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Abstract. The problem of utilizing facet reflections to bring a point outside of a convex
polytope to inside has not been studied explicitly in the literature. Here we introduce two
algorithms that complete the task in finite iterations. The first algorithm generates multiple
solutions on the plane, and can be readily utilized in creating games on a plane or as a level
generation method for video games. The second algorithm is a new efficient way to bring
infeasible starting points of an optimization problem to inside a feasible region defined by
constraints. Using simulations, we demonstrate many desirable properties of the algorithm.
Specifically, more edges do not lead to more iterations in R2, the algorithm is extremely
efficient in high dimensions, and it can be employed to discretize the feasibility region using
a grid of points outside the region.
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1. INTRODUCTION

In this paper, we consider bringing an arbitrary point outside of a convex polytope
to inside, by performing only reflections over the hyperplanes defining the facets. We
introduce two algorithms: a generating algorithm &/ that generates many choices
to complete the task in R?, all in finitely many steps; and an algorithm % which
also always generates finitely convergent sequences, but now in higher dimensions.
Algorithm & is particularly useful in creating games that offer multiple choices to
win. Algorithm £ is a new efficient way to bring an arbitrary point to inside a feasible
region defined by constraints, which is important for optimization algorithms such
as interior point methods.
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Our immediate motivation is that optimization algorithms for constrained opti-
mization problems need a feasible initial point from which to start. In linear program-
ming, this is solved by either the two-phase approach or the big M method [4], [2]. In
the two-phase approach, we start with an infeasible point and solve a secondary opti-
mization problem to find a feasible point. In the big M method, we solve a modified
and parametrized version of the original problem for which a feasible initial solution
is known. For convex and nonlinear constrained optimization problems, interior-
point methods and trust-region methods are some of the most important classes of
algorithms. In such algorithms, a feasible point is obtained utilizing methods such
as the two-phase approach [3] and the self-dual embedding techniques [8]. Signifi-
cantly, all of these methods rely on secondary or modified optimization problems.
In contrast, the reflection algorithms proposed in the current work are exceedingly
simple, and computationally inexpensive, alternatives to find an interior point for
linear inequality constrained problems with nonlinear objective functions. Most im-
portantly, the proposed algorithms can be utilized in searching for a global optimal
solution by constructing a mesh inside the feasible region.

Apart from initialization applications, the algorithms can be readily utilized in
creating games on a plane using reflections over the edges of a polygon. Games may
be created on a game board with tessellations generated by reflections of polygons
or divisions generated by the extended edges of a polygon. Here, we give an example
of such a game, and also indicate how the algorithm allows for an underlying level
generation method for more complex video games.

With these two distinct applications in mind, the outline of the paper is as follows.
In Section 2, we provide the algorithm &7 as a solution for the reflection problem
in R2. We then prove finite termination for all the solutions generated by the al-
gorithm. In Section 3, we provide the algorithm % as a solution for the reflection
problem in R?, p € N. We show that in R?, 4 is in fact a particular implementation
for «7. We further prove that the algorithm generates a finite sequence that guaran-
tees that the end point is in the polytope. In Section 4, we present our applications
for gaming, as well as initialization applications for some optimization problems to
search for local and global solutions.

2. ALGORITHM IN R2

We begin by referring to Figure 1, which indicates a gray set P C R? as the
convex hull of the points V4, V4, ..., V,,, each of which is a vertex for the boundary
polygon, and which are ordered cyclically clockwise around OP. In notation that
follows, whenever we consider consecutive indices 7 and i+ 1 for vertices or associated
objects, this will be with the understanding that the cyclic ordering applies, so that
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if i = m, then i 4+1 = 1. With this in mind, each edge of JP joining adjacent vertices
Vi, Vit1 has been extended to an infinite line /; ;1. Note that each line ¢; ;11 bounds
an open half-plane which is disjoint from P as a subset; we will refer to this open
half-plane as H; ;1. We then have two types of regions of interest.

For each i € {1,...,m}, define

Ci=H;_1;NHj;q1.

So C; is an open cone not containing its vertex V;, and examples are indicated in
Figure 1; note that the various C; may have nonempty intersection, but there is
a neighborhood of V; which is disjoint from any other C; for j # i.

Along an edge of the polygon corresponding to a line ¢; ;;1 we define the region

Siiv1 = Hii11 \ (Ci U Ciqr).

So S;i+1 is a region adjacent to P, C; and Cjy; as indicated in Figure 1, and is
neither open nor closed, as it contains two of its boundary lines, but not the edge
between V; and V;1i. The region S; ;11 may be bounded or unbounded depending
on whether its included boundary lines intersect; regardless, by definition the various
S; i+1 will have empty intersection with each other (see Figure 3).

l—1,m lo3 l3.4

Figure 1. Regions of importance for the algorithm.

