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Abstract. We study the chemotaxis system with singular sensitivity and logistic-type
source: up = Au— xV - (uVv/v) + ru— pu”, 0 = Av — v 4 u under the non-flux boundary
conditions in a smooth bounded domain Q C R", x,7,u >0, k > 1 and n > 1. It is shown
with k € (1,2) that the system possesses a global generalized solution for n > 2 which is
bounded when x > 0 is suitably small related to » > 0 and the initial datum is properly
small, and a global bounded classical solution for n = 1.
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1. INTRODUCTION

Chemotaxis is a spontaneous cross-diffusion phenomenon by which organisms di-
rect their movements in regard to a stimulating chemical. In 1970, Keller and Segel
proposed a model to represent the chemotaxis phenomena, i.e., the oriented or par-
tially oriented movement of cells with respect to a chemical signal produced by cells
themselves, see [§]:

u
ur=Au—xV-(=Vv), 2€Q, t>0,
(1.1) ' X <v )

T = Av — v + u, e, t>0,

where 7 € {0,1}, x > 0. The singular chemotactic sensitive function x/v is derived
by the Weber-Fechner law on the response of the cells u to the stimulating chem-
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ical signal v. With the singularity determined by the sensitive function x /v, the
cellular movements are governed by the taxis flux xVv/v, which may be unbounded
when v = 0. Different to the classical Keller-Segel model (i.e., replacing the singular
sensitive function /v by the constant function y in (1.1)), it seems from the known
results that the lower bound on v is important to study the global dynamical behav-
ior of a solution to a chemotaxis system with singular sensitivity. Fortunately, this
can be arrived at by a point-in-wise estimate, see [7]

1
grelsf)v(x,t) > min{§ irelgvo,co Sér[gt]/ﬂu(x,s) dx}, t>0

with some ¢g = ¢o(|€2], n) > 0. Due to the mass conservation of cells u in system (1.1),
it is known that the singularity involved in sensitive function y/v is in fact absent.
Generally, chemotactic sensitive coefficient x > 0 sufficiently small favors the global
existence-boundedness of solutions to system (1.1), which can be observed in [1], [3],
[4], [5], [11], [14]. It is pointed that for the parabolic-elliptic case of system (1.1)
(t = 0) with radial assumption, Nagai and Senba proved in [12] that there ex-
ists a finite time blow-up solution if x > 2n/(n —2) with n > 3, and [, uo|z|*
sufficiently small.

Consider the classical chemotaxis system with logistic-type source as follows:

(1.2)

ur = Au— xV - (uVv) +ru — pub, e Q, t>0,
{Tvt—Av—v—i—u, xeQ t>0,
where x, 7, ;> 0,k > 1 and 7 € {0, 1}. Such proliferation-death mechanism involved
in the logistic-type source generally benefits the global dynamic of solutions. For
parabolic-elliptic case of (1.2) (7 = 0), the system with k& = 2 possesses a global
weak solution if ¢ > 0 and a global bounded classical solution if x4 > x(n —2)/n,
see [17]. If k > 2 — n~! with n > 1, there exists a global very weak solution, which
is globally bounded provided p is sufficiently large and ug sufficiently small, see [20].
For the parabolic-parabolic case of (1.2) (t =1), if k =2, n =2 (see [13]), or n > 3
with p > 0 sufficiently large (see [22]), the problem possesses globally bounded
classical solutions. In particular, if n = 3 with & = 2, it is proved that the model
admits a global weak solution which is eventually smooth in [10]. If k& > 2 —n~!
with n > 1, there exist global very weak solutions (see [18]), which are globally
bounded provided r/p and the initial data are sufficiently small for n = 3, see [19].
Recently, the damping exponent k for ensuring the global existence of a solution in
a generalized framework has been extended to k > (2n+4)/(n +4) in [24] and k > 1
in [25]. For more properties of solutions to (1.2) refer to [16], [23].
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Recall the chemotaxis system with singular sensitivity and logistic source

U
=Au—xV- =V — pu® Q,t
(1.3) on u—x (v v) +ru—pu”®, e, t>0,

TUr = Av — v + u, e, t>0,

where x, 7,11 >0, k > 1 and 7 € {0,1}. The difficulty in studying global solvability of
solutions comes from the hazardous combination of a singular sensitive chemotactic
mechanism and the self-limiting growth mechanism involved in logistic source. Due
to the missing mass conservation for u, the singularity contained in the chemotactic
term may be presence. For the parabolic-elliptic case of (1.3) (7 = 0), it is proved
in [6], [9] that there exists a global bounded classical solution for n,k > 2, if

2

X

X o<x<2,
(1.4) r>{ 4 X

x—1, x>2.

Notice that condition (1.4) is sufficient to ensure that the chemical signal v admits
a uniformly positive lower bound. Similar results on the boundedness of a classical
solution to (1.3) with 7 = 1 have been obtained in [28], [29]. Recently, we obtained
the global boundedness of a classical solution when k£ > 1 and x is suitably small
independent of r, i.e., without the procedure in establishing the uniformly lower
bound for v, see [27]. In addition, for the parabolic-parabolic case of (1.3) (7 = 1),
it is proved that system (1.3) possesses a global weak solution for & = 2 in [2], or
a global very weak solution for k¥ > 2 — n~! with y suitably small related to r, k
in [29]. In the framework of a generalized solution, the global solvability to (1.3)
with 7 =1 and k > 1 has been established in [26].

