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Abstract. The Fiedler matrices are a large class of companion matrices that include the
well-known Frobenius companion matrix. The Fiedler matrices are part of a larger class
of companion matrices that can be characterized by a Hessenberg form. We demonstrate
that the Hessenberg form of the Fiedler companion matrices provides a straight-forward
way to compare the condition numbers of these matrices. We also show that there are
other companion matrices which can provide a much smaller condition number than any
Fiedler companion matrix. We finish by exploring the condition number of a class of
matrices obtained from perturbing a Frobenius companion matrix while preserving the
characteristic polynomial.

Keywords: companion matrix; Fiedler companion matrix; condition number; generalized
companion matrix

MSC 2020: 15A12, 15B99

1. INTRODUCTION

The Frobenius companion matrix is a template that provides a matrix with a pre-
scribed characteristic polynomial. More recently, it was discovered that the Frobenius
companion matrix belongs to a larger class of Fiedler companion matrices (see [5]),
which in turn is a subset of the intercyclic companion matrices, see [4]. Other recent
templates include nonsparse companion matrices (see [2]) and generalized companion
matrices, see [6].

The Frobenius companion matrix is employed in algorithms that use matrix
methods to determine roots of polynomials, but this matrix is not always well-
conditioned, see [3]. Recent work (see [3]) has explored under what circumstances
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other Fiedler companion matrices can have a better condition number than the
Frobenius matrix, with respect to the Frobenius norm. After covering background
details in Section 2, we use a Hessenberg characterization of the Fiedler companion
matrices in Section 3 to provide a concise argument for the condition number of a
Fiedler companion matrix. The characterization allows us to avoid dealing with the
particular permutation in Fiedler’s construction of companion matrices (see [5]), as
well as associated concepts around consecutions and inversions developed in [3]. In
Section 4, we provide some examples of non-Fiedler companion matrices that demon-
strate that there are intercyclic companion matrices that have a smaller condition
number than any Fiedler companion matrix for some specific polynomials. In Sec-
tion 5, we provide a method for constructing a generalized companion matrix that, in
some cases, can improve on the condition number of any Fiedler companion matrix.

2. TECHNICAL DEFINITIONS AND BACKGROUND

In this section we recall the relevant background on companion matrices and con-
dition numbers that will be required throughout the paper.

Let n > 2 be an integer and p(x) = 2" +c,_ 12" L +cp_22™ 2 +. . .+co. A compan-
ion matriz to p(x) is an n X n matrix A over R|cy, ..., c,—1] such that the characteris-
tic polynomial of A is p(z). A unit sparse companion matriz to p(x) is a companion
matrix A that has n — 1 entries equal to one, n variable entries —cg, ..., —¢,_1, and
the remaining n? — 2n + 1 entries equal to zero. The unit sparse companion matrix
of the form

r 0 1 0 0 0 7
0 0 1 0 0
0 0 0o ... 1 0
0 0 0o ... 0

L—Cp —Ci —Co ... —Cph—2 —Cp—1ld

is called the Frobenius companion matriz of p(x). Sparse companion matrices have
also been called intercyclic companion matrices due to the structure of the digraph
associated with the matrix; see [7] and [4] for details.

The matrices in Figure 1 are examples of unit sparse companion matrices to p(z) =
% + c323 + co2® + c1x + ¢o. The first matrix in Figure 1 is a Frobenius companion
matrix. The matrices in Figure 2 are also companion matrices to p(z), but they
are not unit sparse since not every nonzero variable entry is the negative of a single
coefficient of p(z). Note that in the last matrix, the value of a can be any real
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number; when a = 0, then this matrix becomes a unit sparse companion matrix.

0 1 0 0 0 1 0 0 0 1 0 0
0 0 1 0 0 —c3 1 0 —ca —c3 1 0
0 0 0 1 0 —co 0 1 0 0 0 1
—Cp —Ci —C2 —C3 —Cyp —C1 0 0 —Cop —C1 0 0
Figure 1. Some 4 X 4 unit sparse companion matrices.
0 1 0 0 —C3 1 0 0 —C3 1 0 0
—C2 0 1 0 0 0 1 0 —c2+a 0 1 0
—c1+c3ca 0 —c3 1 —c1+c3ca —co 0 1 —c1+acg —a 0 1
—Co 0 0 0 —Cp 0 0 0 —Co 0 0 0
Figure 2. Some 4 X 4 companion matrices.
—C3 1 0 0 —C3 —C2 —C1 —C(C 0 0 O —Co
—c2 0 1 0 1 0 0 0 1 0 0 —c
—c1 0 0 1 1 0 0 01 0 —c
—cg 0 0 O 0 0 1 0 0 0 1 —cs

Figure 3. Some companion matrices equivalent to the 4 x 4 Frobenius companion matrix.

