AY, = g(X) — g(Xi) = g(Xn) — g(Xr, ) = [ Vo(X)'dX, 1€ (0,00),
similarly as Y; — Yy = g(X7,) — 9(Xo) = OTt Vg(X)'dX, and then we have that

Yi— Yo~ YicuAYs £ ) 15Vg(X) dX = [[Vg(X) dX (E.21)

where H and the last equality come from Lemma E.9.

(ii) Take the proof of (i) preceding (E.21) and replace FV by S and Vg(X ) dX by
Vg(X)dX 4 1 5 tr{V3g(X )d(X)} and use Remark E.8 to get that

Y= Yo = S0 AYs Z [y 15 [Vo(X) dX + §r{V?g(X) d(X)}] (E.22)
= JoVg(X) dX© + 5 [ {Vig(X) (XY}, (E23)
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where the last equality again follows from Lemma E.9 and Corollary E.6. Here, we used
the It6 rule for X € CS(.#)™ attaining values in G, see Corollary 15.20 in [22]. Note
that the assumption from there that the considered filtration is right-continuous is not
essential.

(iii,a) Our first goal is to show that v 2L inf{t > 0; L; # 0} = oo where

L2 g (K) — goo(Ko) — [V (X)X — L[ r{F20(X) (XY}, (B.24)

As X attains values in G and as any open cover of G has a countable sub-cover, it is
enough to verify that

VexeG 35>0 P(v<oo,|X, -z <d)=0. (E.25)

Let x € G be fixed and let O and g, € C?(O) be as in the statement of the lemma.
Further, let L™ be processes defined similarly as L in (E.24) but with g, replaced by g,

and %2900 by V2g,. By the Itd rule used in the point (ii), we have that L is a constant
zero. Let § > 0 be such that 2§-neighbourhood of z is a subset of O, and put

U2 inf{t > v; || X, — z|| > 6}.

From the equality L™ £ 0 and Remark E.8, we obtain that

0= lim 14[LY, \;—LS] = 1a[Lyvins—Ly,] where A 2L [y < oo, HX,,—:):H <d) e Z,.

n—oo

whenever t € [0, 00). Since L is a continuous process starting from Lo = 0, we get by the
definition of v that [V < oo] C [L,, = 0] and that the case P(AN[v < 7]) > 0 would lead
to a contradiction with the definition of v combined with the equalities almost surely
written above. On the other hand, as X is also a continuous process, we have that
A C [v < 7). Hence, the set A is P-null, and this is what we wanted to show in (E.25).
(b) The point (iii) can be obtained similarly as (ii) with the help of (iii,a). O

Corollary E.12. Let X,Y € CFV(.%). Then also XY € TFV(.%) and
(XY)©9 = XoYo + [YdX© 4+ [XdY©. (E.26)
Moreover, if X, (X;_)s>0 attain only positive values, then also X 1, In X € TFV(.%) and

(X He= x5t - [X72dX9, (InX)® = InX+ [X 1dX©.

Proof. Consider g(z,y) = zy,2~!,Inz on R? or on (0,00) x R and use Lemma E.11.
g

Lemma E.13. Let v be a C?-function in a neighbourhood of uyg € R™~1,m € N. Let

= wv(uo),
(A2) f(v(u),u) =0, gi( (u),u) = 0 hold for u from a neighbourhood of ug.

(A1) f be a C?-function in a neighbourhood of wy <= (0)

Uuo
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Then there exist an open set O 3 wg and a sequence of functions (f,)5°; C C?(0) s.t.
fn—=1pf, Vfn = 1pVf uniformly on O, (E.27)
V2fn = 1pV2f on O, lim sup,,_, oo Supe ||V2fnl| < (E.28)

hold as n — oo with F 2L {(2);z > v(u)}. In particular, 15 f € C1(O).
Proof. By (Al) there exists an open set Oy > wy such that f € C?(Oyp), and we

get from (A2) that there exists an open neighbourhood O of ug such that v € C?(9)
and that

(‘;(“)) €0, [flv(u),u)= %(v(u),u) =0 hold whenever wu € 9. (E.29)

Obviously, we may assume that O is chosen so small that ||V, |[V?v|| are bounded
on 9. Let us consider s € C?(R) with values in [0, 1] defined by

1 if >0,

) (E.30)
0 if x<-1.

s(2) 2L 11 o0)(@) + 1(—1,0)(2) (2 — 7Sin(;”)) = {

Put 01 ££ Op N (R x O) and consider &, € C%(0;) and f,, € C?(0;) defined as follows
En(zyu) 2L s(nfz —v(w)]),  folz,u) £ & (2, u) f(z,u). (E.31)

[ V2Enll
n2

Note that w, are bounded on O; and that
0<& —1p <I, onOp where I,(z,u) <L 1[_/pcpv<o =0, n—o0. (E.32)

From (E.29), we have that ﬁf(v(u),u) =0 if u € 9,4 < m. Then since f € C?(0y)
and v € C%(9), we obtain from the chain rule and from (E.29) that

Vuf(v(u),u) = —%(v(u), u)Vev(u) =0€R™ 1 if weD. (E.33)
Then we get from (E.29,E.33) that
fw(u),u) =0, Vf(v(u),u)=0€R™ if weo. (E.34)
Since f € C%(0;) and O1 > wy is an open set, there exists € > 0 such that
{weR™[[w—wol| < e} CO1,  sup{||V2f(w)f;[|w—wol| <e} < ¢ (E.35)

Let § € (0,¢€) be so small that H(v&u)) —wp|| < € and u € O whenever ||u — ug|| < 6.
Then we get from (E.34,E.35) and from the definition of I,, in (E.32) that

SUD| |yl <o | Tn VLY@ < 555 SUD|juy <6/ (Tnf) ()] < 35 (E.36)

Since ||VE&,||/n, ||[V2E,]|/n? are bounded on Oy, we have from (E.36) and (E.31) that
there exist K1, Ko, K3 € N such that for each n € N

o = 1f1 = (60 = 15) I < 1Tnf] < 12
IV fr = 1V A1 < (& — 1)V + [|VEn]| - 1 Inf| < BUSE L 4L v | < £2
V2 = 1oV FI| < T 2 L(([V2 £ 4 2/ V&l - [V FIT+ (V286 [ £]) < K

hold on {w € R™;||w — wy|| < d}. Moreover, since I,, = I2 — 0 as n — oo according to
(E.32), we have that also J,(w) — 0 as n — oo whenever ||w — wq|| < 4. O
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