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Abstract. We consider the equation

—(r(@)y'(2)) + a(2)y(z) = f(z), z€R,
where f € Lp(R), p € (1,00) and

1
r>0, —¢ LY°(R), qe LY°(R).
For particular equations of this form, we suggest some methods for the study of the question

on requirements to the functions » and ¢ under which the above equation is correctly solvable
in the space Ly(R), p € (1, 00).

Keywords: Green-Liouville approximation; correct solvability; general Sturm-Liouville
equation

MSC 2020: 34B27, 34B24

1. INTRODUCTION

In the present paper, we consider the equation
(1.1) —(r(2)y (@) + q(x)y(z) = f(z), z€R,
where f € L,(R), p € (1,00) and
1
(1.2) r>0, -« LY(R), ¢ € LY°(R).

We continue the study (see [3]-[5], [7]-[10]) of correct solvability of equation (1.1) in
L,(R), p € (1,00). We now give precise definitions and conventions.
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Definition 1.1 ([5], [7]). We say that equation (1.1) is correctly solvable in the
space L,(R), p € (1,00), if the following requirements hold:
(I) for any function f € L,(R), equation (1.1) has a unique solution y € L,(R);
(IT) there is a constant c¢(p) € (0, 00) such that regardless of the choice of the function
f € L,(R), the solution y € L,(R) of (1.1) satisfies the inequality

(1.3) lyllz, @ <c@Ifllz,m-

Here and in the sequel, a solution of (1.1) is understood to be an absolutely
continuous function y together with ry’ that satisfies equality (1.1) almost everywhere
in R. Note that below, for the sake of brevity, the problem on the validity of the
requirement of Definition 1.1 is referred to as “problem (I)—(II)” or “the question
on (I)-(II)”. If requirements (I)-(II) are satisfied, we say that “problem (I)—(II)
for (1.1) is solvable”. By the letter ¢ we denote positive constants, which are not
essential for exposition and may differ even within a single chain of calculations. The
symbols [|-[|z (r) are shortened throughout to ||-||,.

Let us now briefly describe our approach to problem (I)—(II). To this end, consider
the homogeneous equation corresponding to (1.1):

(1.4) (r(z)z'(z)) = q(z)z(z), = €R.

Definition 1.2 ([3]). We say that a fundamental system of solutions (FSS)
{u(z),v(x)}, x € R, of equation (1.4) is a principal fundamental system (PFSS) if the
solutions u and v of (1.4) satisfy the relations

(1.5) uw(@) >0, wv(r)>0, u(r)<0, v (z)>0 forzeR,
(1.6) r(z)[v (z)u(z) — v (x)v(z)] =1 for z € R,

im 2@ o w@)
(1.7) L u(x) . o) O

In the sequel, a PFSS of (1.4) is denoted by {u,v}. In addition to (1.2), another
standing assumption in this paper is the existence of a PFSS. (See Section 2 for
the discussion on the validity of this assumption.) We emphasize that our standing
restrictions are assumed to hold throughout the sequel, and we do not mention them
in the statements.

Note that a PFSS is determined uniquely, up to constant mutually inverse factors
at u and v, see Section 2. This implies that the function

(1.8) o(x) € u(@)v(z), zeR,

is well-defined and is an implicit function in the coefficients of » and ¢ of equa-
tion (1.1). One can show (see Section 2) that the converse is also true: a PFSS {u, v}
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can be expressed via the functions r and p (the Davies-Harrell formulas, see Sec-
tion 2). Therefore, the function p is called the function generating the PFSS {u,v}
(or just the function generating {u,v}).

Note the following important a priori equalities related to the function o:

0 dt o dt
(1.9) /_Oo r(Dolt) / Doty ~

see [3], [10]. In particular, they allow one to introduce an auxiliary function s(z),
x € R, whose role will be clarified below, see [10]. To this end, fix z € R and consider
the equation in s > 0,

ot At

For z € R, (1.10) has a unique, finite, positive solution s(z) in s > 0, see Section 2.
We now can formulate a criterion for the solvability of problem (I)—(II).

Theorem 1.3 ([10]). Let p € (1,00). Equation (1.1) is correctly solvable in the
space Ly, if and only if D < co. Here
(1.11) D = sup(p(z)s(x)).

T€ER

Remark 1.4. Note that the statement of Theorem 1.3 in [10] contains the con-
dition ¢ > 0. This condition originally appeared in [3] and was used only in the proof
of existence of the PFSS of the equation (1.4). Since in [10] the existence of the PFSS
of (1.4) is a priori required, then, in fact, already in [10] the condition ¢ > 0 is redun-
dant. The authors are grateful to the referee who drew their attention to this matter.

Now we comment on the applicability of this assertion. Clearly, the general cri-
terion (1.11) is not applicable to particular equations of the form (1.1) because the
functions ¢ and s are in general not computable. However, if for all x € R one
can find their two-sided sharp by order estimates then, by Theorem 1.3, solving
problem (I)-(II) becomes an obvious task. This implies that when studying the
question on (I)—(II) for the particular equation (1.1), the main problem is the search
for estimates of the aforementioned type for the functions ¢ and s. To solve this
problem, we first consider the function g. The question concerning its estimates was
studied in [3], [4], [8] under the condition

1.12 lim —_ t)dt = oo.
(1.12) \d|—><><>/x—d r(t) /gc—dq( )

The assertions suggested in those papers are complemented here by a method of
obtaining inequalities for g, which is based on the classical Liouville-Green approx-
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imations for the FSS of equation (1.4) (see [14]), on the study of the asymptotics
of a FSS of this equation (the Hartman-Wintner problem, see [2], [12] and Section 3
below), and on some results of [10]. Finally, the new inequalities for s,

(1.13) ctr(z)o(z) < s(z) <er(x)o(z), z€R

(see Section 3), together with the estimates for p guarantee the solution of prob-
lem (I)—(II).