Since the matrix transposition and permutation similarity affect neither the char-
acteristic polynomial, nor the set of nonzero entries in a matrix, we call two com-
panion matrices equivalent if one can be obtained from the other via the transposi-
tion and/or permutation similarity. The matrices in Figure 3 are equivalent to the
4 x4 Frobenius companion matrix. Note that if A and B are equivalent matrices, then
the multiset of entries in any row of A is exactly the multiset of entries of some row or
column of B. No two matrices from Figures 1 and 2 are equivalent (assuming a # 0).

Fiedler in [5] introduced a class of companion matrices that are constructed as
a product of certain block diagonal matrices. In particular, let Fy be a diagonal

matrix with diagonal entries (1,...,1,—¢g) and for k=1,...,n—1, let
Infkfl O 0
. —Cgk 1
F = O Ty, 0 with Ty = |: 1 0:|
0] O Iy

Fiedler showed (see [5], Theorem 2.3) that the product of these n matrices, in any
order, will produce a companion matrix of p(z) = 2" +c¢,_ 12" 1 +c, 22" 2 +. . .+co.
Consequently, given any permutation o = (0g,09,...,0,-1) of {0,1,2,...,n — 1},
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we say that F, = F, F,, ... Fy, , is a Fiedler companion matriz. The Frobenius
companion matrix is a Fiedler companion matrix since the Frobenius companion
matrix is equivalent to FoFj ... F,_1, as noted in [5].

In [4] it was demonstrated that every unit sparse companion matrix is equivalent
to a unit lower Hessenberg matrix, as summarized in Theorem 2.1. Note that, for
0 < k < n—1, the kth subdiagonal of a matrix A = [a,;] consists of the entries
{ak+1,1,k+2,2, - - - ann—k}- The 0th subdiagonal is usually called the main diagonal
of a matrix.

Theorem 2.1 ([4], Corollary 4.3). Let p(z) = 2™ + cp_12" 1 +cpox™ 2+ ... +
c1z+co be a polynomial over R withn > 2. Then A is an n X n unit sparse companion
matrix to p(x) if and only if A is equivalent to a unit lower Hessenberg matrix

o L,|] o
(21) C: Infmfl
R o7

for some (n —m) x (m + 1) matrix R with m(n — 1 — m) zero entries, such that C
has —c,,_1_j on its kth subdiagonal for 0 < k < n — 1.

Note that in (2.1), the unit lower Hessenberg matrix C' always has C, 1 = —cg
and R my1 = —cp—1. Given this Hessenberg characterization of the unit sparse
companion matrices, one can deduce the corresponding inverse matrix if ¢y # 0.

Lemma 2.2 ([7], Section 7). Let p(z) = 2" +cp_12" 1 +cp02™ 2 +.. . +c12+0¢
be a polynomial over R with n > 2. Suppose that C is a unit lower Hessenberg
companion matrix to p(z) as in (2.1). Assuming co # 0, if

0 | I, (@)
C= u H In,m,1
—co | y" o
for some u, y, H, then
l T o’ _i
Co Co
Cc = L O 0
1 1
__uyT -H|Iim1|—u
€o Co
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Throughout this paper, we use the Frobenius norm of an n x n matrix A = [a;;]

1Al = > a.
i!j

Remark 2.3. If both A and B are unit sparse companion matrices to the same

given by

polynomial p(x), then it follows that ||A|| = ||B|| since A and B have exactly the
same entries. Furthermore, if A = PBPT for some permutation matrix P, then A~!

and B! also have the same entries, and hence ||A~Y| = ||B7!].

The condition number of A, denoted k(A), is defined to be
k(A) = Al - [[A7H].
Remark 2.3 implies the following lemma.

Lemma 2.4. If A and B are equivalent companion matrices, then k(A) = k(B).

3. CONDITION NUMBERS OF FIEDLER MATRICES VIA THE HESSENBERG
CHARACTERIZATION

The condition numbers of Fiedler companion matrices were first calculated by de
Teran, Dopico, and Pérez; see [3], Theorem 4.1. In this section we demonstrate
how a characterization of Fiedler companion matrices via unit lower Hessenberg
matrices, as given by Eastman et al. (see [4]), provides an efficient way to obtain
the condition numbers for Fiedler companion matrices. Our approach avoids the use
of the consecution-inversion structure sequence, described in Definition 2.3, of [3],
which was used in the original computation of these numbers.