If a point = in R? is reflected over one of the lines ¢; ; 11, we will slightly abuse
notation and refer to the image of x under that reflection as ¢;;+1(z). We then
define an iterative algorithm o7, which, given a seed 2y € R? \ P, produces a family
of sequences, all of which we will prove to be finite.

Definition 2.1 (The generating algorithm o). Let xp € R?\ P; we have the
following steps:
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1. If 2, € Siiy1, then zp41 = ¢ ;41(zy); thus, this point is unique in the al-
gorithm. If z, € C; for ¢ € I, where I C {1,...,m}, then we may choose
Tn41 = bi—1i(xp) O Tpy1 = € i41(2y). In other words, we may reflect z,, over
either of the lines bounding C;, and we may do this for any C; containing z,,.
We refer to the set of all possibilities for x, 1 as &7 ().

2. If 41 € P, stop. If not, set n =n + 1 and repeat Step 1.

Our goal is therefore to show that this algorithm 7 terminates for any sequence
of points that it generates. To do so, denote by d;(x) = d(z, V;) the distance from z
to V;. We then have the following lemma.

Lemma 2.2. For any x,, in a sequence generated by </ in R?\ P, we have
di(znt1) < di(zp)

for alli € {1,...,m}, and the inequality is strict for all but two i € {1,...,m}.

Proof. In Step 1 of &, if z, is reflected over ¢; ;41 with 41 = €;i41(2s),
then d;(zp4+1) = di(z,) and d;y1(xpt+1) = dit1(zy) since Vi, Viyr € € ;41. Thus, it
remains to show that d;(z,+1) < d;(x,) for j ¢ {i,i+ 1}. To see this, first observe
that Step 1 of Definition 2.1 ensures us that z,, does not lie on ¢; ;1, for neither of
C;,Cit1 nor S; ;41 contain points on ¢; ;1. We also know that since P is convex,
V; lies on the same side of ¢; ;11 as x,41; we thus have the following Figure 2.
Specifically, line segment V;z,, must intersect ¢; ;41 at the point indicated y, and
we can construct line segment yZ, 17 which must necessarily lie inside the convex
AV;zpzp41. From Euclid it is known that proving d;(z,+1) < d;(z,) is equivalent
to proving a < 8 in AVjz,zpq1. Since xpy1 = € i11(x,), we know that ¢; ;41
is the perpendicular bisector of line segment T, T,11, so that we must have that
o = [xpZpy1y. Since the whole is greater than the part, we conclude that 5 =

[ ZnTpt1Vj > L2pTpi1y = o This proves the lemma. O
lii1
Tn+1 [)) ] a T
Yy
V;

Figure 2. Figure used for the proof of Lemma 2.2.
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Define

(2.1) D(x) = /A1 (2)2 + . + dm (2)2.

Since |D(x,) — D(z)| = 0 as ¥, — x, D(x) is continuous on R?. We then have
the following important corollary of Lemma 2.2, whose proof is immediate.

Corollary 2.3. If x € R?\ P and y € «/(z), then D(y) < D(z).

We will ultimately prove that <7 is finite by contradiction, and therefore we first
examine infinite sequences generated by .7, setting some notation.

Let {z,} be a sequence generated by . If {z,_}32, is any subsequence of {x,},
the subsequence {x,, 41} satisfies z,, 11 € &/(x,,) for all s. Since </ uses only
finitely many reflections, and there are infinitely many terms in this subsequence,
there must be a further subsequence of {x,,_ }, which we will denote simply as {z},
and associated further subsequence of {x,, 11}, which we denote simply as {¢(zx)},
where the terms ¢(z;) are coming from a fixed reflection £ of the x;. We will call
{l(x1)} the reflection of {x}} through ¢, and observe we can always pass to such
a subsequence and its reflection.

With this notation and definition, the following proposition will be essential.

Proposition 2.4. If {z,} is an infinite sequence in R? \ P generated by </, then
any convergent subsequence of {x,,} converges to a point in OP.

Proof. Let {z;} be a convergent subsequence of {x,}, where we may as-
sume it is paired with its reflection {¢(xy)} through ¢, and suppose for contradiction
that {x)} converges to a point z* € R?\ P. Then since the reflection across ¢ is
a continuous transformation of R?, the subsequence {£(z})} must converge to ¢(z*).
We note that although the action of ¢ on xj, is coming from the algorithm <7, we do
not know that the action of £ on z* is from .7; that is, £ might not be applicable
to x* as prescribed by &7 due to the location of z*. This will be the key question to
resolve throughout this proof.