We describe the structure of the paper. Section 2 contains preliminaries needed
for the proofs. The results and comments are presented in Section 3. Section 4 is
devoted to the proofs, and Section 5 contains examples of applications.

2. PRELIMINARIES
Below we present the definitions and facts used in the proofs.
2.1. PFSS and properties of the functions ¢ and s.

Theorem 2.1 ([3]). Suppose that

(2.1) 030, /0 g(t)dt > 0, /Oo g(t)dt > 0,
0

— 00

Then equation (1.4) has a PFSS.

Theorem 2.2 ([3], [10]). Suppose that equation (1.4) has a PFSS {u,v}. Then
any other PFSS {4, 0} of this equation is of the form

(2.2) i(z) = au(r), o(z)=a tv(z), z€R.
Here « is an arbitrary fixed constant, a € (0,00).
Corollary 2.3 ([10]). If equation (1.4) has a PFSS {u, v}, then the function
(2.3) o(z) =u(x)v(z), zeR
is well-defined (i.e., does not depend on the choice of a PFSS of equation (1.4)).

We have the following converse assertion to Corollary 2.3.

Corollary 2.4 ([11], [12], and [16], Section 19.53). A PFSS of equation (1.4)
admits the Davies-Harrell representation (see (2.3)):

24) ulo) = V@ exp( - /%j@) o) = V@ esp( 3 /%)

Here x € R, x¢ is the unique root of the equation u(x) = v(x), z € R.
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Remark 2.5. Formulas (2.4) were obtained (in a special case) by Abel (see [16],
Section 19.53); under conditions (1.2) and r = 1, they were proven in [11]; Corol-
lary 2.4 was obtained in [3].

Corollary 2.6 ([4]). We have the following relations for a PFSS and the func-
tion p:

(2.5) wz) 11— 7”(37)91(3?), vz)  1+4r(@)d(x)

(2.6) r(z)|d(z)] <1, zeR.

Corollary 2.7 ([10]). We have the following relations for a PFSS {u,v} and the
function ¢ (see (2.3)):

(2.7) u(x)zv(a:)/oor(t)thQ(t, v(x):u(a:)/x _d ew,

_U$U$:U2$ Ooizzﬁx IL X
28) ofe) = ulahole) = o*e) [ o =) [ s aeR

0 dt ©qt :
(29) /wwww<w’é OO
0 dt © dt
(2.10) [me@zl rOrEOR

Lemma 2.8 ([10]). For any = € R, there is a unique solution for s > 0 of equa-
tion (1.10), denote it by s(x), € R. The function s is positive, continuous, and
almost everywhere differentiable in R. In addition, we have the relations

(2.11) [s(z+t) —s(z)| < [t| for |t| < s(z), z € R,

(2.12) |s"(z)] <1 for almost all z € R,

(2.13) lim (z+s(z)) = —o0, lim (x —s(z)) = oo,
T——00 T—r00

(2.14) 0<s(z) < |zl for|z| > 1.

Finally, there is a constant ¢ € [1,00) such that for all x € R we have the inequality

(2.15) s(z) < e(1+ |z]).

Lemma 2.9 ([10]). Fort € [x — s(x),x + s(x)], © € R, we have the inequalities

(2.16) e to(x) < ot) <eo(r), e=exp(l),
(2.17) e tu(z) <ult) <eu(x), e ‘v(z) <v(t) <ev().
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2.2. The Hartman-Wintner problem. In this section, we consider the equa-

tions
(2.18) (r(@)y'(z)) = q(x)y(z), = €R,
(2.19) (r(x)z(z)) = g(x)2(x), = €R,

where the functions r(x), ¢(z) and g(x) are real and continuous for x € R and, in ad-
dition, r(x) > 0 for z € R. We also assume that equation (2.19) has a PFSS {u,v1}.

Definition 2.10 ([2], [12]). We say that for equations (2.18) and (2.19) the
Hartman-Wintner problem is solvable as * — oo or as x — —oo if there exists a FSS
{u(z),v(x)}, z € [0,00) or {u(z),o(x)}, z € (—o0,0]), respectively, of equation (2.18)
such that

(2:20)  lim z(g) = Jm Z((Z)) =1 or lm 1?1(3;)) =, m ;71((@ )) =1
I BRI E

%((:f)) - Ziﬁii :O<r )a”% >
a2 2’55;—zi§z;—o<r )

D) () s —oc, espectively,

Remark 2.11. Note that taking into account the goals of this paper, we inten-
tionally made the statement of the Hartman-Wintner problem narrower compared
to the original statement, see [2], [12]. For the sake of brevity, in the sequel, we refer
to this problem as “problem (2.20)—(2.22)” for equations (2.18) and (2.19).

Put
(2.23) 01(z) =uwi(x)vi(z), = €R, see(2.19),
(2.24) (Ag)(z) = q(z) —g(z), =€R,
(2.25) IO(2) = - (Agart)dt,  x € (—00,0],
(2.26) I (z) = /W(Aq)(t)gl (t)dt, =z €]0,00).

If the integrals (=) (z), 2 < 0, and I*)(z), x < 0, converge, at least conditionally,
then we put

0 1) ()2 dx 1M () dz
(2.27) K(_)Z/_ %’ K(H:/O %'
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Theorem 2.12 ([12], see also [2]). If the integral I(+)(0) or I(-)(0) absolutely
converges, then problem (2.20)—(2.22) for equations (2.18) and (2.19) is solvable as
T — 00 or as & — —oo, respectively.

Theorem 2.13 ([2]). If the integral I*)(0) or I(=)(0) converges at least con-
ditionally and K*) < oo or K(7) < oo, then problem (2.20)—(2.22) for equa-
tions (2.18)—(2.19) is solvable as x — oo or as ¥ — —o0, respectively.

Remark 2.14. Here is a useful consequence of Definition 2.10 which, it seems,
has never been mentioned previously.