The following theorem gives a characterization of the Fiedler companion matrices

in terms of unit lower Hesenberg matrices.

Theorem 3.1 ([4], Corollary 4.4). If p(x) = 2" + cp_12" L + ... + 17 + o is
a polynomial over R withn > 2, then F is an n x n Fiedler companion matrix to p(z)
if and only if F is equivalent to a unit lower Hessenberg matrix as in (2.1) with the
additional property that if —cy, is in position (i,j) then —cy41 is in position (i — 1, 7)
or(i,j+1)for1<k<n-1.

An alternative way to describe the unit lower Hesenberg matrix in Theorem 3.1 is
to say that the variable entries of R in (2.1) form a lattice-path from the bottom-left
corner to the top-right corner of R. The first two matrices in Figure 1 are examples
of Fiedler companion matrices since the variable entries of R form a lattice-path.
The last matrix in Figure 1 is not a Fiedler companion matrix.
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If ' is a Fiedler companion matrix, the initial step size of F' is the number of
coefficients other than ¢y in the row or column containing both ¢y and ¢;. The first
matrix in Figure 1 has initial step size three and the second matrix in Figure 1 has
initial step size one.

Remark 3.2. Note that equivalent matrices have the same initial step size since
transpositions and permutation equivalence does not change the number of coeffi-
cients in the row or column containing cy and c;.

Using Theorem 3.1 and Lemma 2.2, one can describe the nonzero entries of the
inverse of a Fiedler companion matrix:

Lemma 3.3 ([3], Theorem 3.2). Let p(z) = 2" + cp_12" L + o™ 2+ ... +
c1x+co be a polynomial over R withn > 2 and ¢y # 0. Let F' be a Fiedler companion
matrix to p(x) with an initial step size t. Then

(1) F~! hast + 1 entries equal to —1/co, —c1/co, - .., —ci/co,

(2)
(3)
(4)

4) the remaining entries of F~1 are 0.

F~! hasn — 1 —t entries equal to Cid1yClat2y -y Cnel,
F

—! has n — 1 entries equal to 1, and

Proof. Since F is a companion matrix to p(z), by Theorem 2.1, the matrix F’
is equivalent to a lower Hessenberg matrix C of the form (2.1). Since F' and C' are
equivalent, it follows that the matrices F~! and C~! are equivalent, so it suffices to
show that the matrix C'~! satisfies conditions (1)—(4).

Since F' is a Fiedler companion matrix, Theorem 3.1 implies that c; is either
directly above ¢y in C or directly to the right of ¢;. If ¢1 is to the right of ¢ in C,
then all other entries in the column containing ¢y are zero. Alternatively, if ¢; is
above cg, all entries to the right of ¢y in C' are zero.

Lemma 2.2, which gives us the inverse of a unit lower Hessenberg matrix, applies
to the matrix C. By our above observation, the vector u or the vector y must
be the zero vector. Without loss of generality, let y' be zero, which means that
—co'uy'" — H = —H. If the initial step size of A is ¢, then there are ¢t nonzero
elements in u, and it has the form
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By Lemma 2.2 the inverse of the matrix C' then has the form

OT OT _i
Co
(3.1) Cl=|1I, 0 0
1
-H | Inm1|—u
Co

From (3.1), we can describe the entries of C™': m +n —m —1=n — 1 entries are 1
(coming from the submatrices I, and I,,_;—1); ¢t+1,-..,Cn—1, which all belong
to the submatrix —H; the entry —1/c¢g from the top-right corner; and the entries
—c1/co, - ., —ci/co from the term co~'u. Moreover, the rest of the entries of C~1 are
zero. We have now shown that C !, and hence F~!, has the desired properties. [J

Remark 3.4. Lemma 3.3 mimics Theorem 3.2 of [3]. As observed in [7], the
initial step size of a Fiedler companion matrix is equal to the number of initial
consecutions or inversions of the permutation associated with the Fiedler companion
matrix, as defined in [3].

We can now compute the condition number for any Fiedler companion matrix.
This result first appeared in [3], but we can avoid the formal analysis of the per-
mutation that was used to construct the Fiedler companion matrix, as well as the
associated concepts of consecution and inversion of a permutation.