We first assume that {3} is in a region S; ;41 for some i. Then we know from
Step 1 of the algorithm ./ that ¢ = ¢; ;;;, and since S; ;41 contains its two bound-
ary edges disjoint from P, we know z* is in S; ;41 as well. Then the action of ¢
on x* is coming from the algorithm o7, so that ¢(z*) € &7 (x*), so by Corollary 2.3,
D(4(z*)) < D(z*). But by the same corollary, D is monotonic decreasing on the
entire sequence {z,}, therefore {D(x,)} must be convergent in the positive real
numbers, and must converge to D(z*). Since this is true for any subsequence of
{D(x,)}, we obtain D(¢(z*)) = D(z*), contradicting D(¢(x*)) < D(z*). This proves
the proposition in this case.
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Thus, if we can always show £(z*) € o/ (2*), for either this subsequence or a new
convergent subsequence of {z,} and its reflection, we will be able to reach the con-
tradiction D(¢(z*)) = D(z*) and D(¢(x*)) < D(z*), and the proof of the proposition
will be complete. With this in mind, for the remainder of the proof we may assume
without loss of generality that {x;} is in a region C;, that £ € {¢;_1 4, 0; i+1}, and the
limit point z* is on one of the boundary lines ¢;_1; or ¢; ;1+1; see Figure 3, where we
show both the cases where S; ;41 is bounded in part (a), and where it is unbounded
in part (b). Without loss of generality we will assume z* is on ¢;_; ;, indicated
by the x in Figure 3, and we observe from that figure along with Figure 1 and the
accompanying definitions that we know z* € Cj;1 US; ;41. If £ = 4; ;41, then since
x* € Ciy1US; 41, in fact 4; ;41 acts on 2™ via &7, so that again we can still conclude
l(x*) € o/ (x*), and we are done.

Tk o

Littiva Tk L1

Littivo

Si,i+1
CiJrl

(a) (b)

Figure 3. First figure used for the proof of Proposition 2.4.

Thus, we only need to consider the case where ¢ = ¢;_; ;. Since x* is on ¢;_; 4,
then ™ = ((z*). We will first assume that z* is distinct from the point v indicated in
Figure 3 (a), where the lines ¢;_; ; and ¢;41 ;42 may intersect. In this case, eventually
the reflection sequence {/(xj)} will be contained in the same region R as {(z*),
where R € {Cit1,Sii+1}. Then we can pass to a subsequence of {{(zy)}, which
we call {yr} converging to y* = ¢(z*), but where {yx} is now itself paired with its
reflection {/(yx)} converging to £(y*) via the reflection ¢, which is a boundary line
for R. The key is that since y*, {yx} € R, the action of £ on y* comes from <7, so
that £(y*) € </ (y*), and again we are done since these are all subsequences of {x,}.

Finally, we consider the case where 2* = v in Figure 4 (a), where for convenience
of notation we will set £ = £;11 ;2. Note that the only reflection of 2* compatible
with o is across ¢; ;1. Observe there are open discs centered at V; and V; 1, whose
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boundary circles pass through z*, and since by Lemma 2.2 we know d;(z,) > d;(z*)
for all j € {1,...,m}, no element in {z,} can be contained in these discs. We
still are under the assumption that ¢ = ¢;_;; as in the paragraph above, so that
the sequence {¢(xy)} will be contained in C;iq, since the region S; ;41 \ {z*} is
necessarily covered by the two discs. Yet the argument in the preceding paragraph
does not immediately work; the key obstacle is that if we pass to a subsequence of
{(z)} and its reflection, this reflection could be across £ back into C;, which is still
incompatible with o/ for x*. Thus, a priori we could alternate reflections across ¢
and ¢ ad infinitum; our goal is to prove this cannot happen.

L=Vliy1i42

(a) (b)

Figure 4. Second figure used for the proof of Proposition 2.4.

We zoom in on z* in Figure 4 (b), where we have oriented the figure so that the
vertical line passing through x* bisects the angle & > 0in \S; ;41 formed by ¢;_; ; and
lit1,i+2. We take an arbitrary point x € C; at some small distance r from z*, and
consider alternately reflecting = over £, and then /(x) over £, and continue alternating
between reflections over ¢ and . We have two observations. First, the images of z
under these alternating reflections must stay on the circle of radius r centered at z*,
but must also proceed monotonically downward toward the region S; ; 11, since at ev-
ery reflection they proceed parallel to the downward directed arrows perpendicular to
¢ and / as indicated in Figure 4 (b). Moreover, as indicated in Figure 4 (b), the angle
subtended by the paths of two successive reflections must equal «, so that by Euclid,
the central angle subtended by the point x and its subsequent image under two succes-
sive reflections is equal to 2a. As a result, we conclude that after at most [Z ] reflec-
tions, the image of x must land in S; ;4+1, an example of which is shown in Figure 4 (b).