Corollary 2.15. Suppose that problem (2.20)—(2.22) for equations (2.18)—(2.19)
is solvable as |xz| — oo. Suppose that the following inequality holds (cf. (2.6)):

(2.28) ilelg [r(x)o) (z)] <1, o1(z) =ui(x)vi(z), =€R.

Then, together with (2.20), we have the equalities

(2.29) lim o'(x) . (x) 4 ( ) '(z) . v(x) 1).

T—00 u’l x) T—00 1}1 (3:)

Proof. All equalities (2.29) are checked in a similar way; therefore, we only
consider the first one. Below £1(z), « € [0,00), is a function tending to 0 as z — oo,
according to Landau’s definition of the symbol o(-). Thus, from (2.21), (2.22), (2.5),
we obtain the equalities:

W'(z)  a(z) ‘:‘ () ‘ u'(x) ui(fﬂ)‘: () ul(ff)‘ (@)
_a(x)  2r(z)or(x ei(x)  u(x) e1(x)
S n@ - e @ e @ - w@ - r@dE o
O

Remark 2.16. Note that a criterion for the validity of condition (2.28) was
obtained in [4].

2.3. Otelbaev’s coverings of the real axis.

Definition 2.17 ([3], [6], [13]). Given z € R, a positive continuous function s(t),
t € R, and a sequence {t, }nen’, N/ = {£1,4+2,+...}; consider the segments

A, = [Ag;)’ A%Jr)]’ A&Lﬂ:) =t, £x(t,), ne N
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We say that the sequence of segments {A,}2%, or {A,},2 . forms an R(z,s)-

—00
covering of the semi-axis [z,00) or (—oo,z], respectively, if the following condi-
tions hold:

(1) AP = Ai;)l forn>1or A(t)l =AY forn < —14

(2) A7 =2, (AL = )
(3) U An=lr,0), (

Lemma 2.18 ([6], [13]). Suppose that a positive continuous function »(t), t € R,
satisfies the conditions

(2.30) lim (¢t — #(t)) = o0 or

Jim tilr_noo(t + »(t)) = —oo, respectively.

Then for any x € R, there exists an R(x, »)-covering of [x,00) or (—oo, x|, respec-
tively.
2.4. Equivalent problems (I)—(II).

Definition 2.19 ([10]). Let functions fi(z) and fz(x) be defined, continuous
and positive in x € (a,b), —0o < a < b < co. We say that they are weakly equivalent
for z € (a,b) (and write fi(z) < fi(z), € (a,b)) if there is a constant ¢ € [1,00)
such that the inequalities

(2.31) ¢ fi(z) < faz) < cfi(x)
hold for z € (a,b).

Below, together with equation (1.1), we consider the equation
(2.32) —(r(@)y' () + g(x)y(x) = f(z), z€R,

where f € L,, p € (1,00), and

1
(2.33) r>0, —¢ LY(R), g€ LY(R).
We also assume (without further mention in the statements) that the homogeneous
equation
(2.34) (r(@)2'(z)) = g(x)z(x), = €R,

corresponding to equation (2.32) has a PFSS {u1,v1}. We emphasize that this is our
standing assumption in this section.

Definition 2.20 ([10]). We say that problems (I)-(II) for equations (1.1)
and (2.32) are (or are not) equivalent if they are (or are not) solvable together.
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Theorem 2.21 ([10]). Let ¢ and p1 be functions generating PFSS of equa-
tions (1.4) and (2.34), respectively. If

(2.35) o(r) < o1(x), = €R,
then problems (I)—(II) for equations (1.1) and (2.32) are equivalent.

Theorem 2.22 ([10]). Let r(z), g(z) and g(x) be continuous functions for x € R.
Assume that r(x) > 0 for « € R. If the conditions
(1) equations (1.4) and (2.34) have PFSS {u,v} and {u1,v;}, respectively;
(2) problems (2.20)—(2.22) for equations (1.4) and (2.34) are solvable as © — —c0
and x — 00;
hold then the functions p and g1, generating PFSS of equations (1.4) and (2.34), are
weakly equivalent for x € R, see Definition 2.19.

3. RESULTS AND COMMENTS

Recall that our standing requirements (the validity of conditions (1.2) and (2.33)),
the existence of PFSS {u,v} and {uj,v1} of equations (1.4) and (2.34), and the
conditions underlying the study of the Hartman-Wintner problem (see Section 2.2)
are assumed to be satisfied throughout the sequel and are not mentioned in the
statements.

Note also that all assertions stated below (except for Theorems 3.3, 3.5 and Corol-
lary 3.4) rely on Theorem 2.21 and applications of relation (2.35), see the proofs of
Theorems 3.1 and 3.7 in Section 4.

Theorem 3.1. Suppose that the integrals

0 e8]
(31) | o -gama [ o -gnaa
e 0
absolutely converge. Then problems (I)—(I1) for equations (1.1) and (2.32) are equiv-
alent. Here g1 is the function that generates the PFSS of equation (2.34).

Remark 3.2. A special feature of Theorem 3.1 is that it has a minimal amount
of requirements (relative to the framework of the present paper) to equations (1.4)
and (2.34). Unfortunately, absolute convergence of integrals (3.1) is a too strong
restriction, preventing wide application of Theorem 3.1, see Section 5. Therefore, our
next goal consists of replacing the condition of absolute convergence of integrals (3.1)
by a weaker restriction, i.e., conditional convergence, see Theorem 3.7 below.

255



Towards this end, we need two auxiliary theorems, on estimates (1.13) and on the
relationship between the Liouville-Green approximations (see [14]) and the existence
of a PFSS of equation (2.34). Note that each of these assertions is also interesting
in its own right.

Theorem 3.3. Let ¢ be a function generating a PF'SS of equation (1.4), see (1.8).
Suppose that there exist a € [1,00) and a continuously differentiable function u(x),
r € R, such that

(3.2) a tu(x) <r(z)o(z) < au(z), =€R,
(3.3) |x1|i£>noo w'(x) =0.