Theorem 3.5 ([3], Theorem 4.1). Let p(x) = 2" + cp_12" L + cp02™ 2 +... +
c1x+c¢q be a polynomial over R withn > 2 and ¢y # 0. Let F' be a Fiedler companion
matrix to p(x) with an initial step size t. Then

L+ + ..+ e
|col?

R(F)? = IF)?- ((n = 1)+ +leel? 4+ e ]?)

with
IF|I?2 = (n—1) 4 |co|> + |c1* + ... + |en1|%

Proof. This result follows from the fact that F' is a unit sparse companion
matrix (so it contains n — 1 entries equal to 1 and the entries —cg, ..., —c,—1), and
Lemma 3.3, which describes the entries of F~!. O

Because the condition number x(F) of a Fiedler companion matrix F' depends
only upon the initial step size and not the permutation o, we can derive the following
corollary.

Corollary 3.6 ([3], Corollary 4.3). Let p(z) = 2" + cp_12" 1 +cpox™ 2 +... +
c1x + ¢o be a polynomial over R with n > 2 and ¢y # 0. Let A and B be Fiedler

companion matrices to the polynomial p(x). If the initial step size of both A and B
is t, then k(A) = k(B).
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Since condition numbers of Fiedler companion matrices depend on the initial step
size, let

Sy = {F: F is a Fiedler companion matrix to p(x) with the initial step size ¢},

and define k(t) = k(F) for F' € S;. We can now recover a result of [3] that allows
us to compare the condition numbers of Fiedler matrices while again avoiding any
reference to the permutation o used to define a Fiedler matrix.

Corollary 3.7 ([3], Corollary 4.5). Let p(z) = 2" 4+ cp_12" 1 +cpox™ 2 +.. . +
c1x + ¢ be a polynomial over R with n > 2 and ¢y # 0. Then

(1) if |eo| < 1, then k(1) < K(2) < ... < k(n —1);
(2) if |eo| =1, then k(1) = k(2) = ... = k(n —1); and
(3) if |co| > 1, then k(1) 2 k(2) > ... 2 Kk(n —1)
Proof. Note that by Corollary 3.6, x(A) is the same for all A € Sy, so k() is

well-defined. The conclusions follow from Theorem 3.5. O

One of our new results is to compare the condition number of a Fiedler companion
matrix of p(x) to the condition number of other companion matrices of p(z). In
particular, if a Fiedler companion matrix F' has a smaller condition number than
another companion matrix C' to the same polynomial p(x), then the ratio x(C)/k(F)
can be bounded. This result is similar in spirit to [3], Theorem 4.12.

Theorem 3.8. Let p(z) = 2" +¢,_12" ' +...4+c12+co be a polynomial over R

with n > 2, and ¢y # 0. Let F be a Fiedler companion matrix to p(xz). Further,
suppose C' is any companion matrix to p(x) whose lower Hessenberg form is
0 | In 0]
C= uc | Ho | In—m—1
—Co yg o’

such that either uc or y/. is the zero vector. If k(F) < r(C), then

Proof.
that k(F) < (C).

The conclusion that 1 < x(C)/k(F') is immediate from the hypothesis

By Theorem 3.1 and Lemma 2.4, we can assume that F' is in unit lower Hessenberg

form. As such, let

0 I O
F=\|up |Hp | I, 1
—Cp YJE 0’

198



and let ¢ be the initial step size of F'. We want to show that

ICl- e -1
e S IEL-IE
I 2=
Since C' and F are unit sparse companion matrices, ||C| = || F|. It suffices to
show that
IC™H < IEN - [1FH2.
Using equivalence, we may assume without loss of generality that uc = 0. By
Lemma 2.2,
1 1
_yg o'’ _—
€0 €0
c =
Im 0] 0
—He | In-m—1 0

since ug = 0. Then

(32) le ==+ (o) + |2+ X Jal,

Ci€y L cx€He

where ¢ € H (or ¢ € y) means —c is an entry in H (or y, respectively). On the other
hand, using Lemma 3.3,

33) IFIP 1P = [<n—1>+§|cz-|2] [0 (A3 + 5 ]

=1 0 o

We want to show that ||C~|| < ||F|| - ||[F~!||? which is equivalent to showing that
IC~H? < ||F||? - ||[F~Y|*. To do this, for each of the four different summands
in (3.2), we show that there exist distinct terms in ||F|? - |F~!||* that are greater
than or equal to the summand. Here we rely on the fact that there are no negative
summands in (3.3).