We can now conclude the proof of the proposition. With {zx} in C;, 2* = v,
and £ = {;_1;, we know {{(zx)} is in Cjt1, and we observe that if we repeatedly
pass to subsequences and their reflections, where these reflections alternate between
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¢=/{;_1,; and = li+1,i12, this can happen at most (ﬂ times, since we know that
S;.i+1 is covered by the two discs in Figure 4 (a). Thus, at some point, when we pass
to a subsequence and its reflection, that reflection must be over ¢; ; 1, and then since
x* € S;iy1, the action of ¢; ;41 on z* will be due to the algorithm 7.

Therefore, we can always find £(z*) € &/ (z*) for some subsequence of {x,} and
this concludes the proof of the proposition. ([

We can now prove our main theorem.

Theorem 2.5. If {z,} is a sequence generated by </ in R?\ P, then {x,} is

a finite sequence, meaning at some point it enters into P.

Proof. Suppose for contradiction that </ generates an infinite sequence
{2} in R?\ P. By Lemma 2.2 this infinite sequence is bounded within a compact
set, and thus must have a convergent subsequence {z,_ }32,. Suppose z, 6 — z*
as s — oo. By Proposition 2.4, we know z* € 9P. If z* ¢ {V4,...,V,,}, then it
must be the case that there is an open ball B.(z*) which is entirely contained in
Sii+1 U P for some i € {1,...,m}. Since x,, — z*, for some s > 0 we must have
ZTn, € Be(x™) N S; 11, with the result that the algorithm & will reflect z,, over
OP N B.(z*) to lie in P, contradicting the assumption that {z,}2° ; lies in R?\ P.
As a result it must be that * =V, for some ¢ € {1,...,m}.

So suppose finally for contradiction that x,, +— V;. First observe that there
is a non-zero minimum distance § between V; and any points in @Q := U C; U

J#i
U S; j+1 (rvefer to Figure 1 and its discussion). Then there is an ¢ > 0 with

J¢{i—1.i}
e < § such that the open ball B.(V;) is disjoint from Q. Since z,, +— V;, for some

s 2 0 we must have z,,_ € B:(V;) \ P, with 0 < d;(z,,) < &. However, now observe
that if ¢ > 0, the point x,_1+ in the infinite sequence {x,} generated by <7 cannot
be in @, for then we would have d;(x,4+) = 6 > € > d;(xy,), which would violate
Lemma 2.2. Thus, for all ¢t > 0, the points z,, 4+ € C; U S;—1,U S; iy1, and thus are
generated by &/ via reflections over the lines ¢; 1 ; or ¢; ;+1, both of which contain V;.
As a result, from the proof of Lemma 2.2 we must have that d; (@, ++) = di(zn,) > 0
for all ¢ > 0, meaning our subsequence {z,_} cannot converge to V;, which by
assumption it does. This is a contradiction and proves the theorem. O

To conclude this section, we provide an initial proposition concerning the num-
ber of steps needed in algorithm /. Let diam(P) be the diameter of the convex
polygon P, and let d(x, P) be the distance from a point x € R? to P.

Proposition 2.6. The number of iterations needed for a sequence {x.,,} generated
by <7 before it enters P is at least [d(xg, P)/diam(P)].
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Proof. We will show that given a point z,, in the sequence {z,} generated
N-1

by &, we have |d(x,,, P) — d(xp+1, P)| < diam(P). Then d(zo, P) < > |d(zn, P)—
n=0

d(xp41, P)| < Ndiam(P) whenever xy € P, which gives us the desired result that
the number of iterations in the sequence is at least [d(xg, P)/diam(P)].

To this end, suppose .27 reflects x,, over a line ¢; ;11 to obtain x;,,4+1. Then consider

Vi € OP, one of the vertices on ¢; ;+1, and observe that d(z,,V;) = d(zp41,V;). Let

g € OP be the point such that d(x,,, P) = d(z,, q), and let ¢’ € 9P be the point such
that d(zp41, P) = d(xn41,¢’). Using the triangle inequality we obtain

d(l‘n; P) < d(xvu V;) = d(xn+17 V;) < d(xn+17 q,) + d(q', sz)
Substituting d(x,+1, P) for d(zp41,¢’) and rearranging yields
d(zpn, P) — d(xpni1, P) < d(¢',V;) < diam(P),

where the last inequality is because P is convex.
Interchanging the roles of z, and z,4+1, and ¢ and ¢’ in the above calculation
yields
d(Tnt1, P) < d(@n41, Vi) = d(zn, Vi) < d(zn, q) + d(q, Vi),

so that substituting d(z,,, P) for d(z,, q) and rearranging leads us to conclude
d(@ni1, P) = d(zn, P) < d(q, Vi) < diam(P).