Then there exists a constant c(a) € [1,00) such that the inequalities
(3-4) c(a)tr(z)o(z) < s(z) < c(a)r(z)o(z), = €R,
hold, see Lemma 2.8.

Corollary 3.4. Let o be a function generating a PFSS of equation (1.4)
(see (1.8)), and let r (see (1.4)) be continuously differentiable for all € R. If

(3.5) (r(z)o(x)) — 0 as|z| — oo,

then s(z) < r(x)o(z), v € R, see Definition 2.19. In particular, there exists vy > 1
such that

(3.6) 471r(x)o(z) < s(z) < gr(x)g(x) for |z| = vo

Theorem 3.5. Let r(x) and ¢1(x) be twice continuously differentiable positive
functions for x € R, and let x¢ be a point in R. Put

37 ale) = @r(@)a @)V /
(38)  w(2) = ale)exp(~B(x)). 2)exp(B(a)), = € R.

Functions (3.8) form FSS of the equation

(3.9) (r(x)z'(z)) = g(x)z(z), where g(x) = q(x) +
and we have the equality
(3.10) r(x) (v (x)ur(z) — uy(@x)vi(z) =1, x€R.
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If, in addition, we have the relations

(3.11)

5.12) / f / f it =

then the FSS {u1,v1} of equation (3.9) is a PFSS with generating function

(3.13) 01(z) = o?(x) = , zeR.

Corollary 3.6. Suppose that all conditions of Theorem 3.5 hold. Then for any
p € [1,00), problem (I)—(II) for the equation (see (3.9))

(3.14) —(r(@)y'(x)) +g(2)y(z) = f(z), z€R,

is solvable if D1 > 0. Here

(3.15) Dy = inf (a1(2)).

To study the question posed in Remark 3.2, consider equations (3.14) and (3.16):

(3.16) —(r(@)y' () + (q1(z) + 0(2))y(z) = f(z), z€R,

under the following assumptions:
(1) the functions r and ¢; satisfy all the conditions of Theorem 3.5;
(2) we have

(3.17) 6(z) is continuous for z € R;
(3) the equation
(3.18) (r(x)z (x)) = (q1(z) + 0(z))2(z), z€R

has a PFSS;
(4) we have the equality (see (3.13))

r(z)

¥ reR.
q1()

N =

(3.19) lim pf(x) =0, where ui(x)=r(z)o1(z) =

|z|— o0
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To formulate the fifth assumption, we need some more notation. Namely, s1(z),
x € R, is the function similar to s constructed from the functions r and g1 (see (3.13));

~

(3.20) Alz) = [AD(2), AP (2)], AF =z+s(z), zecR,

(3.21) w(x) = [w(z),wP(2)], P =z+ g,ul(x), z€R

(see (3.19)); 7(z), « € R, is any positive continuously differentiable function
which for all |z| > vy (v is the point from Corollary 3.4) satisfies the inequal-
ity (see (3.7), (3.17))

1
(3.22) —— sup
r(z) a,B€w(x)

/j (9(t) _ M) dt‘ <7(@), |2l = v

We can now formulate assumption (5):
(5) one can choose 7(z), € R, such that together with (3.22) we have the equality

(3.23) lim 6(z) =0, whered(z) =

|z|— 00 T(l‘)

Theorem 3.7. Suppose that (1)—(5) hold and that the integrals

0 o
Pl(f) :/ 7(z)d, P1(+) :/ 7(z) de,

—o00 0

P = /Ooo u%(x) (/; (t) dt>2da:, P = /OOO Mll(x) (/:o (t) dt>2da:

converge. Then problem (I)—(II) for equations (3.14) and (3.16) is equivalent.

Remark 3.8. Note that although the assumptions (1)—(5) are cumbersome, usu-
ally one has no difficulties when applying Theorem 3.7. Indeed requirements (1), (2)
and (3) only fix the studied set-up; condition (4) makes the choice of a model equa-
tion (3.9) more precise by shrinking it, and the whole checking boils down to the
test (3.19). The only essential requirement is condition (3.22), i.e., the a priori
choice of a function 7(x), z € R, but this can be done using elementary estimates,
see Section 5.

Checking (3.23), which also shrinks the choice of the function 7(z), z € R, is
not problematic either. Finally, the convergence (divergence) of the integrals Pl(f)
and P2(+) is established by standard tools of calculus.
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4. PROOFS
Proof of Theorem 3.1.

Lemma 4.1. Let xg € R be such that

(4.1) / o) — g®lea(t)dt < 2.

o 2

Denote by Clzg,00) the Banach space of continuous and bounded functions [B(x),
x € [zg,00), with the norm

(4.2) 1Bl clzo,00) = sup |B(x)]-

r>x0

In this space, the integral equation (see (2.8))

(43)  Bla) =1+ /w<q<t>—g<t>>[v%<t> /f%@é)]du > 20

has a unique solution § € C[xg, c0). This solution is almost everywhere differentiable,

and

(4.4) #(@) = o) — e o) | N % £ 3> oo,
In addition,

(4.5) xlggo Blx) =1

and one has the asymptotic equality
[ee]
(4.6) Blx) =1+e(x), le(z)| < C/ lq(t) = g(t)]e1(t) dt, = = .
x

Proof. Define a linear operator A: Clxg,00) — C[zg, 00),

o0

47 (AB)) = /

x

) - a0 [~ T an oz a0
From (2.8) and (4.1), it follows that

(48) 1AFctzpoe < su0 | [ )= 901430 [ o ) ] Dot

TZ2T0 1

e 1
~ ([ 1400 = 501t - Wty o) < 3 15lctar o0

Zo

By (4.8), the operator A: Clxg,00) — Clxg,00) is compressing, and there-
fore equation (4.3) has a unique solution S € Cf[zg,c0). Equality (4.6) follows
from (4.1), (4.3) and (2.8) and gives (4.5); the proof of (4.4) is obvious. O
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Put

