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Abstract. Let l > 2 be an integer. Recently, Hu and Lü offered the asymptotic formula
for the sum of the higher divisor function

∑

16n1,n2,...,nl6x1/2

τk(n
2

1 + n
2

2 + . . .+ n
2

l ),

where τk(n) represents the kth divisor function. We give the Goldbach-type analogy of
their result. That is to say, we investigate the asymptotic behavior of the sum

∑

16p1,p2,...,pl6x

τk(p1 + p2 + . . .+ pl),

where p1, p2, . . . , pl are prime variables.
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MSC 2020 : 11N37, 11A41, 11P55

1. Introduction

The mean values of arithmetic functions are well studied in number theory.

About 180 years ago, Dirichlet proved that

∑

n6x

τ(n) = x log x+ (2c0 − 1)x+O(
√
x),
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where c0 is the Euler constant and τ(n) represents the number of positive divisors

of n. The classical divisor function can be generalised to higher divisor functions.

For an integer k > 2, put

τk(n) =
∑

m1m2...mk=n
16m1,m2,...,mk6n

1

to be the kth divisor function. When k = 2, it represents the classical divisor

function. Inspired by Dirichlet’s theorem, Ingham in [11], Bellman in [1] and Hoo-

ley in [8], [9] investigated the sum of divisor function of quadratic polynomials∑
n6

√
x

τ(n2 + a). Suppose that a is not a perfect square number, Hooley in [9] proved

that ∑

n6
√
x

τ(n2 + a) = A1(a)
√
x log x+A2(a)

√
x+O(x4/9 log3 x),

where A1(a) and A2(a) are two constants. Later, Gafurov in [5], [6] and Calderón

and de Velasco in [2] studied the sums of divisor functions of two and three variables,

respectively. Calderón and de Velasco in [2] showed that

∑

m,n,t6
√
x

τ(m2 + n2 + t2) =
4ζ(3)

5ζ(4)
x3/2 log x+O(x3/2).

Guo and Zhai in [7] provided the second term of Calderón and de Velasco’s result.

And the error term obtained by Guo and Zhai was further sharpened by Zhao,

see [16]. Following this line, Sun and Zhang in [15] began to consider the higher

divisor function. They studied the asymptotic behavior of
∑

m,n,t6
√
x

τ3(m
2+n2+ t2).

The method adapted by Sun and Zhang (see [15]) is also valid for the sum

∑

n1,n2,...,nl6
√
x

τ3(n
2
1 + n2

2 + . . .+ n2
l ).

Recently, the above results have been generalized by Hu and Lü (see [10]), who

showed that the leading term of

∑

n1,...,nl6
√
x

τk(n
2
1 + . . .+ n2

l )

is of the magnitude xl/2 logk−1 x for k > 4 and l > 3. The magnitude obtained by

them is surely consistent with the already known case for k = 2, 3.
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In a former paper, the formula of Hu and Lü (see [10]) was further extended to

the sum ∑

16n1,n2,...,nl6x1/r

τk(n
r
1 + nr

2 + . . .+ nr
l )

for r > 2 by the authors of [17]. In this subsequent article, the authors turn to

study the sums of higher divisor function with prime summands. Now we fix some

notations. For a positive integer a and 0 6 j 6 k − 1, let

(1.1) Aj(q) =

q∑

b=1

e
(
−ab

q

)
cj+1(b, q),

where the coefficients cj(b, q) are of the form

∑

b1b2≡b (mod q)

f(b1)

for some function f and we know that the number of terms in cj(b, q) depends only

on k. The accurate definition of Aj(q) is a bit cumbersome and we do not need it in

the proof. So we omit its definition and recommend the reader to [3], (2.13) for the

details. In [4], the bound

(1.2) Aj(q) ≪k
1

q

of Aj(q) was given. For 0 6 i 6 j 6 k − 1 and l > 2, put

(1.3) Sk,l,j =
1

j!

∞∑

q=1

µ(q)l

ϕ(q)l

∑

16a6q
(a,q)=1

Aj(q)

and

(1.4) Lk,l,i =

∫ ∞

−∞

(∫ 1

0

e(βt) dt

)l(∫ l

0

e(−βu) logi u du

)
dβ,

where µ(n) is the Möbius function and ϕ(n) is Euler’s totient function. By equa-

tion (1.2), we know that Sk,l,j ≪ 1. And it is clear that Lk,l,i ≪ 1.