Thus, |d(z,, P) — d(zn41, P)| < diam(P) and the proposition is proved. O

We note that we will observe in Example 4.3 that this least bound for the length
of the sequence for any given 2o € R? may be attained for a regular n-gon as n — oo.

3. IMPLEMENTATION IN RP

Algorithm &7 is useful in making applications that offer multiple choices to achieve
the same objective. For optimization applications, extending the implementation
of &7 to higher dimensions is important. In this section, given intersecting half-
spaces in RP defining a polytope P, we introduce a modified iterative algorithm %,
where in the special case of p = 2 we obtain #A(x) C ().

Let P C RP be a convex polytope of dimension p. Let P; = {z € R?: w, z+b; < 0},
for i = 1,...,m, be the facet-defining closed half-spaces corresponding to the mini-
mal half-space representation of P, where m > p. We thus have
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We observe that the complement of P; is an open half-space H; = {z € RP:
w:x +b; > 0}, and if ¢y € H;, then the function

w;'z + b

\/w;rwi

is positive at zp and fi(zo) is in fact the distance from zp to the hyperplane
w, x4+ b; =0. We note that for any =g € RP \ P, fi(xg) > 0 for at least one
ie{l,...,m}.

We also recall a useful function for reflecting xg across the hyperplane w;r r+b; = 0;

fi(x) =

namely, if we choose a point y; on that hyperplane, then the reflection of xy across
w,' x4+ b; = 0 is given by
§ (o — yi)

w .
Ti(xo):$0—2 L T Wi .

w; w;

We can therefore define the following algorithm 2.

Definition 3.1 (The modified algorithm %). Let zop € RP \ P, and choose
a point y; on each hyperplane w, z +b; = 0 for i = 1,...,m. Setting n = 0,
we then have the following steps:

1. Let

Jn = argmax f;(x,),
ie{l,...,m}

where we observe that j, may not necessarily be unique if z, is in multiple
H;’s and is maximally equidistant from two or more hyperplanes. Set z,4+1 =

T, (Tn)-
2. If x,,41 € P, stop. If not, set n =n + 1 and repeat Step 1.

For the purposes of the implementation of 4 in Section 4 for examples and ap-
plications, in Step 1 we will choose the minimum index j, € argmax f;(z,) at each
step of the algorithm so as to generate a single sequence. ie{lm}

We now prove that the modified algorithm 44 is in fact a particular implementation

of the algorithm o7 for the case of p = 2.

Proposition 3.2. If x,, € R?\ P, then B(x,) C o (x,).

Proof. InR2, each hyperplane w, z+b; = 0 is the line ¢; ;1 1, and the region H;
corresponds to H;;11; refer to Figure 1 and its discussion. Observe that if z, €
Sii+1, then z, is only in H; and no other Hj;, so that only f;(z,) > 0, leading
us to conclude that j, = ¢. In this case, the reflection of x, in the algorithm %
is guaranteed to be over ¢; ;1 1, just as in the algorithm /. On the other hand, if
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zn, € Cj, then at least f;_1(z,) > 0 and f;(z,) > 0, but =, may be in other C;’s

as well. In fact, if j,, € argmax f;(z,), then it must be the case that =, € C;,, so
ie{l,...,m}

that the reflection over the hyperplane w;x + b;, = 0 in the algorithm 4 is in fact
reflection over the line ¢, ;. 41 in the algorithm /. Therefore, if p = 2, we have
PB(xn) C A (zy). O

Next we show that any sequence generated by £ is finitely terminal in general R?.
In doing so, we will follow the same line of argumentation as in Section 2, but with
appropriate adjustments for our modified algorithm % in RP.

Theorem 3.3. If {x,} is a sequence generated by % in RP \ P, then it is a finite
sequence.

