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Abstract. Let | > 2 be an integer. Recently, Hu and Lii offered the asymptotic formula
for the sum of the higher divisor function

Z m(nd + 0%+ ... +nd),

1<ny,na,...,n <zt/?

where 73 (n) represents the kth divisor function. We give the Goldbach-type analogy of
their result. That is to say, we investigate the asymptotic behavior of the sum

> Te(p1+p2+ ...+ 1),
1<p1,p2;....;i ST

where p1,p2,...,p; are prime variables.
Keywords: higher divisor function; circle method; prime

MSC 2020: 11N37, 11A41, 11P55

1. INTRODUCTION

The mean values of arithmetic functions are well studied in number theory.
About 180 years ago, Dirichlet proved that

Z 7(n) = zlogx + (2¢o — 1)z + O(Vx),

n<x
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where ¢( is the Euler constant and 7(n) represents the number of positive divisors
of n. The classical divisor function can be generalised to higher divisor functions.
For an integer k£ > 2, put

Ti(n) = Z 1

mimsa..mep=—"n
1<my,ma,..., mp<n

to be the kth divisor function. When k& = 2, it represents the classical divisor
function. Inspired by Dirichlet’s theorem, Ingham in [11], Bellman in [1] and Hoo-
ley in [8], [9] investigated the sum of divisor function of quadratic polynomials

Y>> 7(n? +a). Suppose that a is not a perfect square number, Hooley in [9] proved
n<y/@
that

Z 7(n? +a) = Ay (a)Vzlogz + As(a)Va + Oz log® z),
n<yVz

where A;(a) and Az(a) are two constants. Later, Gafurov in [5], [6] and Calderén
and de Velasco in [2] studied the sums of divisor functions of two and three variables,
respectively. Calderén and de Velasco in [2] showed that

4
Z 7(m? +n? +t?) = @m‘?’/z log z + O(x%/?).
m,n,t</z 54(4)

Guo and Zhai in [7] provided the second term of Calderén and de Velasco’s result.
And the error term obtained by Guo and Zhai was further sharpened by Zhao,
see [16]. Following this line, Sun and Zhang in [15] began to consider the higher

divisor function. They studied the asymptotic behavior of Y.  73(m?+n?+1¢2).
m,n,t</T
The method adapted by Sun and Zhang (see [15]) is also valid for the sum

Z m3(n3 4+ ni 4+ ... +nd).
ni,ng,...,n<VT

Recently, the above results have been generalized by Hu and Lii (see [10]), who
showed that the leading term of

Z Te(n? + ... +n?)
ni,...,m<N/T

is of the magnitude xl/? logkf1 x for k > 4 and | > 3. The magnitude obtained by
them is surely consistent with the already known case for k = 2, 3.
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In a former paper, the formula of Hu and Lii (see [10]) was further extended to
the sum

Z Te(nf +n5 4+ ...+ n])

1<ny,ne,...,n<z/"

for r > 2 by the authors of [17]. In this subsequent article, the authors turn to
study the sums of higher divisor function with prime summands. Now we fix some
notations. For a positive integer ¢ and 0 < 7 < k— 1, let

(11) 0= (- D)0,

where the coeflicients ¢; (b, ¢) are of the form

D (%))

b1b2=b (mod q)

for some function f and we know that the number of terms in ¢;(b, ¢) depends only
on k. The accurate definition of A;(¢) is a bit cumbersome and we do not need it in
the proof. So we omit its definition and recommend the reader to [3], (2.13) for the
details. In [4], the bound

(1.2) A;(q) < 3

of Aj(q) was given. For 0 <i<j<k—1and! > 2, put

(1.3) Gy = li pla) 3 44(9)

and

(1.4) Crli= /Z </01 e(Bt) dt>l (/Ol e(—Bu) log’ udu> dg,

where p(n) is the Mobius function and ¢(n) is Euler’s totient function. By equa-
tion (1.2), we know that &y ; < 1. And it is clear that £5;,; < 1.

Based on some ideas developed by Hu and Lii (see [10]) and some standard tech-
niques displayed in [13], we established the following asymptotic formulas. For the
simplicity of calculations, we first give a weighted sum of higher divisor function with
prime variables. Then, we use this weighted sum to calculate the sum mentioned in
the abstract.
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Theorem 1.1. Let | > 2 and k > 2 be integers. Let

Riz)= Y 7(pr+p2+...+p)logpilogps...logpi,

1<p1,p2;....;i ST

where p1,po, . ..,p; are primes. Then for any positive number A, we have

k—1 7 .
R(z) =Y 6&ri; Y. (Z) Sors -2 (log )~ + O(a! (log )~ 4).
§j=0 i=0

Corollary 1.1. Let ! > 2 and k > 2 be integers. Let

r(r) = Z T(pr +p2+ ...+ M),
1<p1,p2;....;1<T
where p1,po,...,p; are primes. Then we have
1 loglog x
= G180 - ' (logz)F~! l(1 0(7)).
7”(3?) kl,k—1%Kk10" T (log ) + log

