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Abstract. Let p be a positive Borel measure on the complex plane C" and let
Jj = (j1,-.-,jn) with j; € N. We study the generalized Toeplitz operators T,i]) on the

Fock space F2. We prove that Tl(ﬂ ) is bounded (or compact) on F?2 if and only if p is
a Fock-Carleson measure (or vanishing Fock-Carleson measure). Furthermore, we give

a necessary and sufficient condition for T,Sj ) to be in the Schatten p-class for 1 < p < oo.
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1. INTRODUCTION

Let C" be the complex n-space. For points z = (21,...,2,) and w = (wy,...,wy)
in C", we write

n
2W = Zzim, |z = 2z
i=1

For any positive parameter «, we consider the Gaussian measure

dXa(2) = (g)ne_("z‘2 dv(z),

T

where dv is an ordinary volume measure on C™. It is easy to check that d\, is
a probability measure on C". For 1 < p < oo, the Lebesgue space L (C") consists
of all measurable functions f for which

1
o= { [ 1f@e v} < o
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The Fock space FP consists of all entire functions on C™ that are also in the
space LP(C™). The space FP? is a closed subspace of L?(C"). So we get that F? is
a Hilbert space with inner product inherited from L2?(C"):

(fo9)= | J(2)9(z)dAa(2).

Ccn

[alil .
e](z): TZJ7

where j = (j1,...,Jn) EN", N={0,1,2,...}, jl=g1!.. . gl and [j| =71+ ... + jn-
Then {e;} forms an orthonormal basis for F2. For any fixed z € C", the reproducing

Let

kernel function K, (w) for the Fock space F? is

K, (w)=K(w,z) = ZWz)el(w) =™,
1

In the following discussion, let k. = K,/||K.| denote the normalized reproduc-
ing kernel function for F2, where ||| denotes the norm in F2.
For any fixed z € C", define the operator U, on F2 by

U.f = (f o)k,

where @, (w) = z —w for w € C". Then it is easy to check that U, is unitary and
self-adjoint. For any f,g € F2, let f ® g be the rank-one operator defined on F?2,
that is,

(f©g)h=(hg)f VheFZ

In particular, the rank one operator E; := e; ® e; is in fact the orthogonal projec-
tion onto the subspace generated by e;. Let L>°(C™) be the space of measurable
functions f on C™ such that

| fllco = esssup{|f(z)]: z € C"} < 0.
Note that
(1.1) (U.EoU.f,g) = f(2)g(2)e " V[ geF? vzecCm,

then the traditional Toeplitz operator T, on F2 with the symbol a € L>®(C") is
defined by

le% n
T, = (—) / U.EyU.a(z)dv(z),
T
where the integral converges in the weak operator topology.
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Let D be the open unit disk in C and let dA denote the normalized Lebesgue area
measure on D, and let dmg(z) = (8 + 1)(1 — |2|?)? dA(z), B > —1. For any fixed
B > —1, the weighted Bergman space L2(dmg) is a Hilbert space consisting of the
analytic functions on D, that are also in the space L?(D, dmg) of square integrable
functions on D. If 8 = 0, for convenience, the Bergman space is denoted by L2.
For z € D, let W, on L2 by W.f = (f o ¢)¢’, where ¢.(w) = (z —w)/(1 — Zw).
Then W, is unitary and self-adjoint on L2. Let L°(D, dA) be the space of all
measurable functions f on D such that

| flloo = esssup{|f(2)|: z € D} < .

Let R be an operator defined on L2 such that the matrix of R under the orthonormal
basis {Cx}k>0 = {Vk + 128} k>0 of L2 is diagonal, and let a € L°°(D, dA). Englig
in [5] considered the following operator defined as

(1.2) R, ::/DWZRWZa(z)dj(z),

where dA(z) = dA(z)/(1 — |z|%)?, and showed that if R is in the trace class, then
|Rall < ||R|lt:|al|oo- Since the operator R is an [! linear combination of the projec-
tions Hy, = (i ® (i with the trace norm of R given by the correspondent {'-norm of
its eigenvalues, the above result is equivalent to HTék) I < |la]|oo for all integers k > 0,
where the operator T(gk) is defined by

(1.3) T®) = / W, HyW,a(z) dA(2).
D

Let k > 0. Sudrez in [14] defined the following generalized Toeplitz operators on the
Bergman space L2:

(1.4) 10 = [ WLHWL(1 - )2 du(a)
D

He, using Carleson measure conditions, characterized the boundedness and compact-
ness of the operator Ték) on the Bergman space. The authors in [16] gave a neces-
sary and sufficient condition for Ték) €S, (1 < p < o) and a sufficient condition
for T,Sk) €S, (0<p<l).