(4.9) ae) = v (x) / (“ &t

tyvi(t)’

Here § is the solution of (4.3) from C[zg,00). Clearly, the function @(x), x > zo, is

x € [zg,00).

continuous on [zg, o0) and is almost everywhere differentiable. In particular, we have
(4. 10)

ﬁ (t)dt B(x)
r(@) %t)_le’ T > o
S <r<w>vi<x>>'/ A TG o
=g [ rigt)%t) - Ex; — gyi(e) - 2B 45 g

On the other hand (see (4.4) and (4.9)),

(4.11) B'(x) = (9(x) — q(z))i(z)v(z), = 0.
Combining (4.10) and (4.11) and using (1.5), we get

(4.12) (r(z)d (z)) = q(z)a(z), = > xo.
Therefore, 4 is a solution of (1.4) on [xg, ).

Remark 4.2. Substitution (4.3) was first used in [1].

Extend the solution @ to the whole real line. Put

(4.13) 0(x) =suple(t)] = d6(x) >0 asz — o0
t>x

(here € is defined in (4.6)). Then for = > 1 we have the obvious relations (see (4.6)):
(4.14)

N B et DV S B N R DL
i =u) [ S a<n@ [ ot vae [ e
& dt

=1 +d@)un(z), z=>1;

o © g > |e(t)| dt
) =) | gt [ s o [ i

=1 =6x)ui(z), z>1

x
<1+0(2), o> 1= lim A& _q,

T—00 ul(x)
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Further, since {u,v} is a PFSS of equation (1.4), there exist constants « and Sy
(0 < |a| + |Bo|) such that

(4.15) w(x) = au(z) + Bov(x), x> xo.

Suppose that 8y # 0 in (4.15). Let 21 > x¢ be such that (see (1.7) and (4.13))

a | u(z) 1
4.1 3= <= f > .
(4.16) max{é(x), B ‘ v(x)} 5 forz>mz
Then by Corollary 2.7, (4.14), (4.15) and (4.16), we obtain

8
!

< dt (4 8()dt _9 [ dt
‘/zl EONHG) g/m ROFIGE <4/z1 (B (au(t) + Bov(D))?

_9. L/OO dt

18 )., T+ (@/Bo) - @) o))

9 o dt 9 o dt
s H/ O — Jo/ Bol (u(®) [0 22 (D) ﬁ_/ ROrE0

This gives a contradiction. Hence, 8y = 0 and therefore

< 00.

(4.17) u(z) = au(r), =>=x0=0a>0.
Now, by (4.14) and (4.17), we have
u(r) 5 u(z) a(z) 1 lim a(r) 1

(4.18) ()~ aoma() (@) acoewm(@ @

Consider the relation between the solutions v and v; from the PFSS of equa-
tions (1.4) and (2.34), respectively. Let © > x1, see (4.16). By Definition 1.2, we have

v(x)\ 1 v(x)  w(z) T de s
w1 (35) = 1mem = we = wey +/xl e "7
vi(x)\" 1 vi(x)  wvi(zy) > dt oS
@20 (355) = 7w = me " wme / r0En 7
Put
c1 = C1($1) = Zigi;, Cy = 02($1) = ZEZ%

Using Corollary 2.7, (4.18), (4.19) and (4.20) and L’Hopital’s rule, we get
(4.21)

co+ [T tu2(t) dt 2 2
T Co R T ) R B ()72() :—nmw:a_:a.
e vi(z)  aoeour(r) e+ f) rTl(tupt(H)dt aemor(zui(z)  a
Thus, from (4.18) and (4.21), we obtain
(4.22) fim 2 gy @) v@)

z—00 01(T T—00 u,l(x) 1 (x)
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Since the functions ¢ and p; are continuous and positive in [0, c0), by (4.22) we have
o(z) < o1(x), © € [0,00). In a similar way, we establish weak equivalence of these
functions on (—oo, 0] which gives (2.35). It remains to refer to Theorem 2.21. O

Proof of Theorem 3.3. From the definition of s(z), x € R (see (1.10),
Lemma 2.8 and (3.2)), it follows that

ers(z)i_ z+s(x) 7"(5)9( . . .
62 [ e T 00 < 00T
O At o) g 1 W g 1

1 vts(@) q¢
= - < / — <a, z€R.
a z—s(x) M(t)

Pu
t Alx) = [AT (@), AP ()], A (@) =z+s(z), zeR,

= , zeR.
&(x) (nax W@l =

Note that from (2.13) and (3.3), it follows that

(4.24) lim e(z)=0.

|| —o0

In the following relations, we use Schwarz’s inequality and (4.23):
z+s(z) n z+s(z) 1/2 z+s(z) dt 1/2
(4.25)  2s(x) :/ Vi g < (/ u(t) dt) : (/ —)
z—s(x) M(t) z—s(x) z—s(x) ‘LL(t)

z+s(z) 1/2
<w(/ ;mmﬁ . zeR
z—s(x)

z+s(x) z+s(x)
1) <a | mwa=akmmam+/i (1(0) - )
z—s(x) z—s(x)
ers z
{2/1( )s(x / &) d¢ dt} z € R.
z—s(x)
Let zg > 1 be such that
(4.26) e(z) <4-(5a)~! for |z| = xo

Then, according to (4.25) and (4.26), for |z| > zp, we have

z+s(x)
(4.27) 4s*(z) < a|2p(z)s(z) + e(x)/ [t — x| dt] < a[2u(m)s(m) + 54—a32(x)
z—s(x)
=4<2a ((x)) —|—§ for |x| = xo = s(x) < gau(x) for |z| > =
x
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Further, let t € A(z) and |z| > x¢. Then (see (4.26) and (4.27))

