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APPROXIMATION OF LIMIT CYCLE OF DIFFERENTIAL
SYSTEMS WITH VARIABLE COEFFICIENTS
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Dedicated to Professor Tetsuo Furumochi on the occasion of his 75th birthday

ABSTRACT. The behavior of the approximate solutions of two-dimensional
nonlinear differential systems with variable coefficients is considered. Using a
property of the approximate solution, so called conditional Ulam stability of
a generalized logistic equation, the behavior of the approximate solution of
the system is investigated. The obtained result explicitly presents the error
between the limit cycle and its approximation. Some examples are presented
with numerical simulations.

1. INTRODUCTION

We consider the two-dimensional nonlinear differential system

¥ =ft)x+gt)y— @x (ac2 + y2)% ,

y = —g(t)x + f(t)y — @y (z*+9°) 7,

(1.1)

fe3
2

and its perturbed system

o = (0 + oy~ e (o2 1) 40,
(1.2) ) )
v = —gye+ 110y (2 +47)F 4 palt),

where f, g, p1 and po are real-valued continuous functions for ¢t > 0, and o and &
are positive constants. If f =g =1, « =2 and k = 1, then (L.1)) is reduces to the
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differential system

=z+y—z(2*+y°),
(1.3) ) s o

Yy =—a+y—y@®+y°).

This system is well-known to have exactly one stable limit cycle 2 4+ y% = 1 (see,
[13]); that is, on the phase plane, there is the orbit of the unique periodic solution
of that rotates infinitely on the unit circle, and any orbit of the solution
except the zero solution (z(t),y(t)) = (0,0) and the periodic solution approaches
while rotating to the unit circle.

On the other hand, if p; # 0 # po, then the differential system

d=x+y—z(@®+y) +mt),
v =—x+y—y(2®+9°) +pa(t).

does not have the zero solution and it is unknown whether it has a periodic
solution. Needless to say, it will be very difficult to derive the conditions for
the system to have a limit cycle because is a nonautonomous differential
system. If it is an autonomous system, many tools can be used, for example, the
well-known Poincaré-Bendixon theorem, but a different approach will be needed
for nonautonomous systems. See [2}/3}|7,9L[L0L|11}|{14L[20] for recent results related to
limit cycles. Here, instead of looking for the periodic orbit or limit cycle of , it
can be regarded as a perturbed system of (|1.3]). If we impose some constraints on p;
and po, we would expect the solution of o be an approximation of the solution
of . A well-known tool is the linear approximation method, but unfortunately
dealt with here is a nonlinear system. In this study, we will introduce a new
tool for approximating nonlinear systems. It provides an approximation of the limit
cycle by using a property called conditional Ulam stability for a scalar nonlinear
equation. The definition of conditional Ulam stability will be given in the next
section.

Define ||(z,y)|| := v/2? + y2. The main result of this study is as follows.

(1.4)

Theorem 1.1. Suppose that there exists [ > 0 such that

(1.5) f&)>f for t>0.
Lete e (o# I xo,yo>|| e [(;H)“ ,oo>, let (a(t). y(t)) and (£(t). (1))
be the solutions of (1.1)) and ( with

(1.6) (fU(O),y(O)) = (£(0),7(0)) = (20,70 ,

respectively. If

(1.7) [[(p1(t), p2(t))| <€ for t>0,
then (z(t),y(t)) and (£(t),n(t)) exist on [0,00). Furthermore,

win (€0 n0) L)) > ()

Q=
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and

N0 - I(ate) ()] < max {221, 211
fort e [0,00).

If f=g=1, a=2and k =1, then we immediately obtain the following result.

Corollary 1.2. Let ¢ € (O, %] ||(9c07y0)\| € [%, ) let (z(t),y(t)) and

(&(t),n(t)) be the solutions of (1.3) and ( with ., respectively. If (1.7] .
holds, then (x(t),y(t)) and (£(t),n (t)) e:mst on [O 00). Furthermore,

min {||(£(t), n(®)) ||, I (z(t), y(1) |} > \f
and 3
HE@, nEI = [ (=0, y@)II] < 32

fort € [0,00).