Based on the research of the above scholars, we considered similar operator on the
Fock space F2, and later found that the operator we defined is essentially a localized
operator. Let u be a Borel measure on C". We now define the following generalized
Toeplitz operators on the Fock space F2:

(1.5) T = (9)"/ U.E;U, du(z)

T
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for all j = (j1,...,Jn) € N™, where the integral converges in the weak operator
topology. That is,

o) (100 = (2) [ (Ut Vg dnte), fig€ F

for all j = (j1,...,7n) € N, In particular, the traditional Toeplitz operator with
symbol p is

(1.7) T, = (%)n/ U, EoU, du().

If a € L>®(C"), let du = adv. We get

(1.8) T = (%)n/ U.E;U,a(z) dv(z).

Toeplitz operators have been widely studied in the contexts of Hardy and Bergman
spaces on various domains, and a large number of techniques and methods have been
developed over the past twenty years or so, see [11], [17], [18]. In [15], the authors gave
a sufficient conditions for a densely-defined operator on Fock space to be bounded
or compact, under the boundedness condition, they characterize the compactness of
the operator in terms of its Berezin transform.

The generalized Toeplitz operator can be used as a generalization of Toeplitz op-
erator. When dealing with the boundedness, compactness and Schatten-p class of
generalized Toeplitz operators, the previous methods for solving Toeplitz operators
may no longer be applicable. So, in this paper, we solve the boundedness, compact-
ness and Schatten p-class of generalized Toeplitz operators induced by positive Borel
measure on F? by using new methods. We know that the Schatten-p (0 < p < 1)
class of Toeplitz operator has been solved, see [19]. Unfortunately, when dealing
with the Schatten-p (0 < p < 1) class of the generalized Toeplitz operator, we did
not find a good method.

2. BOUNDEDNESS OF GENERALIZED TOEPLITZ OPERATORS

For a fixed j = (j1,...,jn) € N™, suppose p is a positive Borel measure that
satisfies the condition

(2.1) [ 1= wp PIE Gw)le = duu) < oo

for z € C". Because of the exponential form of the reproducing kernel, it is clear
that the above is equivalent to

(2.2) / (2 — w) 2| K (2, w)|2e~"I" dp(w) < 0o for z € C™.
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If 11 satisfies condition (2.1), then the Toeplitz operator T,Ej ) is well-defined on

a dense subset of F2. In fact, if

N
flw) = Z e K (w, wy,)
k=1

is any finite linear combination of kernel functions in F2, then it follows from (2.2)
and the Cauchy-Schwarz inequality that T,Ej )( f) is well defined. It is checked that
the set of all finite linear combinations of kernel functions is dense in F2.

All measures in this paper will be assumed to satisfy inequality (2.1). In partular,
we can define a function p on C” as follows:

fi(z) = / [z (w) 2e 1 dp(w), 2 € C".

Inequality (2.2) implies that 11 is well-defined. We called [z the Berezin transform of p.
Given a point z € C™ and r > 0, write

B(z,r) ={w:|w—z| <r}

for the Euclidean disk centered at z with radius r. For a Borel measure p on C”,
the average of 11 on B(z,r) is simply writen as

fri(2) = / o2 ()7 2 dpa(uw),
B(z,r)

since the Lebesgue volume v(B(z,r)) = fB(Z’r) dv is a constant when z varies in C™.
For more information about the Berezin transform of ;1 and the average of i one can
refer to [8], [9].
The Weyl operator
Waw() = 71 (g — 2)

acts unitarily on L2(C"). Let w € F2, and f € L*>(C"), the Gabor-Daubechies
localization operator L;w) is the operator acting on F2? and defined, in the weak
sence, by

(L, ) = (2)(u, Wow)(W,w, &) dv(z) Vu, £ € F2.
cn

The operator T,Sj ) defined in (1.5) is essentially a localization operator. Let
BC*(C) be the space of all C*°(C) functions whose partial derivatives are bounded.
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Let w € F? and f € BC®(C), the authors in [1] showed that a localization operator
as a Toeplitz operator, their relationship can be expressed as

(w) _
Ly =Tp(w)s-

That is, L;w) is equivalent to a Toeplitz operator T'p(.)s, Whose symbol is a dif-
ferential operator D(w)f, where the coefficients are constants explicitly determined
by w. For more information about the localization operator one refer to [2], [3], [4],
[6], [7], [10].