Based on some ideas developed by Hu and Lü (see [10]) and some standard tech-

niques displayed in [13], we established the following asymptotic formulas. For the

simplicity of calculations, we first give a weighted sum of higher divisor function with

prime variables. Then, we use this weighted sum to calculate the sum mentioned in

the abstract.
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Theorem 1.1. Let l > 2 and k > 2 be integers. Let

R(x) =
∑

16p1,p2,...,pl6x

τk(p1 + p2 + . . .+ pl) log p1 log p2 . . . log pl,

where p1, p2, . . . , pl are primes. Then for any positive number A, we have

R(x) =

k−1∑

j=0

Sk,l,j

j∑

i=0

(
j

i

)
Lk,l,i · xl(log x)j−i +O(xl(log x)−A).

Corollary 1.1. Let l > 2 and k > 2 be integers. Let

r(x) =
∑

16p1,p2,...,pl6x

τk(p1 + p2 + . . .+ pl),

where p1, p2, . . . , pl are primes. Then we have

r(x) = Sk,l,k−1Lk,l,0 · xl(log x)k−1−l
(
1 +O

( log log x
log x

))
.

2. Notations and auxiliary lemmas

We first fix some notations which are used in the proof. Throughout our pa-

per, ε is an arbitrary small positive number which may vary at different instances.

For large x, let

Q = logB x, I =
[ 1
Q
, 1 +

1

Q

)
,

where B > 0 is a parameter to be decided later. The major arcs M are consisted of

the subintervals

M(q, a) =
{
α : α =

a

q
+ β, |β| 6 Q

x

}

and the minor arcs m are the complementary set of M with respect to I, i.e.,

M =
⋃

q6Q

⋃

16a6q
(a,q)=1

M(q, a), m = I \M.

It is sure that the subintervals M(q, a) in the major arcs are pairwise disjoint for

large x. For l > 2, put

f(α, x) =
∑

16p6x

e(pα) log p, g(α, x) =
∑

16n6lx

τk(n)e(−nα).
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We now introduce several lemmas.

Lemma 2.1 ([13]). Let B and C be positive numbers with C > 2B, then for

α = a/q + β ∈ M(q, a), we have

f(α, x) =
µ(q)

ϕ(q)
u(β) +O

( Q2x

logC x

)
and f l(α, x) =

µ(q)l

ϕ(q)l
u(β)l +O

( Q2xl

logC x

)
,

where u(β) =
∫ x

0
e(tβ) dt satisfies

u(β) ≪ min{x, |β|−1}.

Lemma 2.2 (Vinogradov, [13]). Let a and q be integers with 1 6 q 6 x and

(a, q) = 1. Suppose that |α− aq−1| 6 q−2, then

f(α, x) ≪
( x

q1/2
+ x4/5 + x1/2q1/2

)
log4 x.

Lemma 2.3. Let (a, q) = 1 with q 6 Q and |β| 6 Q/x. Then

g
(a
q
+ β, x

)
=

k−1∑

j=0

Aj(q)Ij(β) +O(x(k−1)/(k+2)+ε),

where

Ij(β) =

∫ lx

1

e(−βu)
logj u

j!
du.

The proof of the lemma follows from the proof of Hu and Lü’s, see [10], Lemma 3.1.

Integrating by parts, we can get

Ij(β) ≪l log
k x ·min{x, |β|−1}.

Lemma 2.4 ([14]). For g(α, x), we have

∫ 1

0

|g(α, x)|2 dα =
∑

n6lx

|τk(n)|2 ≪ x(log x)k
2−1,

where the implied constant depends only on l.
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3. Proof of Theorem 1.1

P r o o f of Theorem 1.1. The proof of the theorem starts with

R(x) =

∫ 1+1/Q

1/Q

f l(α, x)g(α, x) dα =

∫

M

f l(α, x)g(α, x) dα+

∫

m

f l(α, x)g(α, x) dα.

For α ∈ I, by Dirichlet’s theorem, there are positive numbers 1 6 a 6 q 6 x/Q with

(a, q) = 1 such that
∣∣∣α− a

q

∣∣∣ 6
Q

qx
6

Q

x
.

By the definition of M and m, we have Q < q 6 x/Q for α ∈ m. So, by Lemma 2.2,

we have

f(α, x) ≪
( x

logB/2 x
+ x4/5 + x1/2(x log−B x)1/2

)
log4 x ≪ x log4−B/2 x

for α ∈ m. Also, from Paserval’s identity and Chebyshev’s estimate, we find that

∫ 1

0

|f(α, x)|2 dα =
∑

p6x

log2 p ≪ log x
∑

p6x

log p ≪ x log x.