Proof. Suppose for contradiction that {x,} is an infinite sequence generated
by % in RP \ P. We first show that the function D(x) as defined in equation (2.1)
is monotonically decreasing on {, }, mimicking Lemma 2.2 and Corollary 2.3. If
Z, ¢ P, then from the algorithm 2 we have f;, (z,) > 0. Take any vertex V; that is
not on the hyperplane w;'—a: + b, = 0. Then since P is convex, we have f; (Vi) <0,
and since x4 is the reflection of z,, over the hyperplane w;x + b, =0, we have
that f;, (zn41) < 0 as well, so that x,,; lies on the same side of ijnx—i—bj" =0asV;.
Consider the plane passing through z,,x,+1 and V;. Following Figure 2, we obtain
di(xn41) < di(xy). Furthermore, every vertex on the hyperplane w;'—x +b;, =0is
equidistant from x,, and x,1. We conclude that D(z,11) < D(x,,).

Since D(z,) < D(x) for all n, the infinite sequence {z,} is bounded within
a compact set and there exists a convergent subsequence {zy} of {z,, } that converges
to some x*. As in Proposition 2.4, we want to first show that * € 9P, and we will
see that the definition of % makes this straightforward. To this end, assume for
contradiction that * € RP \ P. As in Section 2, we may assume the subsequence
{z} is paired with its reflection {r;(x)} through a fixed hyperplane w;rx +b; =0,
with 7;(xg) — r;(x*), and where now in the algorithm % we know that the fixed
function f; is maximal for x;, for all £ € N. Since the f;’s are continuous functions, as
xp — «*, we must have f;(zr) — fi(z*), and we conclude that f; must be maximal
for x* as well. Thus, r;(z*) is actually coming from the algorithm 2 and we conclude
that D(rj(z*)) < D(x*); however, since both {z} and {r;(zx)} are subsequences
of {z,}, and D is monotonically decreasing on the entire sequence, we also conclude
D(rj(z*)) = D(«*). This is the desired contradiction, proving that * € OP.

We therefore must have z* € 9P and w;r x* 4+ b; <0 for all i; we work toward our
final contradiction to prove the theorem. Let .J be the largest subset of {1,...,m}
such that w,z* + b; = 0 for all i € J. Note that since m > p, J is a proper
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subset, and J is nonempty since z* € OP. Define U = ({z: w/z +b < 0};
since U is open and z* € U, there exists an open ball Bg(a:*)zgsijlch that Be(x*) C U.
Since xp — z*, there exists some N such that zny € B.(x*)\ P. Let xn41 be
the reflection of z)y over the hyperplane w, x + b = 0, where the algorithm % and
the definition of U guarantee that i € J. As a result, we know that z* lies on the
hyperplane w;'—a: + b = 0, so that xx and xn41 are equidistant from z*, so that
ZN41 € Be(z*) C U. Inducting on ¢ € N we can conclude that the algorithm 2
guarantees that d(z*,zn4¢) = d(z*,xzn) > 0 for all ¢ > 0. We conclude that z*
is not a limit point of {zx}, contradicting our original assumption that {z,} is an
infinite sequence. Therefore, it is a finite sequence. ([

The minimal half-space representation of P is not necessary. We may add any
number of additional half-spaces containing P. Eventually they are not indexed in
the set J and Z will not utilize them thereafter. We also observe that the proof of
Proposition 2.6 does not depend on R? and holds in R? for the algorithm %, with
reflection over hyperplanes instead of lines. We thus have the following corollary,
where now diam(P) is the diameter of the convex polytope P.

Corollary 3.4. The number of iterations needed for a sequence {x,} generated
by 2 before it enters P C RP is at least [d(zo, P)/diam(P)].

4. APPLICATIONS

In this section, we discuss some examples of applications of algorithms &/ and 4.
All computations here were carried out on a 64-bit laptop with a Core i7 - 4 core
processor at 1.8 GHz and 8 GB memory. We first consider two examples of how
choices generated by &7 can create intriguing game play easily programmed for an
app or video game.

Example 4.1 (A simple two-player game). Consider the two-player game board
given in Figure 5(a). The goal is to move the disc to the black square. Suppose
algorithm o7 defines the set of rules for the game; the players alternate moving the
same disc, and the player who makes the final move that lands the disc in the black
square wins. The gray squares are randomly generated by a computer program or
placed by the players on possible solution paths. If a player ends up in such a square,
that player gets an extra turn.

The game always ends in exactly 10 moves, since if we label each square with
an integer coordinate (m,n) for —5 < m, n < 5, any move reduces exactly one of
|m| or |n| by 1. Because of this, it is easy to identify the squares having winning
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Figure 5. In part (a) is the game board, and in part (b) are winning positions.

positions, as shown in Figure 5(b). However, the number and placement of the
gray squares adds additional complexity. For example, with the given placement of
gray squares, it is a perfect game for the starting Player 1, even though its starting
position is a losing one. A perfect game means that, for any move of Player 2, there
exists a move for Player 1 that guarantees the win. In this case, the strategy for
Player 1 to guarantee a win is two-fold: avoid the bottom left gray square, and force
one of the (m,n) coordinates to 0. Once that occurs, either Player 1 or Player 2
must land on one of the remaining two gray squares and move twice, and in doing
so Player 1 secures a guaranteed winning position.

