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AN UNCONDITIONALLY STABLE FINITE ELEMENT SCHEME
FOR ANISOTROPIC CURVE SHORTENING FLOW

KrAaus DECKELNICK AND ROBERT NURNBERG

ABSTRACT. Based on a recent novel formulation of parametric anisotropic
curve shortening flow, we analyse a fully discrete numerical method of this
geometric evolution equation. The method uses piecewise linear finite elements
in space and a backward Euler approximation in time. We establish existence
and uniqueness of a discrete solution, as well as an unconditional stability
property. Some numerical computations confirm the theoretical results and
demonstrate the practicality of our method.

1. INTRODUCTION

In this paper we study a fully discrete numerical scheme for parametric aniso-
tropic curve shortening flow. This evolution law arises as a natural gradient flow
for the energy

(1.1) E) = /Fa(z)v(z,u) dH' () = /Fa’y(-,y) dH*,

where T is a closed curve with unit normal v contained in a given convex domain
Q C R2 Furthermore, a € C*(2,R+) is a weight function and v € C°(Q x
R? R>0) N C?(Q x (R?\ {0}),R~) denotes an anisotropy function satisfying

(1.2) Y(z,Ap) = |\[y(z,p) forallpe R* AR, z€Q.

In addition, we assume that + is strictly convex in the sense that for every compact
K C Q there exists cx > 0 such that

Yop(2,0)q - q > cilq* forall z€ K, p,q € R* with p-q =0, |p| = 1.

Here, and in what follows, 7, and ~,, denote gradient and Hessian of the function
p — (-, p). Anisotropic energies of the form play a role in applications, such
as materials science, crystal growth, phase transitions and image processing, and in
differential geometry, and we refer to e.g. [1L[9L|10L|12}13}/23}/24,25\[32] for examples
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and further details. It can be shown, see [16, Appendix A], that the first variation
of £ in the direction of a smooth vector field V' is given by

(13) dg(F;V):—/a'y(.jy)%WV,l/,y dH17
r
where
v Va
V,Y:’y(.,y) and sy = seypp (-, V)T - T—Z’prZL v _7.%(.,”) onT

denote the anisotropic normal and the anlsotroplc curvature of I', respectively, with
7 and s the tangent and curvature of I'.

In view of , a natural gradient flow for the energy £ evolves a family of
closed curves (I'(t))¢c[o,7] according to

(1.4) Vy =5, onl(t),
where V, 7 Tty and V is the normal velocity of I'(t). We remark that solutions
of . satlsfy the energy relation

d
arC) dit+ [ Y Pan(o) d =o.
dt Jr (t)

Note that in the isotropic case, a(z) = 1 and ~(z,p) = |p|, the flow collapses
to the well-known curve shortening flow ¥ = s¢. The isotropic curve shortening flow
and its higher dimensional analogue, the mean curvature flow, have been studied
extensively both analytically and numerically over the last few decades, and we
refer to the works [8][15}[20[27] for more details.

In the spatially homogeneous case, a(z) = 1 and y(z,p) = v (p), the flow
reduces to the classical anisotropic curve shortening flow

Ly
Yo(v)
where s, = sy (V)T - 7 denotes the usual anisotropic curvature. An example for
a nonconstant function a is given by the geodesic curvature flow in a Riemannian
manifold, see and [16, Appendix B] for details.

In this paper we focus on a parametric description of the evolving curves, i.e.
I(t) = «(1,t) Wlth z: 1 x[0,T] 3 (p,t) — x(p,t) € R? and I = R/Z. Hence the
evolution law (T.4)) translates into

(1.5)

= v

1
(1.6) Ty V=,
v(z,v) !
1 _ p\L _ —p2 . . .
where v = 7+ = (22,)* and pt = ( ) = ( ) denotes an anti-clockwise rotation
ER P2 p1

of p by 7. Note that here, and from now on, we think of 7, v, s« and s, as being
defined on I x [0, 7).