Using the above estimates together with Cauchy’s inequality and Lemma 2.4, we get

(3.1)
∫

m

f l(α, x)g(α, x) dα ≪ sup
α∈m

|f(α, x)|l−1

(∫ 1

0

|f(α, x)|2 dα
)1/2(∫ 1

0

|g(α, x)|2 dα
)1/2

≪ xl−1(log x)(l−1)(4−B/2) · x1/2 log1/2 x · x1/2(log x)(k
2−1)/2

= xl(log x)(l−1)(4−B/2)+k2/2.

We now turn to the treatment of the integral of the major arcs. Employing Lem-

mas 2.1 and 2.3, we obtain that

∫

M

f l(α, x)g(α, x) dα

=
∑

q6Q

µ(q)l

ϕ(q)l

∑

16a6q
(a,q)=1

k−1∑

j=0

Aj(q)

∫

|β|6Q/x

u(β)lIj(β) dβ +R′ +R′′ +R′′′,
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where the first error term is

R′ ≪ x(k−1)/(k+2)+ε
∑

q6Q

1

ϕ(q)l

∑

16a6q
(a,q)=1

∫

|β|6Q/x

u(β)l dβ

≪ x(k−1)/(k+2)+ε
∑

q6Q

1

ϕ(q)l

∑

16a6q
(a,q)=1

xl · Q
x

= xl−3/(k+2)+ε
∑

q6Q

1

ϕ(q)l−1
≪ xl−3/(k+2)+ε

and the other two error terms are

R′′ ≪ Q2xl

logC x

∑

q6Q

∑

16a6q
(a,q)=1

k−1∑

j=0

Aj(q)

∫

|β|6Q/x

Ij(β) dβ

≪ Q2xl

logC x

∑

q6Q

ϕ(q)

q
· Q
x

· logk x · x ≪ xl(log x)4B+k−C

and

R′′′ ≪ x(k−1)/(k+2)+ε · Q2xl

logC x

∑

q6Q

∑

16a6q
(a,q)=1

∫

|β|6Q/x

1 dβ ≪ xl−3/(k+2)+ε.

Thus, we have

(3.2)

∫

M

f l(α, x)g(α, x) dα

=
∑

q6Q

µ(q)l

ϕ(q)l

∑

16a6q
(a,q)=1

k−1∑

j=0

Aj(q)

∫

|β|6Q/x

u(β)lIj(β) dβ +O(xl(log x)4B+k−C ).

Note that

∫

|β|>Q/x

u(β)lIj(β) dβ ≪ (log x)k
∫ ∞

Q/x

|β|−(l+1) dβ ≪ xl(log x)k−lB ,

so we can extend the integral from (−Q/x,Q/x) to (−∞,∞) as

(3.3)

∫

|β|6Q/x

u(β)lIj(β) dβ =

∫ ∞

−∞
u(β)lIj(β) dβ +O(xl(log x)k−lB).
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The integral from −∞ to ∞ above can be treated as
∫ ∞

−∞
u(β)lIj(β) dβ =

∫ ∞

−∞

(∫ x

0

e(tβ) dt

)l(∫ lx

1

e(−βu)
logj u

j!
du

)
dβ

y=t/x
===
v=u/x

xl+1

j!

∫ ∞

−∞

(∫ 1

0

e(xyβ) dy

)l(∫ l

1/x

e(−βvx) logj(vx) dv

)
dβ

βx→β
===

xl

j!

∫ ∞

−∞

(∫ 1

0

e(βy) dy

)l(∫ l

1/x

e(−βv) logj(vx) dv

)
dβ.

Since

xl

j!

∫ ∞

−∞

(∫ 1

0

e(βy) dy

)l(∫ 1/x

0

e(−βv) logj(vx) dv

)
dβ

≪ xl logj x

∫ ∞

−∞

1

|β|l
(∫ 1/x

0

| log v|j dv
)
dβ ≪ xl logk x · log

k x

x
= xl−1 log2k x,

we find that

(3.4)

∫ ∞

−∞
u(β)lIj(β) dβ

=
xl

j!

∫ ∞

−∞

(∫ 1

0

e(βy) dy

)l(∫ l

0

e(−βv) logj(vx) dv

)
dβ +O(xl−1 log2k x)

=
xl

j!

j∑

i=0

(
j

i

)
(log x)j−i

Lk,l,i +O(xl−1 log2k x).

By equations (3.2), (3.3) and (3.4), we conclude that

∫

M

f l(α, x)g(α, x) dα =
∑

q6Q

µ(q)l

ϕ(q)l

∑

16a6q
(a,q)=1

k−1∑

j=0

Aj(q)

j!

j∑

i=0

(
j

i

)
Lk,l,i · xl(log x)j−i

+O(xl(log x)4B+k−C + xl(log x)k−lB).