In this paper, we continuously consider the chemotaxis system with singular sen-
sitivity and a logistic-type source

ut:Au—XV'<%Vv)+ru—uuk, r€eQ, t>0,
(L5) 0=Av—v+u, e, t>0,
’ ou Ov

R Q

5 = 9 0, x €N, t>0,

u(z,0) = uo(z), x € Q,

where x,u > 0, r € R and k& > 1. Further @ C R (n > 1) is a smooth bounded
domain, 9/9v denotes the derivation with respect to the outer normal of 9. The
initial data satisfy

(1.6) uo(z) € C°(Q), wo(z) >0 and wug(x) #0, x €.
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We mainly concentrate on the global solvability of a solution to system (1.5) in the
generalized framework for n > 2 and global boundedness of a classical solution for
n = 1. Inspired by [1], [11] and [25], the definitions of a generalized solution will
be introduced by combing a weak subsolution and a weak supersolution in a suitable
framework. Then we establish the global existence of the classical solution to the cor-
responding regularized problem by means of some necessary compactness procedure
of this solution. Thereafter, upon selecting a suitable subsequence, we will obtain a
global generalized solution to (1.5) for k € (1,2) and n > 2 by a standard compact-
ness argument. Finally, global boundedness of the classical solution to (1.5) will be
obtained in the one-dimension setting. Now, we state the main result of this paper.

Theorem 1.1. Let n > 2 and k € (1,2). Then system (1.5) possesses at least
a global generalized solution.

Theorem 1.2. Assume thatn > 2 and k € (1,2). If r,x > 0 fulfilling

X

=, 0<x<2,
(1.7) r>{ 4 X

X_]-v X>2a

then there exist n,A > 0 so small that the generalized solution established in
Theorem 1.1 is globally bounded provided r/p < 7 and [,ufdr < X with
p € (3n(n+2)/(n+1),n].

Theorem 1.3. For n = 1, system (1.5) with k € (1,2) admits a global bounded
classical solution.

Remark 1.1. Recall from [25] that the classical parabolic-parabolic chemo-
taxis system (1.2) possesses a global generalized solution if & € (1,2) in logistic
source ru— pu®. Theorem 1.1 shows that k € (1,2) is also permitted for obtaining the
global solvability to system (1.5) under the generalized framework, which coincides
with the fully parabolic case of (1.5) in [26] and extends it to the parabolic-elliptic
case of (1.5).

Remark 1.2. It is shown by [20] that global boundedness of a small-data solution
to (1.2) with 7 = 0 will be established when k € (2 —n~1,2) for n > 2. In fact,
this damping exponent k can be extended to k € (1,2) via a similar discussion as
in Theorem 1.1. In addition, under the one dimensional setting, Theorem 1.3 says
that the classical solution is globally bounded without any restrictions on the initial
datum and the coefficients involved in (1.5).
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2. GLOBAL GENERALIZED SOLUTION FOR 1 > 2

2.1. Definition of the generalized solution. To study the global solvability
of system (1.5) for more general exponent k > 1 in the logistic-type source ru — pu*,
we introduce the generalized solution to (1.5) via the following definitions inspired
by [1], [25].

Definition 2.1. A pair (u,v) of nonnegative functions
u € Lino(2 x [0,00)), v € Li([0,00); WH(Q))

will be called a weak subsolution to (1.5) if

(2.1) /Qu(gt)é/guo—i-r/ot/ﬂu—u/ot/ﬂuk for a.e. t > 0,
and if
e froeors [ fweeve [ s [T [

holds for all ¥ € C$°(Q x [0, 00)).

Definition 2.2. Let v € (0,1). A pair of nonnegative functions u € L] (€ x
[0,00)), v € L, .([0,00); WE1(Q)) N LY x [0, 00)) forms a weak ~y-entropy super-

loc
solution to (1.5) if

y+1

gl
|Vu/2)?, u—2|Vv|2 and
v

/ / W= [ uget.0)
41 =) 1_7X / /|Vu7/2|2<,0+/ /u”Ago
+4(1 —)x / /‘vum——w‘
o] u'y—',—l

—(1—2v)x/ /—Vv-V<p+(1—7)x/ / @

0 Qv 0 Q v
—(x—vx—m)/ /W@—m/ /u”’“‘lw

0 Q 0 Q

for each nonnegative ¢ € C5°(Q x [0, 00)) with dp/dv = 0 on 9N x (0, 00) along with
equality (2.2).

belong to L .(Q x [0, 00)),

and if
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Definition 2.3. A couple of functions (u,v) will be called a generalized solution
to (1.5) if it is both a weak subsolution and a weak y-entropy supersolution of (1.5).

2.2. Regularized problems. To deal with the global solvability of generalized
solutions to (1.5) for k € (1,2), we consider the following regularized problems cor-
responding to (1.5):

Uer = Aue — XV - (%V’UE) +rue —pul —eu?, e, t>0,
(2.4) 0= Av. — ve + ug, r e, t>0,
) Ou.  Ove
81/7(%*0’ r €0, t>0,
’U,E(l',o) ZUO(x)v T €

with € € (0,1). The local classical solution of the regularized problems (2.4) with
general k > 1 can be obtained by similar arguments as in [6]. That is:

Lemma 2.1. Assume that ug satisfies (1.6). Let k > 1, x,x > 0 and r € R. Then
for each e € (0,1) there exist Timax,c € (0,400] and a unique pair (us, v) of functions

Ue (S Co(ﬁ X [0, T’max,s)) N 02’1(5 X (0’ T’maxve))’
Ve € 02’0(5 X (0, T’max,e))7

satisfying (2.4) in the classical sense with uc,v. > 0 in Q X (0, Tipax.c). Moreover,
either Tiyax,c = 00, or

li )| pe ey = liminf inf t) = 0.
Jim sup [ue (-, t)|[Loe (o) = 00, or ti%jﬁ,gignvf(x’)

Let (ue,v:) be the local classical solution to system (2.4) for each £ € (0,1).
Denote 1 = max{0,7} and r_ = —min{0, 7} throughout this paper. Then we have
the following a priori estimates.