In order to obtain solutions of , frequently the partial differential equation
(PDE) given by

(1.7)

Tt = XV
v(z,v) K
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is solved, with the initial condition x(-,0) = xg, where z( is a parameterization
of the initial curve I'y. Since the right hand side of is a geometric invariant,
the above PDE appears to be a natural choice. Let us focus for a moment on the
isotropic case a(z) =1 and ¥(z,p) = |p|. Then the system takes the form

1 z, 1
e = = i (ogi), = g e = @7,
so that the underlying PDE is only weakly parabolic, causing difficulties for the
numerical analysis. We refer to Dziuk’s seminal paper [18] for the details. A simple
remedy is to apply the so-called DeTurck trick, and to consider, in place of ,
the strictly parabolic PDE

X
(19) Ty = Lo 5
||

whose solutions clearly still satisfy z; - v = ». This formulation was proposed and
analysed for the first time in [14], see also [21] for a possible generalization.

Extending the DeTurck trick for the isotropic flow to the anisotropic
evolution equation is highly nontrivial. However, the main idea is the same:
derive a strictly parabolic PDE whose solutions satisfy . In this way, a uniquely
defined tangential velocity is prescribed together with the normal velocity 7
yielding a unique parameterization of the evolving curve. In fact, in the recent
paper [16], the authors proved that solutions to the strictly parabolic PDE

(1.10) H(z,zp)r = [Pp(z,2,)], — P2 (2,7,)
also satisfy (1.6]). Here
(1.11) O(z,p) = 50 (2)7%(z, "),

with @, denoting the gradient of z — ®(z,-), and the matrix

At (et Wzt .
Hizp) = (2, 02 (—vp(z,pL)m v(z,ph) ) Ve peR {0}

is positive definite in  x (R? \ {0}) with

a®(2)7?(z,p")
(112)  H(zp)t e = L)

e (2, pH)

The weak formulation of (1.10) is obtained by multiplying it with a test function,
integrating over I and performing one integration by parts. It reads as follows.
Given zg: I — Q, find = : I x [0,T] — § such that x(-,0) = z¢ and, for t € (0,T],
(1.13)

H(z,zp)zn dp+/¢’p(x,wp)-np dp+/¢>z(wva)-n dp=0 Vnel[H'(I).
I I I

For a continuous-in-time semidiscrete finite element approximation of using
piecewise linear elements the authors were then able to prove an optimal H'—error
bound, see |16, Theorem 4.1].

In this paper we propose and analyse a fully discrete finite element approximation
of . The scheme, which will be introduced in Section |2} is nonlinear and
uses both explicit and implicit approximations in ®,(z,x,) and ®,(z,x,) that are

€2 V2zeQ, peR*\ {0}, £ €R?.
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chosen in such a way as to yield unconditional stability. Here the discrete stability
bound will mimic the natural estimate
jt O(z,x,) dp=— /Hscmp) ~xp dp <0,

which follows from Choosmg n =z in . Furthermore, we prove the existence
of a unique solution under a suitable CFL condition. Then in Section [3] we present
some numerical simulations, demonstrating the practicality of the method, as well
as the good properties with respect to stability and the distribution of vertices.
Let us finally mention that alternative numerical approximations of anisotropic
variants of curve shortening flow, which are based on a parametric description of
the moving curve, have also been considered in [3},/4}5.(7}{11}19,/26L28},29,30L31].

2. FINITE ELEMENT APPROXIMATION

Let [0,1] = szl I;, J > 3, be a decomposition of [0,1] into the intervals
I; = [gj-1,q;], where, for simplicity, ¢; = jh, j =0,...,J, with h = l] Within
I we identify ¢; = 1 with go = 0 and define the finite element space vh = {x €
CO(I,R?) : x|;, is affine, j =1,...,J}. For two piecewise continuous functions,
with possible jumps at the nodes {g; }3-]:17 we define the mass lumped L?—inner
product

J

(2.1) ' =5 hy [(u-0)(gg) + (u-v)(g))]
j=1

)

where (u-v)(g;) = lim (u-v)(g; £ J). We define the associated norm on V" via

5\.0
Jul2 = (u, u).