However, another example of complexity created by the gray squares is that
Player 1 could adopt a strategy where they move so as to land on the bottom left
gray square to earn an extra move and switch to a winning square. However, if that
happens, the game actually becomes a perfect game for Player 2, as then they can
always make a move that forces one of the (m, n) coordinates to 0. Once that occurs,
either Player 1 or Player 2 must move twice, and in doing so Player 2 secures the

guaranteed winning position.

Example 4.2 (Underlying domains for video games). Another example is the
use of algorithm ./ with an associated convex polygon P as an underlying procedural
generation method to create rich paths through levels for replayable video games. In
this application, the underlying architecture for the various levels of a video game
would be a convex polygon P, which would be the final level of the game, with each
Sii+1 and C; (and intersections thereof) a level that the gamer must pass once in
it. Upon completion of a level, either the gamer uses an interface to intentionally
choose, or the computer randomly chooses, which reflection to use to move to the
subsequent level. Provided the gamer continues to pass levels, they are guaranteed
to arrive at the final level P. This could allow for a rich variety of strategies, and be
more complex than a simple linear path of levels.
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With the rest of the examples, we compare the performance of the algorithm % as
a phase 1 method for the two-phase approach to solve optimization problems with
infeasible starting points. Since algorithm % does not incorporate the objective
function, we compare the performance with the phase 1 method given by

(4.1) minimize z
subject to wiTx—l—bi <z, 1=1,...,m.

Problem 4.1 is the minimization problem that drives the maximum z below zero,
where z is interpreted as a bound on the maximum infeasibility of the inequalities.
We solve it using MATLAB’s interior point linear program algorithm and the dual
simplex algorithm. Next we include an example on R? to demonstrate the impact of
the number of edges and the distance between the point and the polygon.

Example 4.3. (Regular convex polygons in R?) We create regular convex poly-
gons with center at origin and n sides to bring a search point xg that is not in the
polygon to inside the polygon. We set the area of each polygon to 257 so that as
n — oo, the polygons converge to a circle of radius 5. By changing n and zg, we
compare the number of iterations for algorithm £ to that of the interior point and
dual simplex methods to solve Problem 4.1. The results are tabulated in Table 1.
Figure 6 shows % solution paths for 2o = (60, 0).

For algorithm %, more edges leads to fewer iterations. Further, the ratio between
the distance to the polygon and the diameter of the converging circle matches the
number of iterations for larger values of n. In contrast, changes in xy do not result in
any changes for the other methods, except that more edges leads to more iterations.
Also, the largest elapsed time for algorithm 2 is about 0.0004 seconds, whereas
the interior point and dual simplex methods take at least 0.003 and 0.008 seconds,
respectively. During the average elapsed time it takes for other methods to complete
one iteration, & can complete as many as 100 iterations.

Edges 3 5 7 11 13 17 3 5 7 11 13 17
z0 = (20,0) xo = (40,0)
Algorithm 2 4 3 2 2 2 2 7 5 4 4 4 4

Interior point 10 9 12 12
Dual simplex 3 4 6 8 9 10 3 4 6 8 9 10
xo = (60,0) xo = (80,0)
Algorithm & 11 7 7 6 6 6 14 10 9 8 8 8
Interior point 3 6 10 9 9 12 3 6 10 9 12
Dual simplex 3 4 6 8 9 10 3 4 6 8 9 10

w
(=)
Ne
w
D
—_
o
Ne
el

Ne)

Table 1. Number of iterations to bring zg to inside the polygon for algorithm % and for
the linear program with the interior point and dual simplex methods.
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Figure 6. Reflections of z¢g = (60, 0) over the edges of regular convex polygons with n sides.

As we see in Example 4.3, we may expect fewer iterations for a greater number of
constraints with algorithm % since we have more reflections from which to choose.
This is highly desirable and in contrast to other methods. The simplex algorithm is
almost always O(max(n,p)) for the number of iterations, where p is the number of
variables and n is the number of constraints [6]. Primal-dual interior point methods
converge to an e-accurate solution with a worst case bound of O(y/n+pln(1/¢))
for the number of iterations of the method [7]. Therefore, we expect an increase
in iterations with more constraints for linear programming problems. The same
observation may be an indication that the worst case problem for % may correspond
to simplexes in higher dimensions. In the next example, we compare the algorithms

for Klee-Minty polytopes.