Lemma 2.2. With k € (1,2), it holds for all € € (0,1) that
(2.5) / ue <m*, t€ (0, Thaxe),
Q

T T

(2.6) 5/ /u2+/ /uk <SM(1+T), T €0, Tnaxe)
0o Ja o Jo

with m* = max{ [, uo, |Q|(r4/p)"/*=V} and My = (1474 )m*/p, and

|Vo.|?
o U2

(2.7) <1l T € (0, Thnaxce).
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Proof. Integrate (2.4); over {2 with Holder’s inequality to know that

d
(2.8) T uegm_/ue—u/uf—e/ug
Q Q Q Q
k
]
2. < e TOlk—1 € ’ 3 ;Tmaxe~
(25) e () 1€ 0T

We get (2.5) by Bernoulli’s inequality with (2.9). The estimate (2.6) comes from
integrating (2.8) from 0 to 7" and from (2.5). In addition, multiply (2.4)2 by v ! to get

Ve |? u
0:/Q| v25| _|Q|+ Qv—€7 tE(O,T’max,E)7

which yields (2.7). O

In order to deal with the global existence of classical solution to (2.4) for each
€ (0,1), we give a point-in-wise lower bound of v, for all (z,t) € Q x (0, Tinax,e)
and € € (0,1).

Lemma 2.3. Let k € (1,2). Then there exist some My, M3 > 0 such that

(2.10) ve(x,t) > Mae M20HD foralle € (0,1) and (x,t) € Q x (0, Tmax.c)-
Proof. A direct computation with (2.4); shows

d 5 2 e " 5
(2.11) _/ Inu. = |Vu2| - X/ M +7|Q| — M/ w1 — 5—:/ Ue
dt Jo Q ug Q  Uele Q Q

|V, |?
ey 5 +(r=w|Q = (u+1) [ ue, t€(0,Timaxe)
Q U Q

by Young’s inequality for all € € (0,1). This together with (2.5) and (2.7) entails

|va|2
(2.12) Inu.(z,t) lnu0+(r—u)|Q|t— (W+1)m*t
Q
> / Inwug — Z|Q|(1 +6)+ (r— )|t — (p+ 1)m*¢
Q
Z - Cl(l + t)7 te (0; Tmax,e)

with C1 = max{1,] [, Inug — 3x2|,|(r — p — Ix*)IQ — (& + 1)m*|} > 0. By means
of the Jensen inequality and the concavity of the logarithmic function, we get
from (2.12) that

e
Q eXp( /1nu5> Q| exp 1+¢ t € (0, Tmax,e)s
[ e = 1910 Qlesp(TgH(1+0). £ (0. T

133



and hence,
Us(x7t) = 77/ Ue = MBQ_JMQ(l-H)v te (O;Tmax,e)
Q

by [7], Lemma 2.1 with My = C1/|Q?| and M3 = n|€2|. The proof is complete. O

The local classical solution (u.,v.) for each ¢ € (0,1) in Lemma 2.1 is in fact
global.

Lemma 2.4. Let k € (1,2). Then for each ¢ € (0,1) system (2.4) possesses
a global classical solution (ue,ve).

Proof. For each ¢ € (0,1), let (ue,v:) be the local classical solution to the
regularized problem (2.4) with k£ € (1,2). Based on Lemmas 2.1 and 2.2, similar
arguments as that in [9], Theorem 1.2 will establish global existence of the classical
solution to (2.4). O

Remark 2.1. The estimates in Lemmas 2.1 and 2.2 are valid with Tiax, = 00
for all € € (0,1). For convenience, we omit the new marks on these estimates.

2.3. Construction of limit function. Now, we deal with a spatio-temporal
integral estimate on u, for all € € (0, 1).

Lemma 2.5. If k € (1,2) and v € (0,min{x ', 1}), there exists some My > 0

such that
(2.13) //wuwzz //‘V r_ ue Vvs //uwweP
<My(1+4+T), T>0

for all € € (0,1). Moreover, there exists some p > 1 along with Ms > 0 such that

v+1
(2.14) / / < Msze™sT T >0

for all e € (0,1).

Proof. A direct calculation with (2.4) for v > 0 shows

d U
— Y = y-1 —_ (2= ok a2
(2.15) dt/ﬂus 'y/ﬂu6 [Aus xV (UEVUE)—I—ruE pug — eu;
y—1
—(1=9) [ AVl 3 -9) [ Evu. e,
Q Q Ve

+r’y/uz—u'y/ug““*l—e'y/ug“, t > 0.
Q Q Q
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In addition, multiply (2.4)2 by u2 /v, to know

y
(2.16) oz/Z—E[AvE—veJrug]
Q Ve

Voe|? u) 1
= /u?' 25| VuE Vo, — u7 > 0.
Q Vg Q Ve Q Ue

Then we have from (2.15) and (2.16) that

d y—1
1) 5 [ =a=9) [ 9 - 200 - [ E-vu v,
Q Q Q

Ve
Vo, |?
+x<1—v>/uz%+<m+m—x>/uz
Q v Q

€

ultt k—1 1
+x(1—7)/ < —/w/uz* - —67/@*
Q Ve Q Q

2
_ 41 =)0 =x) / V22 +ax(1 _7)/‘vu7/2 v, 2
Y Q c Q €

20,
u) !
+x(1—7)/ +(m+xv—x)/UZ
o v Q

€

—;ry/ ul TRl —57/ u™ > 0.
Q Q
If v € (0,min{x!,1}), a combination of (2.17) with (2.5) and (2.6) yields
(218) 0= 1_X7 / /|Vzﬂ/“+4x 1—~ / /‘vm/Q WE
u) Tt
- [ [
o Ja Ue
T T
< [utny o rupnan [ [dae [ ]
Q 0o Ja 0o Ja