Partially expanding out (3.3), we have

I 1 = 17 - 02 o (S e (B
1=0
n—1

+ (n—1)? Z |c;|? + other nonnegative terms.
=0
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Consequently,

2 .12
lo = m-v+ (o) + X2+ X el

0 ci€yk ck€Hc
<14 -1 (=) 4 (0 1)(50"2) (=) + - 02 e
co i=0 co =0 ’
<IF)P - F
It now follows that 1 < x(C)/k(F) < &(F). O

4. STRIPED COMPANION MATRICES

In this section we explore a particular class of companion matrices known as striped
companion matrices, which were introduced in [4]. A striped companion matrix to
a polynomial p(z) = 2™ + ¢,_12" "' + ... + c17 + ¢o has the property that the
coefficients —cg, —c1, ..., —c,—1 form horizontal stripes in the matrix. In particular,
ift = (t1,t2,...,t,) is an ordered r-tuple of positive integers with ¢; +ta+. ..+t = n,
and t1 > t; for 2 < i < n, then we define the striped companion matriz S, (t) to be

the companion matrix of unit Hessenberg form

0 I,.| O
(4.1) Sn(t) = ]

Inft
R o7 !

with the (n —t; + 1) x ¢; matrix R having r nonzero rows and with the ith nonzero
row of R having t; variables in the first ¢; positions and #; — 1 zero rows immediately
above it in R, for 1 < i < r. Note that this implies the first row of R is a nonzero
row with ¢; leading nonzero entries. For example,

r o 1 0 0 0 0 07
0 0 1 0 0 0 O
—c4 —c5 —cg 1 0 0 O
S7(3,22)=| 0 0 0 0 1 0 0},
—Cg —C3 0 00 1 0
0 0 0 0 0 0 1
L—Cop —Ci 0 0 0 0 0l
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and

[0 1 0O 0 0 0 0 O

0 0 1 0 0 0 0 O

—cs —cg —cy 1 0 0 0 O

S5(3,3,2) = 0 0 0O 01 00O
0 0 0 00 1 0 O

—cog —c3 —c4 0 0 0 1 O

0 0 0O 0 0 0 0 1
|—co —c¢ 0 0 0 0 0 O]

As the next theorem shows, in some cases the striped companion matrices can
have a better condition number than a Fiedler companion matrix.

Theorem 4.1. Suppose n = k(m + 1) for some positive k,m € Z and p(z) =
T+ epo1xz" T+

companion matrix S = S, (k,

+ci1x+co withcg =1, ¢1,...,ch,—1 € R. There exists a striped
k) for p(x) such that k(S) <

companion matrix F if and only if

k(F') for every Fiedler

m ,k—1 m _
(4.2) Z(Z leicsi — ciieil ) Z(Z e )
j=1 Ni=1 J=1 ri=l1
Proof. Let S = Siunt1)(k,..., k), and let F' be a Fiedler companion matrix.

Since ||S|| = || F|| as noted in Remark 2.3, it suffices to show that [|S=1| < ||[F~!]| if
and only if the equation (4.2) holds. By Lemma 2.2,
i —C1 —C2 e —Ck—1 0—r -1
]k—l O 0
—C1Cmk T Cmk+1  —C2Cmk + Cmk+2 —Ck—1Cmk + C(m+1)k—1 —Cmk
0 0 0 0
0 0 0 0
-1
ST = | —cicon+camp1  —Cacar + Conya —Ck—1C2k + C3k—1 —Cok
0 0 0 Ik 0
0 0 0 0
—C1Ck + Ck41 —C2Ck + Ci+2 —Ck—1Ck + C2k—1 —Ck
0 0 0 0
L 0 0 0 0
Thus,

k—1 m m k—1
157 =t S e+ D el + 3 (e = i)
j=1 j=1 j=1 Vi=1
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By Theorem 3.5,

m k—1
P2 =n Z &5 + Z el + Z(Z il )
=1

Therefore x(S) < k(F) if and only if

- m

i(zwk . )\Z(Z o )

j=1 Vi=1

We can deduce the following corollary.

Corollary 4.2. Suppose n = k(m + 1) for some m,k € 7 and p(x) = z™ +
Cho1Z" P+ ...+ cix+co withey =1, c1,...,¢h—1 € R. Suppose F is any Fiedler
companion matrix for p(x). If

lcicjk — Ciktil < |cjpts| forl<j<mandl <i<k-—1,
then there exists a striped companion matrix S = Sy (k, ..., k), such that k(S) < k(F).
Example 4.3. Let

p(x) =29 4+ 828 + 627 + 22 + 525 + 821 + 323 + 322 + 22 + 1.