Example 4.4 (Klee-Minty polytopes in R?). For x € RP, consider the Klee-
Minty polytopes [5] given by

[1,0,...,0]z <5,
[22,1,0,...,0]z < 5%
[2%,2%1,0,...,0]x < 5%,
[2pP, 2P~ . 22 1]x < 5P,
x = 0.
We consider moving two initial points, z(!) = —250 1, and =2 = 250 1,, where

1, =[1,1,...,1]" € RP. The results are tabulated in Table 2 for different values of p.
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D 3 5 10 15 20 40
Tro — J)(l)
Algorithm % 139 99 104 109 114 134
Interior point 5 7 9 failed failed failed
Dual simplex 4 6 11 16 21 failed

zo = 2@
Algorithm # 115 85 85 85 85 85
Interior point 5 7 9 failed failed failed
Dual simplex 4 6 11 16 21 failed

Table 2. Number of iterations to bring 1 and £ to inside the polytopes for algorithm
2% and for the linear program with the interior point and dual simplex methods.

For small p, the interior point and dual simplex algorithms complete the task in
much fewer steps than . However, the interior point algorithm fails for p > 15,
as the solution converges to an infeasible point. Truncation error due to the limited
number of bits available for the solver leads to the loss of feasibility. The dual
simplex method fails for p > 35, as the constraint matrix coefficients become too
large in magnitude. In contrast, % completed the task even for p = 1000, finishing
1094 iterations in 0.5 seconds when z¢ = z(!). Unlike other methods, % does not
utilize already-satisfied half spaces, as evidenced in the case z¢ = z(?.

As we see in Example 4.4, the simplicity of % allows us to limit errors arising
from truncations and large matrix manipulations. This is quite advantageous for
high dimensional problems. With zo = z(!), the number of iterations converges to
the number of dimensions. This is similar to the simplex method, for which the
complexity is O(p) for average cases. However, the zo = 2(?) case demonstrates
that it can be much smaller for problems where many inequalities are idle for the
algorithm. In the last example, we use algorithm % to move an array of points in
each iteration to construct a mesh to search for the global optimal.

Example 4.5 (The Ackley function). The Ackley function is used as a perfor-
mance test function for optimization algorithms [1]. Here we consider the Ackley
function of the form

f(z) = —20exp[—0.24/0.5((x1 — 2)2 + (22 — 2)2)]
—exp [0.5(cos 2n(z1 — 2) + cos 2n(ze — 2))] + e+ 20

to find the global optimal of f(z) inside a regular convex hexagon, where z =
[1,22]". Function f(z) has many local minima, as shown in the contour plot in
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Figure 7. Its global minimum is f(2,2) = 0. Depending on the initial point, opti-
mization algorithms can converge to any of the local optimal. If the initial point is
infeasible, there is no way to establish a search region with existing approaches.

10
20
5
10
0
0
10 -
0 10
0
~10 -10
-10 —10
Figure 7. Ackley function and its contour plot.
200
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100
I I I I I J
100 150 200 -5 0 5 10
(a) (b)
Figure 8. Generation of a mesh grid inside the hexagon using grid points outside the
hexagon.

Since reflections are global isometries on R™, we expect algorithm % to preserve
some of the structure of the set of initial points. Here, we bring a 51 x 51 grid of points,
as shown in Figure 8 (a), to inside the hexagon. It takes less than 1/3 of a second to
complete 30 iterations to bring all 2601 points inside. The corresponding mapping
is shown in Figure 8 (b). By evaluating function values, we obtain (2,1.92) as an
approximation to the global optimal. Then we solve the optimization problem using
MATLAB’s fmincon interior-point algorithm with a logarithmic barrier function. The
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algorithm converges to the global optimal point (2,2) in 12 iterations. In fact, even
with an 11 x 11 grid of points, the algorithms converge to the global optimal solution.
For comparison, we use the four edges of the grid to obtain the optimal solutions
using the interior-point method and Sequential Quadratic Programming (the SQP
method). The results are in Table 3. None of the points converge to the global
optimal solution.

o (100, 100) (100, 200) (200, 200) (200, 100)
Interior point  (2.989,4.967) (0.035,2.982) (2.000,2.952) (8.982,0.005)
SQP (2.952,2.000) (3.965,2.982) (2.969,1.032) (2.000,2.952)

Table 3. Optimal solution for four distinct initial points for the interior point and SQP
algorithms.

Example 4.5 is a unique application of & that other existing initialization methods
cannot accomplish. By mapping a discretized hypercube to inside a polytope, we
can easily construct a mesh in higher dimensions.
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