F 1+ ((r— +p+ 1)y +x)IQT
<C(1+T), T>0

by Young’s inequality with some C2 > 0 independent of € € (0,1). Again by (2.16)
and Young’s inequality, we have

Ve |? ud !
/u?' 25| / VuE V. + /u”’ /
Q Ve o Ue o Ue
Vo, |2
é— uz| c| +2 [ VUl + [ wl, t>0,
2 Ja v2 Q Q

which integrating from 0 to T entails (2.13) by (2.18) with some M4 > 0.
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Selecting v < B € (0,min{1,x~'}) and replacing v by 3 in (2.18), we know by
Lemma 2.3 that

(ﬁ+1 (v+1) M2(1+T) (,3 )/ (v+1)
[ 1) < [ e < (g [

< MzeMs+T) 7

for all ¢ € (0,1) with Ms = max{2(8 — v)Mz/(y + 1), CoMy P=7/OFDY = Thijs
concludes (2.14). O

Next, we deal with the estimate on the time derivative of (1 4 u.)?/? for all

€ (0,1).

Lemma 2.6. For k € (1,2) with v € (0,min{x"',1}), there exists Mg > 0
such that

T
d
(2.19) /O Hau + ug)v/ZH(WW(Q»* ds < Mg(1+T), T>0
0

for all e € (0,1).

Proof. Let ¢ € W, >°(€2). Then we have from (2.4); that
(2.20)

d
—(1 )2
/th( e
2 - Ue
=35 /Q(l +u) 2)/2¢[Au5 -xV- (U—EV%) + rue — puk — Eug}

= 3 [ ) (Fu 3w+ [
Q Ve

Q
&
_ “2_7 (14 u) 22y 77 / (14 UE)(%z)/%g(ﬁ
Q Q

:L{w/(uu R R /<1+u )02V Ve
_l/(1+us)<7‘2>/2w5-w+—/<1+us)“‘2>/&we-w
2 Q 2 (9] Ve

+ o [ ()0 g — /;—7 / (1+uz) =22k — %7 / (14 u)2/22¢
Q Q

Q

v/2)2 v/212\1/2 [Ve|? 12
< Cs |VU5 I* 1@l Lo (o) + C3 \Vue ?) A 19l L (o)
1/2 1/2 a\1/2
v/212 |v |
+Cs \VU | IVéllz) + Cs (1 + ue)” IVl L (0)
+C’3</ 14+ u.)” /u +6/u“’+1)|¢>|Loo(Q), t>0
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by Holder’s inequality with some C3 > 0. In addition, it is known by Young’s
inequality with (2.20) and (2.5) that

(2.21) ; (1+u:)"?¢

<c 1 122 |V e|2 u?
W1+ u + |Vu ||¢HW01’°°(Q)7 t>0

with some Cy > 0. Since WJ'™?(Q) < W, "™(Q), integrating (2.21) from 0 to T,
we obtain from (2.6), (2.7) and (2.13) that

S+ u) H d
/0 Hdt( o te) (W2 (@) i

Trrd
iy o L
sewy ey Jo |Jadt

il n+1,2m><1

cafre [ e [ fraree [ 55 [ [

<Ms(1+T), T>0

ds

with some Mg > 0. The proof is complete. O
We now perform a subsequence extraction procedure to obtain a limit object (u, v),

i.e., a generalized solution to problem (1.5).

Lemma 2.7. Ifk € (1,2) and v € (0,min{1, x"'}), then for p € [1,k) there exist
uwe L (2 x(0,00)) and v € L, ((0,00), WH(Q)) such that

(2.22) u” = w2, in Ly ([0, 00); WH(Q)),

(2.23) u: = u, a.e. inQx(0,00) and in Lt (2 x [0, 00)),
(2.24) ve = v, a.e. in Q x (0,00) and in L, ([0, 00); W1 (1)),
ug+1 T o

(2.25) ” , In Li,.(Q2 x [0,00)),
7/2 /2
Ve u/*Vv
(2.26) - - in L .(92 x (0,00))
fore =¢; \, 0.

Proof. Since Wh2(Q) <3 L2(Q) < (W, >°(Q))*, we have by the Aubin-Lions
lemma with (2.13) and (2.19) that ul® = w/? in L?(Q x (0,7)) and ue — u a.e.
in Q@ x (0,T), and (2.22) holds as € = ¢; \, 0. For p € (1,k), it is known from (2.6)
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that {uf}.c0,1) C Lk/p(ﬁ x [0,00)). This together with the Vitali convergence

loc

theorem and w, — w a.e. in Q x (0,T) indicates (2.23). The standard elliptic reg-
ularity theory and (2.23) ensure that there exists a nonnegative function v defined
on Q x (0,00) such that (2.24) holds. Again by the Vitali convergence theorem
with (2.14), (2.23) and (2.24), we obtain (2.25). Finally, in view of (2.13) with (2.23)
and (2.7), we can get estimate (2.26). O

Proof of Theorem 1.1. For k € (1,2), we will firstly demonstrate that the func-
tion (u,v) obtained in Lemma 2.7 is a weak subsolution of (1.5). Multiplying (2.4);
and integrating by parts, we have for all € € (0,1) that

(2.27) /Que(-,t)—/Quo:r/ot/Qus—,u/Ot/Quf—e/ot/QufH.