Note that the inequalities in Corollary 4.2 hold. Let F' be any Fiedler companion
to p(z) and consider the striped companion matrix S = S9(3, 3, 3), i.e

0 1 0 0000 0 07
0O 0 1 000000
2 -6 -8 1.0 0 0 0 0
0O 0 0 010000
S6(3,3,3)=10 0 0 001 0 0 0
3 -8 =5 000 1 0 0
0O 0 0 00O0O0T10
0O 0 0 00O0O0TO0 1
-1 -2 =300 0 0 0 0

Then ||S| = ||F|| = V224, but x(S) = v/224/63 < k(F) = v/224,/224.

One extreme example of how the inequalities in Corollary 4.2 can be met isif ¢ = 1
and the striped companion matrix in line (4.1) has rank(R) = 1. In this case, the
inequalities are trivially met as described in the following corollary. A more general
result can be developed for striped companion matrices with differing stripe lengths;
see, e.g., [1], Section 4.2.
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Corollary 4.4. Givenp(r) = 2" +c,_ 12" ' +cp_02™ 2 +. . .+cr1z+co withcg = 1

andcy,...,cn—1 € R, let S be a striped companion matrix to the polynomial p(z). If
0 I.| © ]
S = Infmfl
R ‘ o

with rank(R) = 1, then x(S) < k(F) for any Fiedler companion matrix F.

Proof. Thisresult follows from Corollary 4.2 by observing that |c;cjx—cjr+i| =0
forall 1 < j < mand 1l <i<k-—1,if and only if rank(R) = 1. In particular,
rank(R) = 1 if and only if every 2 x 2 submatrix of R has zero determinant, which
is true if and only if |c;cjr — cjrtq| =0 for 1 < j <m and 1 <47 <k — 1. Note that
we use the fact that

—Cjk  —Cjk+i
e
is a 2 x 2 submatrix of R and ¢y = 1. O

Example 4.5. Let b,k € R and consider the polynomial p(z) = 2% + (bk3)x5 +
(bk?)z* + (bk?)2® + (bk)a? + kx + 1. If

ro0 1 00 0 0

—bk2 —bk® 1 0 0 0

0 0 010 0

§=9%222)=1 . w2 00 1 0
0 0 00 0 1

-1 &k 0 0 0 0]

and F is any Fiedler companion matrix for p(z), then

(K(F) )2 B e e g e e
k(S)/) b2k* + b2k2 + k2 + 6 '

In this case, for sufficiently large k,

=

(F)
K(S)

~ k,
demonstrating a significantly better condition number for S compared to any Fiedler
companion matrix.

As shown in Corollary 4.4, if the submatrix R in the striped companion matrix S
has rank(R) = 1, then the inequality x(S) < k(F) holds for any Fiedler companion
matrix F. Note that in the striped companion matrix given in Example 4.5, the
corresponding submatrix R has rank one. Observe also that we can write p(z) as

p(x) = q(x) + (bk)2?q(x) + (bk*)x*q(x) + 2°  with ¢(2z) = 1 + k.
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This generalizes: if the matrix S in Corollary 4.4 has rank(R) = 1, then p(z) =
2" +q(z) f (x) for some polynomial g(x) with deg(g(z)) = m and deg(f(z)) =n—m—1.
Moreover, Corollary 4.4 can be improved by giving an estimate on «(F)/x(S) for
any Fiedler companion matrix F'.

Theorem 4.6. Supposen = k(m+1) and p(x) = q(z)+b1x¥q(z)+bex?* q(z)+. . .+
bnz™q(z) + xR with

Q(w) = ak—lﬂ?k_l + ak_gxk_Q +...+a1zx+ 1.

Suppose that S = Sy, (k,k,...,k) and F is any Fiedler companion matrix to p(x). If
(b + ...+ b2)) is sufficiently large, then

Y e e

or if (a3 4 ...+ a}_,) is sufliciently large, then

K(F)
(/@(S’)

Proof. By Remark 2.3, x(F)/x(S) = ||[F~Y|/|IS7!||. By Lemma 2.2,

2
)z(l+bf—|—...+bfn).

IS~ =af+...+ai_q +b7+...+ b2 +n.
By Theorem 3.5 we can determine that
[F7Y2 =@ +b7+...+02)(af+...+aj_y) + (b] +...+b2) +n.