In order to discretize in time, let t,, = mAt, m =0,..., M, with the uniform
time step At = % > 0. On recalling , we assume that there exists a splitting
® = &+ + &~ such that ®* € C1(Q x R?) and z +— +£d*(2,p) are convex in  for
all p € R2. Furthermore, we assume that for every compact set K C € there exists
L > 0 such that

(2.2) |(I)Zi(z,p) — @f(z,q)| < Li(lp| +lgD)lp—q| forall z € K, p,q € R%.

Then our finite element scheme is defined as follows. Given z* € V" with
=2t (I) € Q, form =0,..., M —1, find """ € V" such that T"" € Q and

1 m ,.m m+1 m h h
At (H(ffh swy,) (@, — @y )ﬂ?h) + (‘I’ (zh' ’xhp Y 1n, p)

h
(2.3) (@ @@ttt o @At om) =0 Ve VP

The convex/concave splitting employed for the implicit/explicit approximation
of ®,(-, x?jl) in (2.3), is by now standard practice in the numerical analysis
community. This technique goes back to [22], see also [2,[6l7,[16] for subsequent
applications of such splittings. It leads to an unconditionally stable approximation,
as we show in our first result.
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Theorem 2.1. Any solution of (2.3) satisfies the energy estimate

(3 o)1) (B o o — ), o+ — o)
(2.4) < (@, ap), )"
Proof. From the convexity properties of ® and +®* we infer that
(Op(h s @ity + o)) 2 (DR 27, + ) 1) = (R 27,), )"
(F (@ + s, + mp)simn) " = (DF (@ + s, + i) 1)
— (@ (zh", 2, + 1 p), )h
(7 (2,23, + 1n.p)s ﬂh)h > (D7 (@h + 1ns ', + M) 1)

_ h
(2.5) — (B (2,2, + Tnp),s n",
for all , € V". Choosing 1, = xZ” — 7" in (2.3]) and applying (2.5]) yields the
bound (2.4]). O

We note that the fully discrete finite element approximation can be seen as
a generalization of two fully discrete schemes introduced by the authors in [16]. In
particular, in the special case of a spatially homogeneous anisotropy, recall , the
scheme reduces to [16} (5.4)]. Similarly, in the case when models geodesic
flow in a Riemannian manifold, the approximation [16] (5.10)] is a special case of
the scheme (2.3]). Moreover, we remark that the nonlinear systems of equations
arising from (2.3) can be solved with a Newton method or with a Picard-type
iteration. In our experience, in general, in practice these solution methods converge
within a few iterations.

Let us next address the existence and uniqueness for the nonlinear system .
We assume that z}" € V" is given with zy', # 0 in I and I'}' C Q. There exists
R > 0 such that Ky := {z € R? : dist(z, ") < R} C Q. Before we present our
main theorem, we collect the following auxiliary results.

Lemma 2.2. There exists a constant Co > 0 depending on x}' such that

(2.6a) ®(z,p) > Colp|? VpeR?ze Ky,
(2.6b)  (®p(2,9) — Dp(z,p)) - (q—p) > Colg—p[>  Vp,geR? 2z € Ko,
(2.6¢) H(xp?,ap )€€ > Col¢f VEER? ind.

Proof. The bound follows from and ®(z,p) > 0 for z € Ky and |p| = 1.
Similarly, we have from and miny 2’| > 0 that holds.

It remains to show . Since a > ag > 0 in K, it is sufficient to carry out
the proof for ®(z,p) = 37%(z,p). Note that in this case ® € C'(2 x R? R>0) N
C?(€2 x (R?\ {0}, Rs). Furthermore, according to [24, Remark 1.7.5], 72, (2, p) :=
[v?]pp(2, p) is positive definite for p # 0. In particular, there exists ¢y > 0 such that

Yoo(2,0)q - q = colql? for all z € Ko, p,q € R?,|p| = 1.
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Observing that ®,,(z,p) = A’ygp(z,pJ-)AT with A = (? _(1)), we infer that

(2.7) ®pp(2,0)q - q =2y (2,0 ) AT q- ATq > o] AT q|* = colql?