By (2.23), we know

(2.28) r/ot/ﬂug—w“/ot/gu

as € = ¢; \( 0. In addition, based on the Tonelli Theorem there exists a null set
N C (0,00) such that uc(-,t) = u(-,t) a.e. in Q for all t € (0,00) \ N ase =¢; \, 0.
And hence, by (2.27) with (2.28) and the Fatou Lemma along with the positivity of
z—:fOT Jo uZ, we obtain

t ¢
(2.29) /u(~,t)+u/ /uk liminf</ ug(-,t)—i—u/ /u’§>
Q 0 Ja e=eiN0\Jq 0 Ja
t

lim </u0+r//u€—5/u§>

e=eiN0\Jq 0 JQ Q
t

/uo—i—r/ /u

Q 0 Ja

for all ¢ € (0,00) \ N. This concludes (2.1). In addition, let 1) € C5°(Q x [0, o)),
and multiply (2.4)2 by ¢ and integrate by parts, then we get

(2.30) —/OOO/Qvgwt—/ﬂvod)(-,O)—i-/ooo/ﬂVUE~V1/J+/OOO/QUE¢J—/OOO/QuEw.

According to (2.24) and (2.23), we get (2.2) as € = ¢; \, 0. This together with (2.29)
indicates that (u,v) is a global weak subsolution of (1.5).

N

N

138



Now, select a nonnegative ¢ € C§°(2x [0, 00)) satisfying dyp/dv = 0 on 9N x (0, 00).
Then multiply (1.5); by yu2 ¢ to get

(2.31) / / /uoga( 0)
2 2 [ ul!
== [ [arvate—an-m) [ [ i Vi
0 Q 0 o Ue
0 ) uY )
+/ /ugmp—i—x'y/ /—EV’UE-V@—FT’Y/ /u;hp
0 JQ 0o Jo Ve 0 JO
oo (oo}
—uv/ /U3+k_1¢—57/ /UZ“%
o Ja o Ja
In addition, multiplying (2.4)s by uY¢/v., we know
(2.32) 0= / / [Ave — ve + ue]
Q Ve
2
= —’y/ / Vu6 Vv€<p+/ /u7|Vv€|
Q Ve
u7+1
e ven [ fomer [
Q Ve Q Ue

Hence, we have by (2.31) and (2.32) that
(2.33)

/ /U'V(pt /uOSO(aO)
- )1_X7 / /|Vu”/2|280+4x 1—~ / /‘v /2 WE
y+1
[ Lobe [ [ e 12
Q Ve
—i—(rx—i—'yx—x)/ /u;hp—/w/ /uz+k—1¢_m/ /ug+1¢.
0 Q 0 Q 0 Q
By (2.23), we have
(2.34) [ [ [ [
0 Q 0 Q
o0 o0
(2.35) (rx+7x—x)/ /UZ¢—>(TX+7><—X)/ /u”%
0 Q 0 Q
(2.36) —/w/oo/ ul o —m/w/ ul
0 Q 0 Q
(o) o0
2.37 u) Ap — uYA
1Ay @
0 Q 0 Q
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as € = ¢; \( 0, whereas (2.25) implies that

(2.38) x(1—~ //Qtlwﬁx(l—v)/ooo/ﬂu:jlw

as € = ¢; \(0. In addition, it follows from (2.23) and (2.26) that

(2.39) //—Wg Vo = x/ /u7/2
—>X/ /uV/Q—Vwaapzx/ —Vuv -V
0 Q v 0 Qv

as € =¢; \(0. A simple calculation with (2.6) shows that
(2.40)

(14+)/2 (1-v)/2
|_57/ /uv+1¢|<5(1 v)/Q(/ / ) (/ / 2/(1- v)) 0

as € = €; \¢ 0. Hence, we obtain from (2.33) with (2.34)-(2.40) and the Fatou
Lemma that
(2.41)

00 e’} 2
4(1 — 7)(1 — XIY) / / |V’U/A//2|2§0+4X(1 _,Y)/ /‘vuw/2 _ u?/ vvr
Y o Ja o Ja 2v

%

e=e;\0
+ax(1 -~ / /‘v 2 Wa

Jm (<[ “3%—/ ot / / wap [ [
—(rx+x — X/ /u7
+uv/ /UZ“H%LW/ /@“sﬁ)
0 Q

[ o foo- [ o

v+1
o feSrve e [T
—(7“X+7X—X)/ /uwﬂw/ /u”k‘l@

0 Q 0 Q

as € = g; \¢ 0. This together with (2.30) yields that (u,v) is a weak y-entropy
supersolution of system (1.5) as well.

—x(1 =~

Consequently, the proof of Theorem 1.1 is complete. O
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3. BOUNDEDNESS OF SMALL-DATA SOLUTION FOR n > 2

To study the dynamic behavior of solutions to (1.5) for k > 1, we should pay
attention to establishing a positive uniform-in-time lower bound for v. With the aid
of the following crucial ODE inequality (see [15]), this will be realized by a uniform-
in-time upper estimate on the integral fQ u~™ dz with some m > 0, see [6].

Lemma 3.1 ([15], Lemma 3.4). Let T' > 0, and suppose that y is a nonnegative
absolutely continuous function on [0,T') satisfying

y'(t) +ay(t) < f(t) for almost every t € (0,T)

with some a > 0 and a nonnegative function f € L{ ([0,T)) for which there exists
b > 0 such that

t+1
/ f(s)de <b forallte[0,T—1).
¢

Then b
y(t) < max{y(O) +0b,—+ Qb} for allt € (0,T).
a

Now, we have:

Lemma 3.2. Let k> 1, > 0 and r, x > 0 satisfy

X
= 0<x<2,
(3.1) r>4¢ 4 X
x—1, x>2.
Then there exists some 6y > 0 such that
(3.2) ve =09 foralle € (0,1) and (x,t) € Q x (0,00).