Theorem 2.1. Ifa € L>°(C"™), then T is bounded on F?2, that is, there exists
a positive constant M such that

(2:3) 1T < Mlao.

The proof can easily be adapted from the one of Proposition 2 in [6]. The routine
details are omitted here.

In order to prove the boundedness and compactness of generalized Toeplitz oper-
ators on F2, we need the following lemma.

Lemma 2.2. For w,z € C", let t = ™(*®) Then U,U,, = U, (w)Vi, where
Vif(u) = tf(~u) for f € F2.
Proof. Since py,op.0¢,, (w) = —I, where I is identity, for any f € F? we have
UnU f(§) = f o @2 0 puw(§)k:(0w(§))kw(E)
= f 0@y, (w)( aZow(§)—alz|?/2+awt—alw|? /2

) €
= fo @y, (w)l

=3

—E)kp. ) (—E)e D = VEUL () [ (€).

It is easy to show that V;* = V4, therefore U, Uy, = U,_() Vi, where t = ellm(ezw)
Each operator S on F? induces a function S on C™, namely,

S(z) = (Sk.,k.), zeC™

We called S the Berezin transform of S.
Let u be a positive Borel measure on C". We say that p is a Fock-Carleson
measure on F? if there exists a constant M > 0 such that

/ f(2)e 22 au(z) < M| |f(2)e 222 du(z2)

Ccn

for all entire functions f. Next we give the main theorem of this section.
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Theorem 2.3. Let p be a positive Borel measure on C". Then T}’ is bounded

on F? if and only if u is a Fock-Carleson measure, in which case, there exists a positive
constant M such that

MM Allso < NTPN < M|Alloo.

Proof. The case of j =0 is trivial. We only need to consider the case of j # 0.
Suppose that u is a Fock-Carleson measure. For any F (&) = Y amen(§) € F2 and
t = (t1,...,tn) with 0 < ¢; < 27, s = (s1,...,8,) With 0 < s; < o0, it is easy to
check that

(24) (B Usene)* = [(F(€), €5 0 pseir (&) kit (€))
= [(F(&),e7%;j 0 pyeie (E)kseie (€))]?
[(F(E), (Uses) (e E)? = [(F(e"€), (Use;)(€)I
=Y amailem(€"E), (Use;)(©)){er(e), Use;)(€))
m,l

= ama@e ™ ey, Uses)er, Use;).
m,l

27 27 F thl dtn B ) )
(25) ) |(F), Useite;)| 2—n~~~2—ﬂ*§m:|am| [(em, Use;)|

—_———

n

> aj*(ej, Uses)|* = [(Fle5) P (e, Uses)|?
2n 2n
dty dt
|(F,e;)|? / / (ej, Usire)|? = 5 .

Multiplying by 2"a"s; ... sne—*" both sides of (2.5) and integrating yields

(&) [ HE U)o autey > HE )P (L) [ les Usep)Peo o),

T T
that is,
@0 [ WP ) > PR [ e Vel alo)

In particular, let F' = U, f, by (2.6), we have
@D [ WL V)P A) > (afe) [ N Vet dhaz)
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By Lemma 2.2, writing t = e"™(@%%) e have

(Uwf, Uzej>| = [(f, UwUz€j>| = [{f, Uwu;(Z)VtejH

(f. (=T, e = [(f. Upy 216501,

where V;h(u) = th(—u) for h € F2. Taking the change of variables ¢ = ,,(2) in the
left of (2.7) yields

@8) [ AT P a(s) > [Tnfeell? [ 1esUnes) P ol

Integrating with respect to (a/m)" dp(w) both sides of (2.8), we get

@9 (2) [ EON. Ve duts)

> (2)" [ 1atepPautw) [ e, Vel ad(o)
that is,
(210) TOL0) > [ len Ul DaHID S ).