Therefore,

[H(F)r_ (L4+b3+...+b2)(ad+...+ai_ )+ (bi+...+b2)+n
k(S)) (@3 4...+ai_ )+ biI+...+b2)+n

and the result follows. O

5. GENERALIZED COMPANION MATRICES: A CASE STUDY

In the previous sections, we focused on the condition numbers of unit sparse com-
panion matrices. In this section, we initiate an investigation into the condition
numbers of a family of matrices that are not companion matrices, but have proper-
ties similar to companion matrices. To date, there appears to be little work done on
this approach, so the work in this section can be seen as providing a proof-of-concept
for future projects. These results can also be viewed in the broader context of devel-
oping the properties of generalized companion matrices; see, e.g., [4], [6]. Roughly
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speaking, given a polynomial p(x) = 2™ + ¢,,_12™" "1 + ... + c121 + co, a generalized
companion matrix A is a matrix whose entries are polynomials in cg,...,c, and
whose characteristic polynomial is p(x); see [6] for more explicit detail.

Instead of considering the general case, we focus on a particular family of matrices
and their condition numbers. This case study shows that the condition numbers can
improve on those of Frobenius (or Fiedler) companion matrices under some extra
hypotheses.

We now define our special family. Let p(z) = z™ + Cno12" 1+ ...+ cix +co be
a polynomial over R with n > 2 and let a € R be any real number. Fix an integer
1€{3,...,n—2} and let

a' =(—¢h1,~Cn9,...,—c141) and b’ = (—c_o,—c1_3,...,—c1).
Then let
a In—l—l O (@)
—c+a W I 0
(5.1) My (a,l) = —C—1tacy
b (@) O |
—co (@) O| O
where W is a 2 x (n—{—1) matrix having W5 ; = —a and zeroes in every other entry.

Informally, the matrix M, (a,!) is constructed by starting with the Frobenius com-
panion matrix which has all the coefficients of p(z) in the first column. Then we fix
a row that is neither the top row nor one of the bottom two rows (this corresponds
to picking the [), and then add a to ¢; in the (n — I)th row, and —a in the column to
the right and one below. We then also add ac,,—; to the first entry in the (n—I1+1)th
row. Note that when a = 0, M,,(0,1) is equivalent to the Frobenius companion ma-
trix. We can thus, view M, (a,l) as a perturbation of the Frobenius companion matrix
when a # 0. As an example, the matrix Mr(a,4) is given in Figure 4.

T —ce 1 0 0 0 0 07
—c5 0 1.0 0 0O
—c1+a 0 01 0 00
—c3+acg —a 0 0 1 0 O
—C 0 00 0 1 0
—C1 0 00 0 01

L —co 0 0 0 0 0 0l

Figure 4. The matrix My(a,4).
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We wish to compare the condition number of M, (a,!) with the Frobenius (and
Fiedler) companion matrices. In some cases our new matrix M, (a,l) can provide us
with a smaller condition number. The next lemma gives the inverse of M, (a,!) and
shows that the characteristic polynomial of M, (a,l) is p(z).

Lemma 5.1. Let p(x) = 2" +c,_12" ' +c, 22" 2+.. . +c12+co be a polynomial
over R withn > 2 andcy # 0. Leta € Randl € {3,...,n—2}, and let M = My(a,l)
be constructed from p(x) as above. Then

(i) the characteristic polynomial of M is p(x), and
(ii) if ¢g # 0, then

0’ o' | of —1
) 1 C()In_l 0] O a
M - 5 —C()W C()IQ O —ata
—Ci—1
O O C()Il,Q b

Proof. (i) We employ the fact that the determinant of a matrix is a linear
function of its rows. In particular, if M = M,(a,l), we observe that row n — [
of xzI,, — M can be written as u + av for some vectors u and v such that u is not
a function of a. Row n — [+ 1 of xl,, — M can also be written in a similar manner.
Let k =n —[. Thus, applying linearity to the row k gives

(5.2)
a In—l—l O O
—
wo|L| o l
det(zl, — M) =det | I, — —Cl—1 Facp—1 +a(—1)z".
b @) O | I_
—cp o) o] O