We denote a circle with radius R > 0 centered at the origin by Cgr. Let (z0, yo)

on the circle C 1f or, be outside the circle C 2 . Now we consider the solutions
3

(z(t),y(t)) and (£(t ) of (1.3]) and ( Wlth and

(1.8) pi(t) = ( Qmax{cosxf 0}) and po(t) =0,
S\f
respectively. From ||(p1(t),p2(t))|| < 7 for ¢ > 0, we can choose € = m and
using Corollary we see that (z(t),y(¢)) and (£(¢),n(t)) on the circle C% or,

are outside the circle C' - and
3

19 IO - IE0sO)| < 5o = 2= for 1€ 0.00).
Figure [1| shows the orbits corresponding to (z(t),y(t)) and (£(¢),n(t)) of

and with , and

1 1
(1.10) (o0, o) = (%7%).
Figure [2| shows the orbits corresponding to (z(t),y(t)) and (£(¢ ) of and
(L4) with (L6), (I8) and
(1.11) (z0,y0) = (1.2,1.2) .

The circle C% is drawn with broken line. Figure shows the orbits corresponding

to (m(t),y(t))Sand (&(t),m(t)) of (1.3) and ( with (L.6), (L8) and

(1.12) (z0,90) = (ﬁ’ %) ;

that is, (zo, yo) on the unit circle. This means that the orbit of (x(¢),y(t)) represent
the limit cycle. From this, we can conclude that the orbit of (£(t),n(t)) represent an
approximation of the limit cycle. Note here that all orbits in Figures are drawn
for 0 <t < 150. If we draw more time than 150, the red curve will fill the inside
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of the lip-like area. From ((1.9)), we see that the orbit corresponding to (£(¢),n(t))
of (1.4) with (1.6]), (1.8) and (1.12) is inside the circle CH% for t € [0,00). The

purpose of this study is to explicitly present the error between the limit cycle of
(1.1) and its approximation.

Fig. 1: Orbits of Fic. 2: Orbits of
(1.3) (blue) and (1.4 (1.3) (blue) and (1.4
(red) with (1.8) and (red) with (1.8) and
(L.10). (1.17).

In Section [2| we introduce the concept of conditional Ulam stability and present
previous results that play an important role in this study. In Section [3] we prove
Theorem by using a previous result. In Section [, we present the second main
result and prove it. In Section |5 we give two examples of variable coefficients and
present numerical simulations.

2. CONDITIONAL ULAM STABILITY

In this section, we consider the nonautonomous generalized logistic equation

«

(2.1) = h(t)z(l - %) ,

where h is a positive continuous function for ¢ > 0, and « and K are positive
constants. Especially when h(t) is a constant, (2.1 is called the Richards model,
which is one of the models that describe infectious diseases. Here, z, h, and K
represent the cumulative number of cases/deaths, growth rate, and final epidemic
size, respectively. In , the present author studied conditional Ulam stability
of . Conditional Ulam stability is a property that guarantees the difference
between the approximate solution and the exact solution to be finite. The exact
definition is as follows.



APPROXIMATION OF LIMIT CYCLE 89

Fig. 3: Orbits of
(T.3) (blue) and

(red) with (1.8) and
[T12).

Definition 2.1. Let A C (0,00) and B C R be nonempty sets. Define the class
Cp:={xeC'[0,T;) : 2(0) € B, T, >0 with T,, = cc or |2(t)| » ccast /T, } .
Note that [0,T;) refers to the maximal existence interval of x(t). The nonlinear
differential equation

(2.2) 2 =F(t,z2)

is conditionally Ulam stable on [0,min{T.,T,}) with A in the class Cp if there
exists L > 0 such that for any € € A and any approximate solution { € Cp that
satisfy

- FEOI<e for te[0,T) .
there exists a solution z € Cp of such that |¢(t) — z(¢)] < Le for t €
[0, min {7, T,}). We call such an L an Ulam constant for on [0, min {T},T,}).