5 p(z)
. _ _ .z - M\ >
429 lu(t) - pol < | [ W©lae] < Lot < & Baute) = K2, ol
1 t)
- < <2 forteAz), |z
j<ib< (@), lal >
Now for |z| > zo, by (4.23) and (4.28), we have
z+s(x) z+s(x)
(4.29) lg/ izi/ Mdt<48($),
a z—s(x) M(t) ILL({E) z—s(x) ‘LL(t) /L(i[:)

=

Q

z+s(x) z+s(x)
> / a1 / (x) dt > s(x)
= iu(x) < s(z) <ap(z) for |z| > @

4a

Since the functions u(x), © € R, and s(x), € R, are continuous and positive (see
Lemma 2.8), by (4.29) we obtain (3.4). O

Proof of Corollary 3.4. Put

(4.30) @) = max W] (o) = r(@e@). zER,

where A(z) = [z — s(x),z + s(x)].
From (3.5) and (2.13), it follows that

(4.31) lim e(z)=0.

|z|— o0

Below we use Schwarz’s inequality and (1.10):
(4.32)

/ /
2s(e) = /A(x) \/%dt s (/A(x)‘u(t) dt>1 2' (/A(x) %)1 2
(o)

= 45%(x) < / (b dt = 2pu(x)s(z) + / (ult) — () dt

A=) A=)

< 2u(z) / /m |d5\dt >+e<>/A(x)|t—x|dt.

Let v be such that e(z) < % for |z| > v, see (4.31). Then, continuing (4.32), we get

(4.33)
45%(x) < 2u(z)s(z) + =s%(z) = 4 < 2% + 2 = s(x) < g (x) for |z| = 1
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Further, for |x| > vy, we have (see (4.33))

t 4 4 5 w(z)
4.34 —s(r) < == =7
@3 0 - o)l < | [ @14 < Joto) < 3 Jute) = 15
1_ w(t)
= <2 forteA x>
=3 M(ﬂ?) ort € A(x), vy
Now, from (4.34) and (1.10), it follows that

- /ers(x) i _ /ers(x) M . i <9, 25(33) for || > v
z—s(x) ‘LL(t) z—s(x) M(t) ILL({E) ILL({E)

= pu(z) < 4s(z) for |z| > vp.

Thus, we have inequalities (3.6), see (4.33).
Since s and p are continuous and positive in R, from (3.6) it follows that

s(z) < p(x), z € R, see Definition 2.19. O
Proof of Theorem 3.5. The following equalities are consequences of (3.7)
and (3.8):
@@ ,
(4.35) r@) (@) = (52 DR (2))v1 ()
_(r(z)d (v) 1 o (1),
N ( a(z) 2a2(a:)) (@), cR
oo (@) (x) /
(4.36) @i (o) = (ST @ @))u@)
r(z)d () 1
- ( a(x) 2a2(x))u1(x)’ zeR

Consequently, (3.7), (3.8), (4.35) and (4.36) immediately imply (3.10). Further,
differentiating (4.35), we get

a(z)
+ (T(Z)Elfx) + 20421(;5)) (Z((j)) + 27«(35)1042(;5))”1(5”)
1 r(z)a ()
= (47“(3:)044(3:) + i@g ) Jur (@)
= (fh(ﬂ?) + T(iz;gx) I)Ul(l‘) z€R

In a similar way, we conclude that
(r(z)ui(z) = (fh (z) + 7()111(@ z € R.
' a(x) ’
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Hence, v; and w; form an FSS (see (3.10)) of equation (3.9). Further, from (4.35)
and (4.36), it follows that the inequalities v} (z) > 0, x € R, and v} (z) < 0, x € R,
(see (1.5)) hold provided one has the estimate

(4.37) o/ (2)] < ——

= 2r(z)a(x)’ velk,

and by (3.7), inequalities (3.11) and (4.37) coincide. Finally, (3.8) and (3.12) imply
the equalities (1.7) (written for ui(x), z € R and v1(z), z € R). O

Proof of Corollary 3.6. Let D; > 0. Then from (3.13), we get

1 1 1
2 : -1
sup(r(z)oi(z)) = sup(r(z)————) < = (inf ¢1(z = — < oc.
sup(r(2) () = sup (1 () g ) < G (inf an(e)) ! = o5
Since {uq,v;} is a PFSS of equation (3.9), the function s;(z), z € R (see Lemma 2.8)
is well-defined, and we obtain (see (2.16))

1_/z+81(x)i_/x+s1(x)M>4D1/m+51(x) 01 (t) dt
z—s1(T) T(t)@l(t) z—s1(x) T(t)g%(t) z—s1(x)

8D

> —oi1(x)s1(z), =z € R=sup(pi(z)si(z)) < <0 (here e = exp(1)).
€ x€R 8D1

To prove the corollary, it remains to refer to Theorem 1.3. ([

Proof of Theorem 3.7. We begin by giving an outline of the proof. Below,
using Theorems 2.13 and 2.22, we show that under the hypothesis of the theorem,
the functions g and g1 generating the PFSS of equations (3.9) and (3.18), are weakly
equivalent in R. By Theorem 2.21, this implies that problems (I)—(II) for equa-
tions (3.14) and (3.16) are equivalent, as required, see Corollary 3.6.

Let us now go into the details of the proof. Put

(r(@)o/ (z))'

a(z)

(4.38) (Ag)(z) = 0(x) — , z€eR,

see also notation (3.20), (3.21) and (3.19). We show that under the hypothesis of
the theorem, the integral I1(*)(0) (see (2.26)) converges at least conditionally. Let
[a, 8] C A(z), = € R (see (3.20)), and let & and & be points of the segment [, 3]
that can be used (see below) in the second mean value theorem, see [15]. Then we
have the relations (see (1.5))

B

B B
(4.39) / (Aq)(t)or(t) dt = / (Aq)(£)un (£)or (1) dt = v (B) / (Aq)(t)un (1)

«

&2
— 0 (B (&) / (Ag)(t)dt.
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Now, from (2.17), (3.19), (3.22) and Theorem 3.3 for = > z¢ (o is a point from
Corollary 3.4), we obtain the inequality

(4.40)
o |f “Goaal - o {8 28o| [aoa )
<e?oi(x) a,ﬁsgé)(x) /j (Aq)(t) dt‘
— r(@)or <x>{ L / "(aa)® dt\}

/j(Aq)(t) dtH <esi(@)r(z), weR.