Proof. It is shown by Lemma 2.1 of [7] that

(3.3) ve(z, 1) > 77/ ue(x,t)dz for all e € (0,1) and (x,t) € Q x (0, 00)
Q

with some 1 = n(€2) > 0. Now, let ¢; = |lug||z=(q) + 1, c2 := 3 [, uo dz and define
for each € € (0,1)

(3.4) T. :=sup{T € [0,00): |uc|lp=(a) < c1 and (I—A) " us(-,t) > con, t € 0,71},
and furthermore

(3.5) Ty := inf T..
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Then can be readily seen by Lemma 2.4 with (3.4) and (3.5) that T, > 0 fore € (0,1)
along with Ty > 0 being well-defined. Based on well-known estimates on the Neu-
mann heat semigroup {e'*};>¢ in [21], Lemma 1.3 and v (-,s) = (I — A)"lu. > o
for all ¢ € [0,T] with € € (0,1), we know for € € (0,1) that

t
s Ue
(36)  lucllp=o) < ||etAu0|\Lw(Q)+X/ et 2 (229, ds
0 €

’LOO(Q)

t
e / e8| ey ds
0
2K yc?
< ol ooy + 22T 4 vkl T, te (0,11,
2

where K7, K5 are certain positive constants. Let

1 Kixe? \2 1 Kyxci
(3.7) T, = ( ( 1XC3 ) T i) .
rKse; covrKocq 2 covrKac
Then T.; > 0 is independent of £ € (0,1) and (2K1XC%/62)T€11/2 +rKyc1 T = %
Moreover, we know from (3.6) and (3.7) for all € € (0,1) that

1

(3.8) l|luc | oo ) < lluoll o () + 3 t € [0, min{T.,T.1}].

In addition, we get for € € (0,1) that

t t
/ude: /emuodx—i-r/ /e(t*S)Audx—u/ /e(t*S)Aukdx
Q Q 0 Ja 0 Ja
t
—e/ /e(t_s)Auzda:
0 Jao

> / uodx — (uck +cAT., te0,Ty,
Q

which yields

(3.9) (I —A)Yue > 2ncy —n(uct +cAHT., te[0,T.].
Let
(3.10) Top = — 22

2(uct + )
It is easy to see that 7. > 0 is independent of & € (0,1) and n(uc} + c3)Tea = ncs.
Hence, we obtain from (3.9) and (3.10) that

3
(3.11) (I—A) > 0c2, ¢ € [0, min{Te, Te}.
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Therefore, according to the definitions of T, and T} in (3.4) and (3.5), a combination
of (3.7), (3.8), (3.10) and (3.11) ensures that

(3.12) To= inf T. > min{T.;,Te}
€€(0,1)

. 1 Kixc? 2 1 Kixc? Co
= min ( ) Ryl I Py (0
’I“KQCl CQ\/TKQCl 2 C2 ’I“Kgcl Q(ILLCl + Cl)

which is independent of € € (0,1), and moreover

(3.13) uellzo= () < luollpe) +1 Ve €(0,1) and ¢ € (0, To],
(3.14) ve(x,t) > g/ updz Ve € (0,1) and (z,t) € Q x (0, Tp].
Q

Now, we deal with the uniformly lower bound of v, for all € € (0,1) and (z,t) €
Q x (Tp,00). For m > 0, it is known from (2.4); that
(3.15)

1d <

__/ uZ"dr = — / uZ ™t [AuE —xV- (u—Vv) + rue — puf — eug] dz
m dt Q Q Ve

= —(m+1)/u€_m_2|Vu|2dx+X(m+1)/u;m_1de

Q Q Ve

—r/u;mdx—f—u/u;m_dex—l—e/uE_mH, t € (Ty, 0).
Q Q Q

If a € (0,x), we get from (2.4), that
e’ € 1 — e
(3.16) (m + 1)a/ ugmflwdx - _ M/ Vu ™ - V_v dz
Q Ve m Q Ve
1 |2
(m+ )a/umev | da
m Q

€ U2

1

—|—7(m+ )a/u;mdx,
m Q

~
g

and by Young’s inequality that

(3.17) (m—f—l)(x—a)/u

Q Ve

D (x — a)? 2
< (m+1)/ u;m72|vu€|2dx+ w/ u;m|vv2| da.
Q 4 Q v

—m—1 Ve - Vg
£

dx

Let m :=4a/(x — a)? for a € (0, x). Then (m + 1)(x —a)?® = (m + 1)a/m. Denote

(m+ 1)a

fla) = —4<r— ) =a?— (2x —4)a + x> — 4r.

A direct calculation shows that A = 16(r +1 — x) > 0 for » > max{x — 1,0}, and
hence f(a) < 0 for a € (a—,ay), here ax = x — 2+ 2/r +1—x. By the Viete
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formula, Weknowa, <0<ayifr> ixzwithx>0 and 0 < a_ < x < ay if

—-1l<r< X with x > 2. Therefore, if r, x > 0 satisfying (3.1), there exists some
co > 0 such that —(r — (m + 1)a/m) = 1 f(p) < —cy < 0 for a € (0,x) N (a—,ay).
Hence, combining (3.15)—(3.17), we have

1d
mdt Jq o 0 .

for t € (Tp, 00).
If kK —m < 0, we have from (3.18) by Young’s inequality that
(3.19)

o [ s =2 [urmaes (e (2) " ()T

Similarly, if k — 1 —m <0 < k —m, we get
(3.20)

nlzéit/ u;, " dx ——/ _mdx—k/Qu dx+(2+u(2u>(m+l B 1))|Q|,

and if Kk —1—m >0,
(3.21)

1d
——/ugmdxg —co/u;mdx—f—/u’;dx+(u(2u)(k*1*m)/(m+1)—|—2(k*m)/m)|Q|.