If A= (0,00) and B = R, then this definition is exactly the same as that for

the standard Ulam stability. See [1,/4}51/6}8,[12,[15[17][18[19] for previous studies on

standard and conditional Ulam stabilities. In |16], the present author obtained the
following results.

Theorem 2.2 ([16, Theorem 5.1]). Suppose that there exists h > 0 such that
h(t)y>h for t>0.

1 1
Let € € (0, ahKfH], z0 € [(%)%oo), let z € C*[0,T,) be the solution

(a+1) "«

of with 2(0) = 2z, and let ¢ € C1[0,T;) be the solution of the perturbed
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nonautonomous Richards model

(23) ¢ =hc(1-S) a0y, bl <<

with ¢(0) = zo, where p(t) is a real-valued continuous function. Then the global
existence of the solutions of (2.1) and (2.3) with 2(0) = {(0) = zy s guaranteed.
That is, T, = T = oo holds. Furthermore,

a+1l a+1

[C(t) — 2(2)] Smax{@,ﬁ}a for te]0,00).

Theorem 2.3 ([16, Theorem 5.2]). Suppose that there exists h > 0 such that

h(t)>h for t >0.

1 1
Let A = (O7 Ljﬂrl and B = Kaiﬂ) a7oo). Then (2.1) is conditionally Ulam

(a+1) "o

stable on [0,00) with A in the class Cg. Furthermore, L = max { &1 oLt s qp
ah ' a?h

Ulam constant on [0, 00).

In this study, we will especially use Theorem which is clearly given the
initial values, to help analyze the approximate solutions of (|L.1J).

3. PROOF OF MAIN RESULT

Using the polar transformation z = rcosf and y = rsinf to (1.1 and (1.2), we
obtain the systems

(3.) v= (=)
0" = —g(t)r,
and
(3.2) = f(t)r(l - g) + p1(t) cos 0 + pa(t) sin 6,

70" = —g(t)r — p1(t) sin @ + pa(t) cos O

for ¢ > 0, respectively. In this section, first we present the proof of main result by

using (3.1)), (3.2)) and Theorem
Proof of Theorem [I.Tl Suppose that there exists f > 0 such that (1.5) holds.
af

1
Given an arbitrary € € <0, (’;;1], suppose that (1.7]) holds. Let (x(t),y(t))
a+1

and (£(t),n(t)) be the solutions of (1.1)) and (1.2)) with (1.6 and

1

I@owo)ll € [(57) " o) -
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respectively. Now we consider the solution (p(t), #(t)) of (3.2) corresponding to
(&£(t),n(t)). Then, by (L.7), we see that

()| Ntz e

t) sin ¢ + pa(t) cos ¢
= V/(p1(t) cos ¢ + pa(t) sin §)? + (—p1 () sin ¢ + pa(t) cos ¢)?

= /3() +p3(t) = [|(pr(t), p2(t)) || <& for t>0.

Hence we obtain
(p’ —f(t)p (1 - p:))
p(¢' +g(t))

p'—ft)p (1 = p)‘ <

K

Moreover, by (1.6)) we know that
K \a
p(0) = (€0 n(0) | = ll(zo.w0)] € [(=5) " o0)
Next we consider the solution (r(t),6(t)) of (3.1)) corresponding to (z(t), y(¢)).

Then, from (1.6) it follows that

r(0) = [I((0), (0))Il = p(0).

Using Theorem with h = f, K =k, z =1, { = p, we conclude that r(¢) and
p(t) exist on [0,00) and

(3.3) <e for t>0.

|p(t)—r(t)§max{aoj—fl,aa_2|—f1}e for te0,00);
that is,
1 a+1
1), n@®) [ = I (x(2),y t>)|||Smax{%,“oTi}g for te0,00).

Note here that r(¢) and p(t) are non-negative on [0, 00) because r(t) = ||(z(t),y(t))]]

and p(t) = [[(€(t), n(t))]].

Next, we will show that

IE@.n)l = pt) = (5

To prove this fact, we assume that there exists ¢; > 0 such that

1
>a for te€0,00).