1
< ezr(m)gl (x) {— sup
r(z) a,BEw(x)

Suppose that on the segment A(z) the function 7(t) attains its maximal value
at the point ¢t = x. Then for ¢ € A(x) and x > 1, we obtain the inequalities
(see (3.2), (3.19), (3.23), (4.28), and (4.29)):

[ enag -
<o max 8(©0) = [ (@)

£€A(x)

(4.41) [7(t) — (x0)| =

Yl ()
/zo 76 MO nE dg‘

< c( max 5(5)) o1

€€A(x)

(wo0) < c( max 5(5))T(x0).
£eA(z)
From (2.13) and (3.23), it follows that there is a point x; > 1 such that the
estimate

(4.42) ¢ max 0(§) <

12 for z>x
EeA(x)

|~

holds, see (4.41). Then, by (4.41) and (4.42), we have
(4.43) (o) < 27(t) fort € Alz), x> 1.

Finally, combining (4.40), (4.41) and (4.43), we obtain

(4.44) sup

B
I / (Aq) (e (t)dt| < esi(@)7(2) < es1(x)7(wo)
a,BEA(x) V&

Sc/ T(t)dt for z > .
Ax)
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Let us consider the integral I(+)(0) (see (2.26)) and show that it converges at least
conditionally. To this end, fix an arbitrary € € (0,1) and choose Ay(¢) > 1 in order
to satisfy the estimate

(oo}
(4.45) / T(t)dt <e.
Ao (e)
Further, since the function s; is continuous in R and one has (2.13), by Lemma 2.18
for any A; € R, there exists an R(A;, s1)-covering of the semi-axis [4;,00) by the
segments {ﬁn}zozl, see Definition 2.17. Let A2 > A1 > Ap(e) and Az € ﬁno, nog = 1.
Then we have the relations (see (4.45))

(4.46)A2 . -
/A1 (Ag)(t)or (1) dt‘ = nz_:l/gn(Aq)(t)gl(t) dt—/A2 (Aq)(t)or(t) dt‘
no 8
< ; /ﬁn(Aq)(t)Ql(t)dt‘+a,§2§no /a (Aq)(t)gl(t)dt‘
no Ano
< ;c/ﬁnT(t)dtnLc/&mT(t)dtgQc/Al 7(t) dt

oo
< 26/ 7(t) dt < 2ce.
Ao(e)

Since in (4.46) c is an absolute constant, we conclude that the integral I1(+)(0) con-
verges at least conditionally.

The following inequalities are proved in the same way as estimate (4.46), and
therefore, we do not make any additional comments on the following relations:
(4.47)

- | m(Aq)(t)m(t)dt\ _ i /Anmq)(t)gl(t)dt\
< z /A"(Aq)(t)gl(t) dt' < zc/an T(t)dt = c/:o T(t)dt, x> x1.

From (4.47), (3.25) and (3.19), we obtain the inequality that is needed to apply
Theorem 2.13,

(4.48) /:O mu(ﬂ@))? dt < c/w /“L(t) (/too () d§>2 dt < oc.

This easily implies that K(*) < oo, see Theorem 2.13. In a similar way, we check
that under the hypotheses of the theorem, the integral 1(-)(0) converges (at least
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conditionally) and K(~) < oo, see (2.27). Thus, we conclude (see Theorem 2.13)
that the Hartman-Wintner problems for equations (3.9) and (3.18) are solvable for
x — to00. By Theorem 2.22, this implies that for x € R the functions ¢ and g
generating the PFSS of equations (3.9) and (3.18) are weakly equivalent for z € R,
see Definition 2.19. It remains to refer to Theorem 2.21. O

5. EXAMPLES

In this section, we study problems (I)-(II) for equation (1.1) in the following

situations:

(5.1)  r(z)=vV1+22, q@)=(e"+e %)+ (1+z2)"cose?,
zER,n=1,7>0,

(5.2) r(@)=vV1+22, q@)=("+e )+ (" +e ") cose’l reR y>

| Ot

Our study of these equations is only an illustration of the assertions of Section 3,
and therefore, we do not use the methods of [8], [10]. Note that for the sake of
brevity we do not present routine and cumbersome calculations in full, but all the
omitted details can be easily recovered by the interested reader.

5.1. Study of the model homogeneous equation. In this section, we fully
follow Theorem 3.5, including the notation. Set

(5.3) r(z) =vV1+22, qx)=e"+e " z€R,

T _1/4, r € R,

(5.4) a(z) = (4r(z)q(z))
° ()
5.5 ,Ba:)z/ , T€R, zgeR.
(5.5) ( s \
In (5.5), the point z( is fixed but can be chosen arbitrarily. Consider the equation
(see (5.3), (5.4))

(r(z)d (z))'

ax)

(5.6) (r(@)(2))' = (@(2) + )#(), weR,

According to Theorem 3.5, its FSS is given by the formulas
(5.7) ui(z) = a(z)e P v (z) = a(z)e’@®, zeR

(see (3.8)); and the relations (3.10), (3.11) and (3.12) hold, i.e., {us,v1} is a PFSS
of equation (5.6). Note also the relations

1
(14 22)1/4(c® 4 e—%)1/2

(5.8) o01(x) = ui(z)vy (z) = *(z) = 5 x € R (see (3.13)),
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1 V1422

(5.9) pi(x) =r(x)oi(z) = R =t x € R (see (3.13) and (3.19)),
(5.10) 7|(r(2?;(x))/| <c(l+2?)Y2, zeR.