Estimates (3.19)—(3.21) yield for k > 1, u > 0 and r, x > 0 satisfying (3.1) that

1d Co
.22 uZ™dr < — = -md Fd t e (T,
(3.22) mdt/ x 5 /QUE x—i—/ﬂu6 x + Cs, € (Tp, )

with some C5 > 0 independent of ¢ € (0,1). In addition, it is known by (2.8)

with (2.5) that
t+1
1
/ /u dzds < (r+ ) t € (0,00).
This together with (3.13), (3.22) and Lemma 3.1 implies
(3.23) / u; "dr < Cg, t € (Tp,00)
Q

with some Cs > 0 independent of € € (0,1).
Let o :=m/(m+ 1) € (0,1). Then for k > 1 we obtain from (3.3) and (3.23) that

—1/m
ve =1 / “edwmm(m*”/m(/ uzmdx) > nCy M QD m — g
Q Q

by Holder’s inequality for all (z,t) € Q x (Tp,00). This together with (3.14) con-
cludes (3.2) with 6y = min{1n [, uodz, 7o} independent of ¢ € (0,1). O

144



Next, we will prove that the global generalized solution to (1.5) is globally
bounded. At first, we give a crucial estimate on [, u? dz for all € € (0, 1).

Lemma 3.3. Let n > 2 and (ue,v.) be the global classical solution of prob-
lem (2.4) established in Lemma 2.4. Then for p € (in(n+2)/(n+1),n] with
q € (p,(n+2)p/n) it holds

d (¢9—qa)/(p—qa) a/p
(3.24) a/u’;dxg —/ué’dm+M7</ ué’dx) +M7(/ ué’dm)
Q ) Q Q

2q/(p(qa—p))
+M7(/u§dx) —|—M7/u€dx, t>0
Q Q

with a = in(q — p)/q € (0,1) and some My > 0 independent of ¢ € (0,1).

Proof. It follows from (2.4); and (3.2) for 1 < p < ¢ that
(3.25)
1d
—— [ uldr= / ub™! [Aue -xV- (%va> + rue — pul — eut T da
pdt Jo Q Ve

1
< —];/Qufgdx—(p—l)/ﬂug_2|Vu€|2dx
p—1

+X(p—1)/u€—2Vu€~Vv€dx
Q U

€

—l—(r—l—l)/uﬁdx—,u/ug"’k_ldm
Q Q

1 -1 2(p—1
< ——/u’;dx—p—/u§*2|Vu€|2dx+&2)/u’e’|Vv€|2dx
PJo 2 Ja 205 Jo
—l—(r—l—l)/uﬁdx—ﬁ/ué’*’k_ldx
Q 2 Ja
1 1 2(p—1
< ——/u’;dx—p—/u§*2|Vu€|2dx+&2)/ugdx
PJo 2 Ja 205 Ja

2(p—1
+&2)/ |V’U5|2q/(q7p)d$+c7/u6dxv >0
250 Q Q

by Young’s inequality with C7 = (r+2)®Tk=0/k=1) (2 /,)n/(k=1) "1f ¢ < np/(n — 2),
invoke Gagliardo-Nirenberg’s inequality to get

2 2 2(1—
(3:26)  [lucllpogey = /2135, ) < Can a2 5% o llu2/)75 0"
a — 2a 2(1—a 2
< 22 Can ([l A Vul 6 e 2 ey + e 1))

L2(2) L2(2) L2()
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where a = n(q —p)/2¢q € (0,1). Moreover, if 1 < p < g < (n+ 2)/np, we know
2ga/p < 1. This fact together with (3.26) yields

(p—1 -1
(3.27) m/ugdxg p—/ué’_2|Vu5|2dx
) 2 Ja

262
q(1—a)/(p—qa) a/p
+C’8</u§dx) —I—Cb(/u’;x)
Q Q

by Young’s inequality with Cs = (p — 1)P/(a9)(2a+Paa/2y2/52C4, \P/(P=a9) and
Cy = 20P99/2C4, ?(p—1)/63. Now, let p € 2n(n+2)/(n+1),n] with p < ¢ <
((n +2)/n)p. Then 2q/(q — p) < np/(n — p) and W24/(@=P)(Q) is continuously em-
bedded into W2P(Q). By the elliptic regularity theory in [6], Lemma 4.3, we obtain

2 2
X*(p—1 _ X*(p—1) 24/ (q—
(328) X0 -1 / Vol gp = KO g j2tten)
20§ Q 245

200 _ 1 _ 2q/(p(q—p))
<o Iy < o ( [ wa) >0
0

with some Cig,Cy; > 0. Combining (3.25) with (3.27) and (3.28), we have
(3.29)
1d

1 (g—qa)/(p—qa) q/p
= Pde < — = Pd C; Pd C Pd
v fy < = fuears o fLuras) 0o [ vras)
2q/(p(q—p))
+C11(/U§d$) +C7/u5dx, t>0.
Q Q

This completes conclusion (3.24) with M7 = pmax{C7,Cs, Cy, Cy1}. O

Now, we establish the following uniform-in-time estimate on fQ uldz for all
€ € (0,1) with the initial data ug and r/u suitably small.

Lemma 3.4. Let n > 2 and (ue,v.) be the global classical solution of prob-
lem (2.4) established in Lemma 2.4. Then for p € (3n(n +2)/(n+ 1),n] there exist
1, A > 0 such that

(3.30) / ulde < Ms, t>0,
Q

provided v/ <1 and [, uf dz < X\ with some Mg > 0 independent of ¢ € (0,1).