2. NOTATIONS AND AUXILIARY LEMMAS

We first fix some notations which are used in the proof. Throughout our pa-
per, € is an arbitrary small positive number which may vary at different instances.
For large x, let

Q=logPz, I= {%,1—1—%),

where B > 0 is a parameter to be decided later. The major arcs 9t are consisted of
the subintervals

M(q,a) = {a: a:g+/@7 18] < %}

and the minor arcs m are the complementary set of 9 with respect to I, i.e.,

SUI:U U M(g,a), m=1\M.

q<Q 1<a<q
(a,q)=1

It is sure that the subintervals 9t(q,a) in the major arcs are pairwise disjoint for
large x. For | > 2, put

flam) = 3 e(pa)logp, glana)= 3. muln)e(—na).

1<pse 1<n<lx
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We now introduce several lemmas.

Lemma 2.1 ([13]). Let B and C be positive numbers with C > 2B, then for
a=a/q+ p € M(q,a), we have

Q2
1og z

_ M)
flovw) = Zu(8) +O( o

where u(8) = [ e(tB) dt satisfies

) o - S o &2

u(B) < min{z, |81}

Lemma 2.2 (Vinogradov, [13]). Let a and ¢ be integers with 1 < ¢ < x and
(a,q) = 1. Suppose that | —aq~!| < ¢72, then

flayz) < (m + 74/5 + ;[;1/2q1/2) 10g4 xT.

Lemma 2.3. Let (a,q) =1 with ¢ < @ and |5| < Q/z. Then

S
[

o(&+8.) = X Al (5) + 0@l

where )
log’ u

lz
Ij(ﬂ):/l e(—pu) i du.

The proof of the lemma follows from the proof of Hu and Lii’s, see [10], Lemma 3.1.
Integrating by parts, we can get

I;(B) < log" z - min{z, |3~}

Lemma 2.4 ([14]). For g(«,z), we have

/ lg(a, 2)|* da = Z I7i(n)]? < z(log z)* -

n<lz

where the implied constant depends only on .
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3. PrOOF OF THEOREM 1.1

Proof of Theorem 1.1. The proof of the theorem starts with

1+1/Q
R(z) = / L e da= /Em F( 2)g(er ) da + / F(@,)g(a, ) da

For a € I, by Dirichlet’s theorem, there are positive numbers 1 < a < ¢ < z/Q with
(a,q) = 1 such that

By the definition of 9T and m, we have Q < ¢ < z/Q for « € m. So, by Lemma 2.2,

we have

fla,z) < ( + a5 4 x1/2(x log™® x)1/2) log* z < xlog4—3/2 T

x
1ogB/2x

for « € m. Also, from Paserval’s identity and Chebyshev’s estimate, we find that

/ If (v, 2))? da-Zlog p <K longbgp < zlogx.

p<T p<x
Using the above estimates together with Cauchy’s inequality and Lemma 2.4, we get

) 1/2 1
/ fHa,z)g(a, z)da < sup | f(a, )|~ 1(/ |fa, |2da) (/ lg(, z)|? da)
m aem 0

< xl_l(loga:)(l 1)(4-B/2)  ,1/2 1og1/2x . a:l/Q(logx)(kQ_l)/Q
)(l—l)(4—B/2>+k2/2.

1/2

= z!(logz

We now turn to the treatment of the integral of the major arcs. Employing Lem-
mas 2.1 and 2.3, we obtain that

fl(a,2)g(a,z) da

m
_ q lr. ! " "
72 . }:A /BKWU(B) L(B)dB+R +R"+R",

1<a<q 7=0
(a,9)=
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where the first error term is

R < ph=1/(k+2)+e

> /

1<a<q
(a,q)=

(k—=1)/(k+2) =
< g1 +2+€Z Z 7 -

q<Q (q) 1<a<q

(a,q)=
— pl=3/(k+2)+e Z < =3/ (k+2)+e
q<Q

1
o(q)—!

and the other two error terms are

e Ly S Y / 1;(3)dp
IOg (1<Q 1<a<q j=0 18]1<Q/x
(a ,q) 1
2.1
Q Z A9 10g z-x < ' (logx)*Brh-¢
log Tl
and
R < gD/t / 1dB < a=3/(k+2)+e

log z (K% 1<Z:a<q 1BI<Q/x

(a,9)=

Thus, we have

(3.2) / F(2)g(e, 7) da

pa) Aj( u(B)'1;(B) dB + O(a! (log x) *BH+=C).
S /ms@/x (8)1;(8) dB + O(a' log 2)1B++~C)

q 1<a<q 7=0
(a,q)=

q<Q
Note that
o0
[ (19145 < (oga)* [ 18] a5 < ol (loga) 12,
1B]>Q/x /x
so we can extend the integral from (—Q/x, Q/x) to (—oo,00) as

k—IB
(3.3) /WW( 8)ds = / 8)dB + O(z' (log 2)"~').
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The integral from —oo to co above can be treated as