It is easy to see that

∑

q>Q

µ(q)l

ϕ(q)l

∑

16a6q
(a,q)=1

k−1∑

j=0

Aj(q)

j!

j∑

i=0

(
j

i

)
Lk,l,i ≪

∑

q>Q

1

ϕ(q)l−1q
≪ 1

Q1−ε
≪ (log x)−B/2.

Therefore, we obtain that

(3.5)

∫

M

f l(α, x)g(α, x) dα =

k−1∑

j=0

Sk,l,j

j∑

i=0

(
j

i

)
Lk,l,i · xl(log x)j−i +R,
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where
R ≪ xl(log x)4B+k−C + xl(log x)k−B/2 + xl(log x)k−lB

≪ xl(log x)4B+k−C + xl(log x)k−B/2.

Combing equations (3.1) and (3.5), we have

R(x) =

k−1∑

j=0

Sk,l,j

j∑

i=0

(
j

i

)
Lk,l,i · xl(log x)j−i + R̃,

where

R̃ ≪ xl(log x)4B+k−C + xl(log x)k−B/2 + xl(log x)(l−1)(4−B/2)+k2/2.

Our theorem immediately follows from taking

B = max
{2A+ k2

l − 1
+ 8, 2A+ 2k

}
and C = 4B + k +A.

�

Using more elaborate arguments invented by Montgomery and Vaughan (see [12]),

it is certain that one can improve the error term in the theorem to xl−δ for some

positive number δ.

4. Proof of Corollary 1.1

P r o o f of Corollary 1.1. For 0 < γ < 1/2, it is clear that

R(x) >
∑

16p1,p2,...,pl6x
p1,p2,...,pl>x1−γ

τk(p1 + p2 + . . .+ pl) log p1 log p2 . . . log pl

> (1− γ)l(log x)l
∑

16p1,p2,...,pl6x
p1,p2,...,pl>x1−γ

τk(p1 + p2 + . . .+ pl)

= (1− γ)l(log x)l
(
r(x) −

∑

16p1,p2,...,pl6x
∃ pi6x1−γ

τk(p1 + p2 + . . .+ pl)

)
.

We now deal with the restricted summation

∑

16p1,p2,...,pl6x

∃ pi6x1−γ

τk(p1 + p2 + . . .+ pl).
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Note that
∑

16p1,p2,...,pl6x
∃ pi6x1−γ

τk(p1 + p2 + . . .+ pl)

6 l
∑

16p1,p2,...,pl6x
pl6x1−γ

τk(p1 + p2 + . . .+ pl)

= l
∑

pl6x1−γ

∑

p26x

. . .
∑

pl−16x

∑

p16x

τk(p1 + p2 + . . .+ pl)

= l
∑

pl6x1−γ

∑

p26x

. . .
∑

pl−16x

∑

p16x

∑

d1...dk=p1+...+pl

1

6 l
∑

pl6x1−γ

∑

p26x

. . .
∑

pl−16x

∑

d16lx

. . .
∑

dk−16lx

∑

dk6lx/(d1...dk−1)

1

≪ l
xl−1−γ

(log x)l−1
· lx ·

(∑

d6lx

1

d

)k−1

≪ l2(log l)k−1xl−γ(log x)k−l,

so we have

R(x) ≫ (1 − γ)l(log x)l(r(x) − l2(log l)k−1xl−γ(log x)k−l).

Thus, we deduce that

(log x)lr(x) −R(x) ≪ [(1− γ)−l − 1]R(x) + l2(log l)k−1xl−γ(log x)k

6 l2l+1γR(x) + l2(log l)k−1xl−γ(log x)k ≪k,l γR(x) + xl−γ(log x)k,

where the inequality (1 − γ)−l − 1 6 l2l+1γ follows from Lagrange’s mean value

theorem. On the other hand, it is easy to see that

R(x) 6 (log x)l
∑

16p1,p2,...,pl6x

τk(p1 + p2 + . . .+ pl) = (log x)lr(x).

Therefore, we have shown that

0 6 (log x)lr(x) −R(x) ≪ γR(x) + xl−γ(log x)k,

which means that

r(x) =
R(x)

(log x)l

(
1 +O

(
γ +

xl−γ

R(x)
(log x)k

))
.

By Theorem 1.1,
xl−γ

R(x)
(log x)k ≪ x−γ log x,

hence, the corollary follows from taking γ = log log x/ log x. �
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