It is easy to check that [, |(e;,U.e;)|* dAa(2) is a positive constant. By Theorem 2.1

and (2.10), we get that TIEJ) is bounded on F? and there exists a constant M > 0
such that

(2.11) 1T < MITE || < MI|7i]| o

We now assume that T,Sj) is a bounded operator. Let f(z) = a7 /e®(@1t+2n)

where x = (z1,...,2,) with ; € [0,00) and let f;(z;) = x{"e_a’“. We have

fimax(z:i) = f(ﬁ) = Lﬁe*ji.

« adi

Hence,

fmax(l‘) = Hf?,max(xz) = ij_e—\j\.
=1

ol

Let (ji — 3)/a < @ < (ji +1)/a, that is, z; = (ji + i) /o with —5 < y; < 1, then

f(x):f(j+y> (G +y) < (j1 — 1/2)70 ... (jn — 1/2)In 1

« T alilelil (vt tyn) T alilelil+n 7 onglilelil+n”

If (ji — 5) /o < |zif* < (ji + 1) /o, then

2jg—alzl® 5 1
(2.12) |z|*e Z Snolilan



Now, let z; := (\/j1/a ..., \/jn/c), and 0 < r < |zj| = \/|j|/c, we know that
B(z;,r) is contained in B(0, |z;| + 1) \ B(0, |z;] — ). Thus, we choose r < |z;| small
enough such that

n —1/2 "G+ 1
Ez 1( /)<(|Zj|—’l")2 and |Zj|+’l“< 21:1(.7 + )

(2.13) - -

for all j # 0. We denote /z = 0if x < 0. Let £ = <\/(j1 - %)/a,...,\/(jn - %)/a)
and n = (\/(j1 +1)/e,...,/(jun +1)/), then B(z;,r) is contained in B(0,]n|) \

B(0,|¢|) implying that the inequalities in (2.12) hold for z € B(z;,r). We next see
that there exists r < +/+/a(]j| + n) such that (2.13) holds.
Making a change in (2.13), we have

rs i {m \/|J|/Oé+\/|1|—n/2 Vo) a(VlilJa+ A |j|+n/a>}

It is easy to show that

. 1
o {2a \/|J|/0<+\/|J|—n/2 o) \/|J|/04+\/|J|+n/04)}>4 TED)

Thus, we get
(2.14) T (w) = (T ki, bus) = (%)n/ (U, )2 dpa(2)
- O;jn—;n /n |(U.€0) (w)|2e 1 du(z)
B % / o (w)? 2k (w) P~ dp(z)
- O;i;n /C lpw (2)7 [2eew 1 qpy(2)
aﬂi;n /B(%(Zj)m) lpuw (2)7 [Zeew(* qpy(2)
o

> grmerrn i (Blew(2),1)

for any r < In/v/a(|j] +n).

Taking the supremum for w € C" and using {p,(z;): w € C"} = C" for any fix
zj € C™, we get

(2.15) ITO) 2 1T 0 > sup u(B(v, 7))

«
2npnelil+ngl =,
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for any r < 1/y/a(|j] +n). Hence, let r = 1/y/a(|j| + n), make appropriate ad-
justments in Lemma 2.3 and Theorem 4.2 in [8], we get that u is a Fock-Carleson
measure. Furthermore, there exists a constant M > 0 such that

1 .
(2.16) 7l < Msup u(B(v. ¢ < M|TY].
v a

INTTE)

This completes the proof. ([

3. COMPACTNESS OF GENERALIZED TOEPLITZ OPERATORS

We say that a positive Borel measure p on C™ is a vanishing Fock-Carleson
measure if

lim [ | fa(z)e 22 dp(z) =0,

n—oo Ccn

where {f,} is a bounded sequence in F2? that converges to 0 uniformly on compact
subsets of the complex plane. A positive measure p is a vanishing Fock-Carleson
measure if and only if pu(B(z,7)) — 0 as |z| — oo, see [8], [19].

Lemma 3.1. Let f € F? and € > 0, and let there exist a § = 6(f,) > 0. If
|21 — 22| < 6, then |U,, f — U,, f|| <e.