/ ZU(B)% @ = [ Z ( / " eh) dt>l ( / ¥ () 1? u du) a8
j://z ? O;< /O 1e(scyﬂ) dy>l < /1 ixe(—ﬂvx) log? (vz) dv) dg
. | (

_i( (8y) dy>l (/ el ol (o) d”) o
Since

1z
j{ O; < / e(80) dy)l ( / 7 () o (v dv) a8

) o q 1/x ) 1 k
< z!log? x/ W </ | log v|’ dv) dp < zllogh z - 08 T _ it log?* x,
— 00 0 x

o o
j!

we find that

(3.4) /OO u(B)'1;(B)dB
_ j_j /Z (/01 e(By) dy)l (/Ol e(—fv) log? (vz) dv) 4B + O(z" ' log?* z)
(j,' ) (log ) =" Lp15 + O(z! L log?* ).

By equations (3.2), (3.3) and (3.4), we conclude that

k—1 7 .

A iy

/ Y a,z)g(a, ) da = E Mq E E j‘('q) E (’?)Ek,l,i'ﬂ?l(bg@]_z
b R U)o s S A A\

(a,q):l
+ O(2' (log 2)*BFH=C 4 2! (log ) ~'7).

It is easy to see that

1(q)" Z %AJ(Q z]: ' o 1 1 —BJ2
klz<<z Q17€<<(ogx) )

|
>Q ¥ Q) 1<a<q Jj= A >Q SO
(a,q)=
Therefore, we obtain that
k—1
(3.5) / f (o, ) (amda—ZkaZ(>£k“ x(logx)ﬂ LR,
=0
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where
R < zl(log ) BTH=C 4 zl(log z)*=B/? 1 2! (log z)*—'F
< a:l(log x)4B+ka + xl(logx)ka/Q.

Combing equations (3.1) and (3.5), we have

k—1 i,
R(]}) = Z GkJ,j Z (Z)Sk’l’i . xl(logx)Jfl + R,
7=0 1=0
where
R < 2! (log x)4B+k*C + z!(log x)kiB/Q + z!(log x)<l*1)<473/2)+k2/2.

Our theorem immediately follows from taking

24 + k?

B:max{ 1

+8,2A+2k} and C =4B+k+ A.

O

Using more elaborate arguments invented by Montgomery and Vaughan (see [12]),
it is certain that one can improve the error term in the theorem to z!~9 for some
positive number §.

4. PROOF OF COROLLARY 1.1

Proof of Corollary 1.1. For 0 < v < 1/2, it is clear that

R(z) > > mpr+pat...+p)logpilogp; ... logp

1<p1,p2,---7pzl<x
P1,D2,p1>T

>(1-y)'logz) > mprtpet ... +p)
1<p1,p2;.-..pi<
p1,p2,pr>xt Y

= (1-7) (logz)" <r(x) - Z Te(pr+p2+ ... +Pz)>~

1<p1,p2;--,PIST
Ipi<a’ ™7

We now deal with the restricted summation

> Te(p1 +p2 + ...+ 1)

1<p1,p2;--,PIST
Ipi<at ™7
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Note that

Y mlpi+pat+p)

1<p1,p2;.-.pi<®

3]},‘,<$17W
<! Z Te(p1 +p2+ ...+ 1)
1<p1,p2;....;1 ST
p<a' ™Y
=0 D X 2o mdpttp)
<zl —Y p2KT PI-1<T p1<T
AP IEDIED DED DD DR
i<zl =Y p2sT pr—1<T p1<x d1...dg=p1+...+p;
SAYY.Y Y.y Y o
Pzt pasT pi—1<z di<lz di—1<lz dp<lz/(dy...dk—_1)
I—1—~ 1 k—1
x
Ll——-—-lx- —
(loga) 1 " (Zd>
d<lz
< P(log )" a!=7 (log z)* 1,
so we have

R(z) > (1 - 7)!(log2)' (r(x) — 12(log )"~ (log )" ).
Thus, we deduce that
(logz)!r(z) — R(z) < [(1 —7)~' = 1]R(x) + 1*(log1)* 12!~ (log x)*
<12y R(x) 4+ P(log )" 2t =7 (log x)* <1 YR(x) + 2!~ (log x)*,

where the inequality (1 —v)~! — 1 < [2!*1y follows from Lagrange’s mean value
theorem. On the other hand, it is easy to see that

R(z) < (log )’ Z 7(p1 +p2 + ...+ ) = (logz)'r(z).

1<p1,p2;...,p1<T

Therefore, we have shown that
0 < (logz)'r(z) — R(z) < yR(z) + 277 (log )",

which means that
l—~

r(z) = (ﬁ;xx))l (1 + O(’y + ]x%(—x)(logx)k)).
By Theorem 1.1,
= & _
m(log )" <z " og x,
hence, the corollary follows from taking v = loglog z/ log x. O
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