1

pltr) < (ail)g'

From the continuity of p(t), p(t) is negative near ¢t = t;. Using this with p(0) €

1
[( - ) “ ,oo>7 we see that there exists 0 < t5 < t; such that

a+1
K 1
2= ()"
p(t2) o




92 M. ONITSUKA

and
NGt
(3.4) p(t) < <a+ 1) for te€ (to,t1].
1
Now we consider the case (i) € € { 0, (af';:H) From (L.5)) and (3.3), we have
a+l) o
(¢ ) a,‘@é
S )y _
p(t2) > f(t2)P(t2)(1 " ) e = [f(t2) et €
1
afka
= 7£ T —€>0.
(a4 1)

From this with the continuity of p'(t), p'(¢) is positive near ¢t = t5. Thus, we see
that there exists 0 < § < t; — to such that

p(t) >0 for te [ty ta+5].

Therefore,

1
K \@&
p(t) > p(ta) = <oz ) for t € [ta,to +9].
This contradicts (3.4]).

1
Next we consider the case (ii) € = (ai% From p > 0, (1.5) and (3.4), we
a+1l) o
have
p‘“(t)) ( 1 ) af
1-— > 1—— > fi .
F0pt) (1= 52) 2 F0p) (1= =) > 57 20 for te (ta.t]

Hence, by (3.3]), we have
of ! af af
(stte ) = (0 - “ptn) e

a—+1

> | = rop (1- 20 )| e

K

af
> —gemwttlt=t)

for t € (to,t1]. Integrating this inequality and using
1
K o afke
p(t2) = ( ) and &= —=—7,
o (

Oé+]~ (_af(t_t) )
ele ot 2 -1
f
1 1
_ K @ +a+1 ai/{a ef(j‘fl(tftz)_l
a+1 af (a+1)a7+1

1
_ K o e_%(t—tz)
a—+1

we obtain

of
p(t)e w1 78) > p(ty) +
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for t € (to,t1]. This contradicts (3.4). Hence we can conclude that

Q=

p(t)z( r ) for t € [0,00).

a+1
If p1 = p2 =0, then p = r. Therefore,

Q=

a+
This completes the proof of Theorem O

r(t) > ( i 1> for ¢ € [0, 00).

4. SECOND MAIN RESULT

By assuming stronger condition to ||(p1(t), p2(t))]|, we can also obtain a rela-
tionship between 6 and ¢. The following theorem is the second main result in this

paper.
Theorem 4.1. Suppose that there exists f > 0 such that (1.5) holds. Let ¢ €

1 1
afka o
(0, | o)l € {(ail) 7oo>, let (2(t), y(t)) and (£(t),n(t)) be the
solutions of (L.1) and (1.2) with (1.6), respectively. If there exists B > 1 such that

(4.1) 1(p1(8), p2())]l <

>
0T 1)/3 for t>0,
then the global existence of (x(t),y(t)) and (£(t),n(t)) is guaranteed. Furthermore,
the following holds: Let (r(t),0(t)) and (p(t), #(t)) be the solutions of (3.1 and
(13.2) corresponding to (z(t),y(t)) and (§(t),n(t)), respectively. Then (r(t),0(t)) and
(p(t), P(t)) exist on [0,00), and

i 0,70 = ()

|P(t)r(t)|§max{ojfl,aajf1}5 and |6(t) — 0(8)] < <a:1>a ﬁil

fort € [0,00).
Proof. Suppose that there exists f > 0 such that (1.5)) holds. Given an arbitrary

€€ (O, (af';;l}, suppose that (1.7) holds. Let (z(t),y(t)) and (£(¢),n(t)) be the
a+1l) o

solutions of (1.1)) and ([1.2)) with (1.6)) and ||(zo, o) € [(ail) ° , 00 |, respectively.