Proof. The proof is similar to the proof of Lemma 4.3 in [13]. Here we give
a brief proof. Since the polynomials are dense in F2, it is enough to assume that f is
a polynomial. If |z; — 25| < §, then z2 = ¢, (n) with |n| < 6. By Lemma 2.2, we get

(I = Up.,(U=) f(w) = f(w) = iUy f(w) = f(w) = Uy f(-w)t
= f(w) = f(n+ w)ky (—w)t,

where t = ellm(@z17)

When n — 0, we get that ¢ — 1 uniformly in 2z;. So the above expression tends
to 0 uniformly in 21, w. Therefore,

1U=f = U fll = 1T = Up, U= fll <&
if n — 0, that is, if 6 — 0. (]

Lemma 3.2. Ifa € L°°(C") has compact support on C", then Téj) is compact
on F2.
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Proof. Let f, — 0 weakly in F2, that is, f, converges to 0 uniformly on each
compact set of C" and sup || f,.|| < My. For any [ € F2, using Theorem 2.1, we have
n

(T 101 <(2)" [ WS IO e)la2) dv(2)

([ pmefianan) ([ 1o Fae) o)

1/2
<M|a|oo||1|(/ |<szn,ej>|2dv<z)>
suppa

<M||allsclllll[o(suppa)]/?  sup  [(Us fu, e5)-

zEsupp a

1/2

Furthermore,

3.1) TP fall = sup (T fn, 1) < Ml|a]|oo[v(supp a)]/? sup (U fn, )]
[|1]]=1 zEsupp a

Now, we just need to prove that H,(z) = (fn,U,e;) — 0 uniformly on any
compact sets of C". Lemma 3.1 tells us that the function z — U.e; is uniformly
continuous on compact sets of C™. Thus, by Cauchy-Schwarz inequality, we show
that H,(z) are equicontinuous on compact sets. Using f,, — 0 weakly in F? again,
then H,(z) — 0 pointwise. Arzela-Ascoli Theorem (see [12]) implies that H,(z) — 0
uniformly on compact sets. O

We are now ready to prove the main result of this section.

Theorem 3.3. Let u be a positive Borel measure on C". Then TIEJ ) is compact
on F? if and only if yu is a vanishing Fock-Carleson measure.

Proof. Suppose that T,Sj) is compact. Since k,, — 0 weakly in F2 as w — o0
and || k|| = 1, then

T (@) = {T Pk k)l < IT kull = 0, w = oo,
By (2.14), there are z; € C™ and 0 < r < oo such that
w(B(pw(zj), 7)) =0, w — oo.
For any fixed z; € C", {¢w(z;): w € C"} = C". Hence,
w(B(v,r)) =0, v— 0.

Conversely, suppose that p is a vanishing Fock-Carleson measure and let 0 < K < oo.
By (2.10), we get

0K T(j) < MTSJ) — MT(j)~ + MT(J) _

s op N i XK [ X(cn\K)H"
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By Lemma 4.2, the first operator in the sum is compact, we get that 7Y is com-

XK
pact. There exists a constant M; > 0 such that T)EQH\K)ﬁ < MlHX(C"\K)/jHoo —0

when K — oco. Hence, T,Sj ) is compact. This completes the proof. O

4. SCHATTEN CLASS GENERALIZED TOEPLITZ OPERATORS

We are going to determine when a generalized Toeplitz operator T,Sj ) on F?2 be-
longs to the Schatten class Sp. This section is devoted to the situation 1 < p < oo.
Background information about the Schatten classes S, can be found in [18] for ex-
ample.

If T is positive on F2, then mimicking the proof of Theorem 6.4 in [18] we can
show that

(4.1) tr(T) = / (TR K () = (2 / (=) o).

T

In particular, S is in the trace class S; if and only if the integral above converges.
We next give the main theorem of this section.

Theorem 4.1. Suppose u is a positive Borel measure on C", 1 < p < co. Then
the following conditions are equivalent:
(1) 7" € S, on FZ;
(2) T(2) € LP(C", dv(2);
(3) there exists some r > 0 such that ji, ;(z) € LP(C", dv(2)).

Proof. (1)= (2). Suppose Tlsj) € S, on F?2. Since Tlsj) >0, by (4.1), we get

a\"

(TOVYK., K.)dAa(z) = (—) / (TP ke, k) do(z).