5.2. Study of problem (I)—(II) for non-homogeneous model equa-
tion (3.14).

(r(x)d (2))'

G1) (VI @)+ () +

)y(x) = f(z), xze€R.

Since in case (5.3) the hypotheses of Theorem 3.5 are satisfied, by Corollary 3.6
problem (I)—(II) for equation (5.11) is solvable because D; > 0 (see (3.15)),

Dlzégﬁql(fy):;r&(e +e ) =2>0.

5.3. Study of problem (I)—(II) for equation (1.1) in case (5.1).
(612) —(V1+a2/ (@) +[(e" +e )+ (1+2%)" cose”I]y(x) = f(2),
reR, n>1, v>0.

To apply Theorem 3.1, let us choose equation (5.11) as the second (model) equa-
tion. According to this theorem, we have to establish the inequalities (see (3.1)
and (5.8))

(5.13) /:‘%ﬂ;g@)/ — (14 2%)" Cosefw‘gl(x) dz < oo,
(5.14) /Ow‘%xlgx))/ — (14 2%)" Cosew‘gl(x) dz < o0.

Since these inequalities are studied in the same way, below we consider only (5.14).
Using (5.8) and (5.10), we get the obvious relations

| (r(@)a’ (@))| > (142212 da
/o (@) o1(r)dz < C/o (1 + 22)1/4(e” + e~ )1/2

ooxl/Q
< ——dr <
¢ ) oo /2 )

00 oS] 2\n
. S (1+z4)"dx
| s atriesomla@an <o [ it

00 x2n71/2
<C/0 ez dz < co.

Thus, the hypotheses of Theorem 3.1 are satisfied, and therefore problem (I)—(II)
for equation (5.12) is solvable due to the assertions obtained in Section 5.2 and in
Theorem 3.1.
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5.4. Study of problem (I)—(II) for equation (1.1) in case (5.2).
(5.15)

~(VIH Y @) + [l + o)+ (e e ) eoseFy(@) = (@), s e R, 7>,
Here we rely on Theorem 3.7 but as in Section 5.3, we choose (5.11) as the second
(model) equation. Throughout below we assume that « > 1 (the case z <« —1 is
completely analogous).

Thus, we have to find a function 7(z), = € R, satisfying relations (3.22) and (3.23),
see Theorem 3.7. The following inequality holds for © > vy (see Corollary 3.4
and (3.21))

&2 &2 t / t /
(5.16) sup / (AQ)(t) dt‘ < sup / [’ )] dt‘
é1,6260(2) &1,6260(2) alt)
&
+ sup / (e' +e ") cose™" dt‘, T = 1.
§1,62€w(x)

Let us estimate the first integral in (5.16) (see Corollary 3.4, (5.9) and (5.10))

(5.17) sup
§1,62€w(x)

13 ’ ’ ’ ’
[l ) o LN
a(t) tew(x) Oé(t) 8

4/1 2
<c< sup 1+t2)'i
tew(z) ver e "
(1 +x2)3/4 x3/2
c <c ,
N R

T = .

To estimate the second integral in (5.16), first note that for v > 2 the function
n(t) = (e +e e, >,

is monotone decreasing. Therefore, by the second mean value theorem (see [15]), we
have (below, &; is a point in the interval (£;, £2) appearing in the mean value theorem)

5 18
&2 —t &1 3 3
‘/ o +e Cose’yt dt‘ _ ‘/ et —l—e sme'yt]/dt‘ _ & / (Sine'yt)/dt‘
&3

~yeré
&1 51
et +e
=—5 | sin €€ — sin e753|
€
&1 —&1
e~ +e
2- T < Ce(liA/)gL’7 x> 1.
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Finally, we get (see (5.17) and (5.18)):

L 52( 1 2% 0y
5.19 ——  sup / Aq)(t dt‘ <c + e\t T
(5.19) T(Z) ¢, crcw(@)l /e ) V1422 (eﬂ”/2 )

WV
Hk.l ot

z1/2 1
SC(W—FW)’ x =79, Y

Taking into account (5.19), set

x1/? 1
(5.20) (z) = C(W +

V
»-lk.l ot

W)’ T 2 To, Y

The choice of 7 given in (5.20) is kept as long as this function satisfies condition (3.23)
(see (5.9))

(@) #1277 1 (y = a1
(6:21) gy M) S emm e e @)
V1+ 22
<cle ™2 +1 ) <cui(z) =c———=—0 asz — oo.
( )Ml( ) Ml( ) m

From (5.21) it follows that the choice of 7(z), > 10, v > 2 given in (5.20) is
admissible, and we can proceed to checking conditions (3.24) and (3.25).
First note that by L’Hopital’s rule, we have the equalities (see (5.20))

00 41/2 2172 .
(5.22) /x Cadi= T e ), lim &y (2) = 0,

o dt 1 . )
(5.23) /x D = o0 De (1 + eq2(x)), xlglgo go(x) =0, v 2> 1

From (5.22) and (5.23) we obtain

0 {EI/Q
(5.24)/ T(t)dt:c[m(l—f—el(x))—f—

xh—>120 es(z) = 0.

— s 1+ 22(@)] = (@)1 + 23(2)),

From (5.24) it follows that the integral P1(+) converges, see (3.24). In addition,
by (5.9) and (5.24) we have the relations

[ (] o) o

> () RN 1 1
S C/x O :C/x Ao L T Eamen t2e2(7—1)t} dt < oo,

which hold for x > 1 and v > %.
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Hence, the integral

P2(+) converges. Since all the hypotheses of Theorem 3.7 are

satisfied, problem (I)—(II) for equation (5.15) is solvable because this problem is

solvable for equation (5.11).
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