Note that the term a(—1)z! in (5.2) comes from computing the determinant of
the matrix A’ formed by replacing the kth row of the matrix zI,, — M with the
row [—a 0 ... 0]. Doing a row expansion along the kth row of A’ the determi-
nant of A" is (—1)¥*!(—a)det(A”), where A” is a block lower diagonal matrix with
diagonal blocks Dy and Ds. Furthermore, D; is a (k — 1) x (k — 1) lower triangu-
lar matrix with —1 on all the diagonal positions and D- is a [ x [ upper triangular
k=11

matrix with « on all the diagonal positions. So det(A”) = (-1) , and hence

det(A4’) = (=1)k* 1 (—a)(—1)k 12! = (—a)z!, as desired.
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We now apply linearity to the row k& + 1 in the matrix that appears in (5.2); in
particular, a similar argument shows that (5.2) is equal to

a Ik—l O 0]
—
| O
(5.3) det | ol — —C1
b O |0 |
—co O |0]| O

+a(=1)z! + acy_1 (D)2t + a(x + ezl 7L

Note that the first summand in (5.3) is the characteristic polynomial of a Frobenius
companion matrix of p(x), and hence is p(z). Thus, (5.3) reduces to

p(z) + a(—l)a:l + acn_l(—l)xlfl +alx + Cnop)zt 7l = p(x).

(ii) A direct multiplication shows that the given matrix is the inverse M. O

Because both M, (a,l) and its inverse are known, we are able to compute its
condition number. In the next lemma, instead of providing the general formula,
we compute the condition number under the extra assumption that c¢g = 1 in the
polynomial p(z).

Lemma 5.2. Let p(z) = 2" +cp_ 12" 1 +c¢,_22" 2 +.. . +c12+co be a polynomial
over R with n > 2, and suppose that ¢co = 1. Let a € R and l € {3,...,n — 2}, and
let M = M, (a,l). Then

/@(M)2 =(v+ a’® + (a — cl)2 + (acp—1 — cl_1)2)(v +a®+ (a— 61)2 + 012_1 +1)

with

n—1
- 2 2 2
v=n—c_y4—C + E c; -
i=1

The next result illustrates the desired proof-of-concept. In particular, the result
shows that in special cases, the condition number of the matrix M, (a,l), which
has properties similar to a companion matrix, has a condition number smaller than
any Fiedler companion matrix. Although the scope of this result is limited, it does
suggest that generalized companion matrices, and in particular perturbations of the
Frobenius companion matrix, can provide better condition numbers in some cases.

207



Theorem 5.3. Let n > 2, and fixl € {3,...,n— 2} and t € R. Set
p(z) = 2™ 4+ ta" 1+t + 2 F 1.
Let M = M, (t,1). Then, for any Fiedler companion matrix F' of p(x),

K(F)? (n + 2t2 4+ t4)?

k(M2 (n+2t2)(n+ 1+ 2t2 + 1)’

In particular, for t for sufficiently large, x(F)/x(M) == \/Lﬁt.

Proof. ByLemmab.2,x(M)? = (1+t*+(n—1)+a*+(a—t)*+(at—t%)?)(1+t*+
(n—1)4+a%+(a—t)?+t*+1). Setting a = t gives K(M)? = (n+2t%)(n+1+2t2 +t4).
We use Theorem 3.5 to compute #(F)2. Note that since ¢y = 1, £(F) is independent
of the initial step size of F. Hence,

KF)=(n—1)+1+t"+12 +¢%) = (n+2t> + ).

Thus we have
K(F)? (n+ 2% +t*)?

k(M2 (n+22)(n+1+ 262 +¢4)
The limit of the right hand side is %tQ as t — oo, which implies the final statement.
O

The following result gives another case, where we can make a matrix with smaller
condition number than any other Fiedler companion matrix, providing additional
evidence that generalized companion matrices may be of interest.

Theorem 5.4. Let n > 2, and fix | € {3,...,n —2}. Let p(x) = 2" +
Cn1z" L+ . 4 1 + co with ¢g = 1, and (¢en-1)? < 2¢-1¢c1¢n1 — 1. Let
M = M, (¢1,1). Then k(M) < k(F) for every Fiedler companion matrix F' of p(x).

n—1
Proof. Letv=mn—cl—cl;+ Y c. Because ¢y = 1, by Theorem 3.5 all
i=1

Fiedler companion matrices F' have the condition number
K(F) = (v+cf +cly).
By Lemma 5.2, with a = ¢,

R(M)? = (v + ] + (en1 — 1)) (v +cf +¢i g +1)
= (04 + g+ ((acn-1)? = 2¢1¢100-1)) (0 + ¢ +¢fq + 1),

If we set w = (v+ ¢ +¢c?_,), then kK(M)? = (w —y)(w + 1) with y = 2¢;_1¢105-1 —
(cien—1)%. But y > 1 by hypothesis, thus £(M)? < w? = k(F)2. O
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