T

ITD|E, = (1)) = /

Since 1 < p < oo and k, is a unit vector in F2, by Proposition 1.31 of [18], we get
. a\" .
1T, > (2) / (TDk,, k)P do(2),

and then Zf’;(ﬂ/)(z) € LP(C™, du(z)).
(2) = (3). By (2.14),

alil+n alil+n

s . —a w)|2 i
T/SJ)(Z): / - (w)T[Pe= 1= qpu(w) > /B( )|¢Z(w)3|2du(w)

! eor?gnjl

and then we get
Lr,j(2) € LP(C", du(z)).
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In order to prove that (3) = (1), we need some preparations.
Let 1 < p < o0, ¢ € LP(C™, dv). The generalized Toeplitz operator Tfoj) on F? is
defined as

TV — / U.B;U.p(2) dv(2),

where the integral converges in the weak operator topology. O

Lemma 4.2. If1<p < oo, and if ¢ € LP(C", dv), thenT ES on F2.

Proof. Note that this result is a similar case of Theorem 1 (d) in [5]. Here we
omit the details of the proof. O

Now we prove that (3) = (1) in Theorem 4.1. Let r > 0 such that
fir.j(2) € LP(C", du(2)),

then by Lemma 4.2, (JT )J € Sp. It is sufficient to show that there exists a positive
constant M such that T,S] ) <M Tﬁ(\i )J In fact, for any f € F2, by Fubini’s theorem,

<TA(LJT),f f) = (%)”/ﬂ (U £, €j>|2ﬁm‘(2) do(z)
(%)n/c (U= fe5)]? / 2 PXBwr) (2) dp(w) do(z)
(%)” / (/B(w77n) [puw(2) PI(U- £,¢5)/” dv(z)> dp(w).

For w € C" we denote Sy, := {z € C": 3r/\/n < |z —w;| <r/y/n, i =1,...,n}.
Hence,

a1z (1) (&) [ (] 1wsepae) o),

Next we just prove that the inequality

(4.2) /S (U1, )2 du(z) > My [(Un £, ;) 2

holds for a positive constant M, ; depending only on 7, j.
By (2.4) and (2.5), after simple calculations, we get

(4.3) g (F, Usej)|? du(z) = [(F,e;)? : [{es, Uzej)]* du(z).
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Let F(€) = (U f)(€), by (4.3), we get

(4.4) (Uuf,Usej)? dv(z) > [(Uw f, 6j>|2/ e, Uzej)|* dv(2).
So So

Using Lemma 3.1, the function z — (e;, U.e;) is uniformly continuous and compact
on C". Note that (e;, Upe;) =1, then

: [{ej, Uze;) [ du(2)

is a finite positive constant depending on r and j. On the other hand, note that
UwU. = U, ()Vi, where t = e!m(@z®) V7 f(y) = tf(—u) for f € F2. Consequently,
(Uwf,Uze5)| = [{f,Up,(x)€5)], and the change of variable v = ¢, (z) in the left
of (4.4) yields

(4.5) /S (Ve 2 dow) > (U fe) 2 /S (e, Use) 2 du(2).

Hence, (4.2) holds, we complete the proof.
Let 1 < p < co. For any fixed z € C”, define the operator U,: F? — FP such that

Uf = (fogpz)yp., VfeF,.
Then U, is bounded. It is easy to check that
Ulg=(g90o:)¢. Vge€Fy,

where p~! + ¢! = 1.
Let S be a bounded operator on F?, and let S, = U,SU,. The Berezin transform
of S is the function S defined on C™ such that

S(z) = (Sk., k.),

where
(fr9)= [ fgdXa.
Cn

Let E; := e; ® e; be the rank one operator defined on F? such that
E;jf =(f.ej)ej, [eFE.

Let a € L>°(C"™), and let j = (j1,...,Jn) € N™. The generalized Toeplitz opera-
tor T(Ej )on F P is defined as

T = / U.E;U.a(z) dv(z),
where the integral converges in the weak operator topology.
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Let w € F? and f € L*°(C"). Engli§ in [6] characterized the boundedness of

)

the localization operator L;w on Fock space F? by Bargmann transform. When

1 < p < oo, we cannot characterize the boundedness of operators Ta(j ) induced
by a € L*°(C™) by using Bargmann transform. So, we raise the following conjecture.

Conjecture 4.3. Let 1 < p < oo, suppose a € L>°(C™). Then Téj) is bounded
on FP.
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