(
In addition, let (r(t),0(¢)) and (p(t), ¢(t)) be the solutions of (3.1)) and (3.2)
corresponding to (z(t),y(t)) and (£(¢),n(t)), respectively. Note that (4.1) implies
(1.7). Then, using the same method as the proof of Theorem we see that

1
K QOO'
Oé+1 ) ’

1

r(0) = p(0) = [[(€(0), n(O)[I = lI(zo, o)l €
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S )<
(¢ +g(t)

and r(t) and p(t) exist on [0, 00); and

(4.2) p(¢" +g(t))] < for > 0;

(43) rmnm@»mw}>(aj1)i,

and
a+l a+1
_ < e
|o(t) T(t)|_max{ o of

Next we will prove that 0(¢) and ¢(t) exist on [0, 00) and

|ww—9uns(“+1)

KR

}5 for te€[0,00).

o=

€

B—1

for ¢ € [0, 00).

Define
q(t) = p(t)(¢'(t) + g(t))
for t € [0,00). Then, by [{.2), we have
3
| < —-— | > 0.
0] < G for £20

Since p(t) is positive on [0,00), we can solve the above differential equation. Then
we obtain
q(s)

¢(t):¢(0)+/0t< (s )+()>ds for t € [0,00).

Because p(t) exists on [0,00), ¢(t) exists on [0, 00). Obviously, 6'(t) + g(t) = 0 is
also solved and we obtain

0(t) = 6(0) —l—/o g(s)ds for t € [0,00).

By ([1.6]), we have ¢(0) = 6(0), and so that

t t
lg(s)] £

o(t) — 0(t S/ dsg/ids for t € [0,00).

e A Sl W OIS 19, 00)
From this with (4.3]) it follows that

t
1
€A 7(5—#1)56[3

IMO—HUM§<Q+1>
§<a:1>aﬁilﬁ‘@+;W1}

K
< a—+1 a €
K 6—1

for ¢ € [0, 00). This completes the proof of Theorem O

Q=
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5. EXAMPLES

In this section, we will present two examples of variable coefficients. Let (z¢, yo)
on the circle C' L 1o, be outside the circle C . Consider the the solutions (x(¢), y(t))

and (£(t of and (T.2)) with ( . and

t
(5.1) a=2 k=1, f(t)= |:f1| +1, g(t) =cost+0.5,
respectively. From f = 1 and |[|(p1(t), p2(1))]| < 7.5 for t > 0, we can choose
€= 3\2/3, and using Theorem we conclude that ( (t),y(t)) and (&(t),n(t)) on

the circle C' 1 or, are outside of C \1F and (| . ) holds. Flgure shows the orbits

%
correspondmg to (z(t),y(t)) and (&£(¢),n(t)) of ( and (T.2) with (L.6)), (L.8),
and ( . for 0 < ¢t < 150. From , we see that . has a limit cycle as

the unit circle. Thus, the orbit of (z(t), y(t)) represent the limit cycle, and the orbit
of (&(t),n(t)) represent an approximation of the limit cycle. Note that (z(t), y(t))
rotates in the opposite direction each time the sign of g changes on the unit circle.

However, because lim; ., 8(t) = —oo holds, we will call the unit circle the limit
cycle here.

Next we consider the the solutions (z(t),y(t)) and (£(¢ ) of (1.1)) and (L.2)
with (T6), (T12), (F-1) and

2
5.2 t) = ——— (1 — 2max {cos Vi, 0} and t) =0,
62 »l) =3 ) pa(1)
respectively. From f =1 and
2 2
11 (8), ()] < < for ¢ >0,

3V3(t+1)2 ~ 3v3
we can choose €= 3%/5 and 8 = 2. Let (r(t),0(¢t)) and (p(t), ¢(t)) be the solutions

of (3.1) and (3.2)) corresponding to (z(t),y(t)) and (£(t), n(t)), respectively. Using
Theorem @, we have

3 1 2
— <= — < S
lp(t) = r(t)] = 5¢ =5 and [¢(t) — 6(1)] < V3¢ 3
for t € [0, 00). Figure[5]shows the orbits corresponding to (z(t), y(t)) and (£(t),n(t))

)
ofandwith, ,and,for0§t§50
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Fia. 4: Orbits of Fic. 5: Orbits of
(1.1) (blue) and (1.1) (blue) and (1.2

(red) with (1.6)), (L.8)), (red)  with  (L.6),
(1.12) and (5.1)). (1.12), (5.1) and (5.2).
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