Proof. Let F.(t) := [, uc(z,t)? dz, t > 0. Then we have from (3.29) and (4.3)
that

F!(t) < =F.(t) + My F.(t)(4=99)/(p=99) 4 M F_(£)9/P
(3.31) +M7F.(t)%/®Pla=P) 4 Mgm*, t >0,
F.(0) = [ ug dz.
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Since p € (in(n+2)/(n+1),n] and p<g¢< (n+ 2)p/n, we know (¢ — qa)/(p — qa),
q/p, 2q/(p(q¢ — a)) > 1. Denote

h(s,m*) = —s + Mys4=9/(P=a%) 4 Voo 4 Mg/ Pa=P) 4 Mem*, s> 0.

Then there exists mf > 0 such that h(s,m{) has the unique positive root sg. Fur-
thermore, M (t) = s¢ verifies the ODE problem
M'(t) = h(M(t),m), t>0,
(3.32) (t) = h(M(t), mg)
M(O) = S0.

If m* < m§, it follows by a continuous dependence argument that function h(s, m*),
with h(s,m*) < h(s,mg), has exactly two positive roots 0 < s1 < 59 < $2. Now let

n = (rgfi )k_l and A:= min{so, ﬁ%}.

Then for r/pu <1 and [, ufdz < A,

1/p
/uodx< |Q|(p_1)/p</ ugdx) <myg
Q Q
1/(k=1)
/ ue da < max{/ ug dz, (Z> |Q|} <mg
Q Q H

for all € € (0,1). Consequently, we obtain from these estimates with problems (3.31)
and (3.32) that

and

F.(t) :/u’;dx <sp, t>0
Q
for all € € (0,1) by an ODE comparison principle. The proof is complete. U

Proof of Theorem 1.2. Based on the estimate fQ uw?dr < s; for p €
(3n(n+2)/(n+1),n] in Lemma 3.4 and uniformly in time lower-bound estimate
of v. in Lemma 3.2, we obtain the global boundedness of solutions to the regularized
problem (2.4) via a similar argument as that in [20], Lemma 2.3, i.e., |[uc| 1) < C
with some C' > 0 for all ¢ > 0 and € € (0,1). Consequently, we conclude that the
generalized solution (u,v) is globally bounded as well by taking ¢ = ¢; \, 0. (]

4. GLOBAL BOUNDEDNESS OF THE CLASSICAL SOLUTION FOR n = 1
Firstly, we introduce the global existence of the classical solution to (1.5) for n = 1.

Lemma 4.1. Let n = 1 and (uo,vo) satisfy (1.6). Then system (1.5) admits
a global classical solution.
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Proof. The standard Banach fixed theorem entails that system (1.5) possesses
a local classical solution (u,v) in Q X (0, Tinax) with some Tihax < 00. Then, based on
the a priori point-in-wise lower bound of v and the restriction on dimension, it will be
shown for n =1 that the local solution (u,v) is in fact global via some fundamental
energy estimates, i.e., Thax = 00. ([

Here, we give some fundamental facts to the classical solution.

Lemma 4.2. Let (u,v) be the global classical solution to (1.5) for n = 1. Then

(4.1) /udmgm*, t>0
Q

with m* > 0 determined in Lemma 2.5, and
V2
(4.2) / —dz < |Q|, t>0.
Qv

Now, we establish the crucial estimate on u in LP-norm with p > 1.
Lemma 4.3. For p > 1, it holds with some Mgy > 0 that

(4.3) ||’LL||Lp(Q) < Mg, t>0.

Proof. Denote C1a := max{l, max(r +1)s — us*} for s > 0. According to the

representation formula for u, it is known that

¢
(4.4) = et(82/8x271)u0 _ X/ e(tfs)(82/61271)<gvz) da
0 v T
¢
+ / e(t=9)@* /02" 1) (4 1)y — puk) de,
0
and by Lemma 1.3 of [21] with p > 2 that
45)  Nuller) < (luollp=(e) + Ci2)|Q?
o

t

< Ciz+ C’14 sup H ’ t>0

s€(0,t)

LyQ)’
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with C13 = ([[uo| oo () +C12) Q[P and Cra = XKy [ (1+(t—s) "1/ @P))e M (t=9) g5
for some K7,A; > 0. In addition, we get by (4.1) with (4.2) and the interpolation

inequality that
u ’U2 1/2
[ Hesle < ([ %a0) " ulloca
Qv Qv

2(p—1 2)/(2(p—1
<|Q|1/2|| ”zz/p((ép ))” ”(p )/ (2(p—1))

* 2(p—1
< Q2P CE=) [y EF.

This together with (4.5) and Young’s inequality entails that

(46)  lfulloo) cw+cmm”2“p”m”1”%mnw%£p”
s€(0,t)

< Ciz+ 5 sup ||’U,||Lp(Q) + m*(2\/ |Q|C«14)2(p71)/(p72)7 t> 0.
s€(0,t)

Consequently, the proof of (4.3) is complete by (4.6) with
Mg = 2013 =+ 2m*(2« / |Q|C’14)2(p_1)/(1’7—2) .

O

Proof of Theorem 1.3. Using Lemma 1.3 of [21] with (4.4), we get from (4.2)
and (4.3) for p € (1,2) that

1wl Lo () < Cr2 + [Juol Lo ()

t
+><K1/ (14 (£ — 5)"1/2-1/@P)e=Mlt=0) | 4,
0

x‘ ds
v

L ()

< Cra + [Juol| o= ()

t
+XK1|Q|1/2/ (1 + (t _ 5)71/271/(217)) —A1(t—s) ds Sl(lp) ||U||L2p/(2 ()
0 se(0,t

t
<Cr2 + ||u0||Loo(Q) + xK1M9|Q|1/2/ 1+ (t— 8)71/271/(213))641@75) ds

0
=M, t>0,

which concludes the global boundedness of classical solution in dimension one due
to the constant M independent of . O
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