for all z € Ko, p, ¢ € R?, |p| = 1. Let us fix z € Ky and p,q € R%. We distinguish
two cases:
Case 1: sq+ (1 — s)p # 0 for all s € [0,1]. Then

(®p(2,9) = Pp(2,p)) - (¢—p) :/0 Dy (2, 8¢+ (1—5)p)(q—p)-(q—p) ds > colg—p|*,

using the fact that p — ®,,(z,p) is 0-homogeneous and (2.7).
Case 2: There exists s € [0, 1] with s¢+ (1 —s)p = 0. We may assume that s € [0, 1),
so that p = —72-¢. As ®(z,)\q) = A2®(z,q) for X € R, recall (1.2)), we have that
D,(2,\q) = A®,(z,q) and D,(z,q) - ¢ = 2®(z, ¢). Hence we obtain that
(Pp(2.9) = @p(2,p)) - (@ =) = (Pp(2,9) — Pp(z, —7%50) - (¢ + 1559)
S 2 S 2
= (14 1%) 0p(z.0) - =2(1+ 1) ©(2,0)
2
>2Co(1+ %) lq* = 2Colq — p/?,

on noting (2.6al). O

We are now in a position to prove our main result.

Theorem 2.3. There exists § > 0 such that for At < dh there is a unique element
x;lnﬂ e V" with Fhm+1 C Ko which solves (2.3). The constant 0 depends on R, Cy,
Ly, and @(x};”,a:zfp).

Proof. We denote by {¢; ?il the basis of V" satisfying ©;(qr) = d;xe1 and
©j+7(qr) = 6jkea for 1 < j k < J, and associate with every a € R?” the element
Vo = 25:11 ajp; € VM so that va(g;) = (a?iJ) We have for o] < R and p € I
that

dist((zp' +va)(p), I'') < [[vallc < |ol < R,
so that (27" + va)(p) € Ko. Let us next define the continuous map F': Br(0) x
[0,1] — R?/ via

1
At
_ h
+A ((I);L(l'hm + Va, fop + Ua,p) + @ (I?a Ihm,p + va,p)a 901') .
In what follows we make use of standard results for the Brouwer degree

d(f, Br(0),0) of a continuous function f: Br(0) — R?/,if 0 ¢ f(0Bg(0)), see
[17, Chapter 1]. Clearly, the mapping F(-,0) =: A is linear with

h

[F(a, Ns = 5 (H@ 25 e, 1) + A (@p(@fl, 2, + Vo), 9inp)

27
1 m m h .
[Aa]i:Ktzaj(H($h,xh7p)Q0j,gﬁi) , i=1,...,2J,
=1

and invertible in view of (2.6c)). Hence it follows from [17, Theorem 1.1] that
(2.8) d(F(-,0), Bg(0),0) = d(A, Br(0),0) =sgndet A #0.
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Next, it holds for A € [0, 1] that

Fla, M) -« (H(aczn, th’p)va,va)h + A (tbp(atzn, x}zp + vmp),va,p)h

1
T At
(2.9) + A (@F (2] + Vo, TR, + Va) + L (2], 2, + Vap), va)h .
Inserting with n, = v, into yields

Fla,\)-a> é (H(x?,xﬁp)va,va)h
+ M@} + Vo, T}, + Vasp), 1)h — XM®(27, 2", 1)h .
If we combine this estimate with we finally obtain for |a| = R that

C m m h
Fla,) a2 el — (@, afr,),1)

2
= Sl — (@ ap).1)" = P (@) 1)
using and the relation At < §h. By choosing § sufficiently small we obtain
F(a,\) - a > 0 and therefore F(a, ) # 0 for all (a, ) € GBR(O) X [0, 1]. Using
the homotopy invariance of the Brouwer degree together with ( we deduce
that d(F'(-,1), Bg(0),0) = d(F(-,0), Bg(0),0) # 0, so that the ex1stence property
of the degree shows that there is « € Bgr(0) such that F(«a,1) = 0. Clearly,
i = 2 + v, is then a solution of (2:3).
In order to prove uniqueness, suppose that z}' !, $2n+1 6 V" are two solutions

of ( with ]."erl I‘mH C K. To begin, we 1nfer from and - ) that
m m ~ m m h
(210)  Collp IR < (@, ay,).1)", Collzit |} < (‘I’(xh L)1)

We have that

1 mo,.m ~ h h
E(H(:Eh ,xh7p)(x'gl+1 le+1)7nh) + (‘I) (xh 71‘;:1:';1) @ (Ih ,xhp ) T}h7p)

h
<@+( m41 xzn;)i—l) oz thz—l) 77h)

h
— <(I)+(~m+1 i,zb;i-l) (I) ( ZH_l zhm;)&-l) nh)

h
+<(I> (xh7jzn:1) (I) (mh7xhp )nh)

for all n, € V" Choosmg n= x’,?“ 5:"’ we deduce with the help of (| -7

([2-61), 2-2), (2.10) and the convexity of z — ®T(z,p) that

C - -
ol T = E R + Collayt — &I

< 2L(fla s e A 125 ) st = 25 ey = 2 s

_1
< arLCy i (@, ap ) 1) et — E e — Ee),

< Cy me-‘rl ~m+1||h +4L2(<I>(ach ,l‘zn)p),l)hc 2h 1me+1 ~m+1Hh7
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with L = Lg,. By choosing § > 0 so small that 4L (®(z}", i) 1)h § < C3 we
deduce that =" =z +, O

3. NUMERICAL RESULTS

For all our numerical simulations we use J = 256 and At = 10~*. On recalling
1) for xn € V" we define the discrete energy

E" () = (v(xm Xk ) a0)) "
We also consider the ratio
o maxy= g 2 (g) — 257 (-1
minj—y,....s |23 (q;) — 23" (¢j-1)]
between the longest and shortest element of I'' = 277 (I), and are often interested in

the evolution of this ratio over time. We stress that no redistribution of vertices was
necessary during any of our numerical simulations. We remark that a convergence

experiment for (2.3)), for an anisotropy of the form ~(z,p) = /p? + §2p3 with
§ > 0, which confirms the theoretically obtained optimal H'—error bound, can be

found in [16l §6.1].

3.1. The spatially homogeneous case. In the case that

v(z,p) =v(p) and a(z)=1 VzeQ=R?,
for an anisotropy function v € C?(R?\ {0}, R~¢), the flow (1.6]) reduces to classical
anisotropic curvature flow, (1.5). Most existing approaches for the numerical
approximation of anisotropic curve shortening flow deal with this simpler case, see
e.g. [BIBLI0,BI).

For our first experiment we choose the anisotropy from [19} (7.1)], with
cos6(p)
sin 0(p)
and as initial curve use the one given in [28] p. 1494], i.e. we let

(3.2) z(p,0) = (1 cos u(p) ) :

3 sinu(p) + sin (cosu(p)) + sinu(p) [3 + sinu(p) sin® u(3p)]

1) 0l =+ dcos(ko)). =1 (g7 k=65 =005,

where u(p) = 2mp. The evolution is shown in Figure [I} where we can observe
that the shrinking curve becomes convex, with its form soon approaching a scaled
Wulff shape of the six-fold symmetric anisotropy . In addition, we once again
note that the discrete energy £" is monotonically decreasing, while the tangential
motion induced by leads to only a moderate initial increase in ™, before it
decreases towards the end.

With our next experiment we would like to demonstrate that our scheme can
easily be extended to situations where a forcing term appears in the flow, e.g.

(33) V’Y =y + f(a V) on F(t) )

in place of (T.4), where f: Q x R? — R. This leads to the additional term
J; f(x,v)H(z,2,)v - n dp on the right hand side of (1.13), and analogously to
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-1.5,
15 1 05 0 05 1 15 0.05 o1 015 02 025 03 0.35 1 0.05 o1 015 02 025 03 0.35

Fi1G. 1: Solution at times ¢t = 0,0.05,...,0.35. We also show
a plot of the discrete energy £"(z) (middle) and of the ratio t™
over time (right).

m 1 m 1
the additional term (f(xj?, The o) H (a7 apr,) The”
h,p ’ h,p

,mn)" on the right hand side

of (2.3). In our numerical experiments we choose

flz,v)=fo eR,
so that (3.3 overall reduces to #(V)V = »y, + fo, compare with (1.5). Starting
this flow from the same initial data (3.2]), but now with the forcing f, = 1.15,
leads to an expanding curve that, upon an appropriate rescaling, approaches the
boundary of the Wulff shape, see Figure [2| What is particularly interesting in the

observed evolution is that the ratio t™ appears to tend towards unity, indicating
an asymptotic equidistribution of the vertices on the polygonal curve.

25t

N

15

=

05}

o o

05

o

AN
-
IS

15} 1 12

%5 2 15 1 05 0 05 T 15 Z 25

F1G. 2: Solution at times ¢t = 0,0.5,...,4. We also show a plot of
the ratio t” over time.

3.2. Geodesic curvature flow in Riemannian manifolds. Let (M, g) be a
two-dimensional Riemannian manifold, with local parameterization F' : Q@ — M
and corresponding basis {01, 02} of the tangent space. We define

v(z,p) =G 1 (2)p-p and a(z) = +/det G(z).
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Here, G(2) = (9ij(2))7 j=1, With gi;(2) = gp(z)(8i,0;), z € Q. Then reduces
to £(T') = [ VG7 -7 dH', the Riemannian length of the curve I =F) cM,
and it can be shown that is now equivalent to geodesic curvature flow in M,
see Appendix B] for details. Furthermore, in §5.2] a possible construction
of the splitting ®F is given, with the help of which the scheme reduces to
(5.10) in [16].

As an example we consider the case when (M,g) is a hypersurface in the
Euclidean space R3. Assuming that M can be written as a graph, we let

F(z) = (21,22, 0(2))", ¢ € C*(Q).
The induced matrix G is then given by G(z) = Id + Vp(2) ® Ve(z), and we
have that ®(z,p) = 1G(2)p - p. For the splitting ® = ®* + ®~ it is natural to
let ®(2,p) = 1G4 (2)p - p, where G4 (2) = G(2) + c,|2/’Id and ¢, € Ry is
chosen sufficiently large. In our computation we observe a monotonically decreasing
discrete energy when choosing ¢, = 0, and so we let &1 = ®.

> &y @& @

12
115
11
105
10
95
9
8.5
8
75

1 2 1 2

Fic. 3: Geodesic curvature flow on the graph defined by . We
show the evolution of F'(z}") on M at times t = 0,1, 2, 4. Below
we show a plot of the discrete energy £(21) (left) and of the
ratio t over time (right).

For our numerical simulation, following [33], we define a surface with three
“mountains” via

3 1

2 . 2 e T s<1,
(3.4) p(z) = ;)\ﬂ/)(ﬂz pi)?) with Q = R2, where (s) = {0 -
and where p1 =0, pg = (g), 13 = (\}5) and (A1, A2, A3) = (1,3,4). On letting the
initial polygonal curve be defined by an equidistributed approximation of a circle of
radius 2 in €2, centred at %Zle 1, we show the evolution for geodesic curvature
flow on the defined hypersurface in Figure [3] During the flow the curve tries to
decrease its (Euclidean) length, while remaining on the manifold. As the initial
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circle begins to shrink, the curve is able to pass over the smallest of the three
“mountains”, but then reaches a steady state solution encompassing the two taller
mountains. Here the curve cannot reduce its length further, because to rise higher
up would yield an increase in its length, since it needs to remain attached to the
flat part of the surface between the two mountains. We note that as soon as one of
the larger “mountains” is not enclosed by the initial curve, then the evolution is
going to lead to extinction in finite time. We show this in Figure [d] where the initial
circle is now centred at (2) Here the curve can continually decrease its length,

2
until it reaches the peak of the tallest “mountain”, where it shrinks to a point.

& & & Gy

Fi1G. 4: Geodesic curvature flow on the graph defined by 1!}
We show the evolution of F(z}') on M at times t =0,1,2,4.
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