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Abstract. This paper deals with the problem of estimating a covariance matrix from
the data in two classes: (1) good data with the covariance matrix of interest and (2)
contamination coming from a Gaussian distribution with a different covariance matrix.
The ridge penalty is introduced to address the problem of high-dimensional challenges in
estimating the covariance matrix from the two-class data model. A ridge estimator of the
covariance matrix has a uniform expression and keeps positive-definite, whether the data
size is larger or smaller than the data dimension. Furthermore, the ridge parameter is
tuned through a cross-validation procedure. Lastly, the proposed ridge estimator is verified
with better performance than the existing estimator from the data in two classes and the
traditional ridge estimator only from the good data.
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1. Introduction

The covariance matrix is an imperative quantity for describing the dispersion of

the data and measuring the linear correlation between each pair of variables during

data processing. As is well known, it is an oracle estimator and always needs to be

estimated from a finite sample in practice [12], [34], [32], [25]. Therefore, the problem

of estimating a covariance matrix has aroused concern during the last two decades in

a wide range of scientific fields, such as linear discriminant analysis [15], [19], high-

dimensional regression [31], [14], large portfolio optimization[6], gene expression data

analysis [16], and multi-source information fusion [21].

The research has been supported by the Guangxi Science and Technology Planning
Project (Guike AD23026220) and the Science and Technology Project of Guangxi (Guike
AD21220114).

c© Institute of Mathematics, Czech Academy of Sciences 2024.

DOI: 10.21136/AM.2024.0157-23 169

http://dx.doi.org/10.21136/AM.2024.0157-23


Numerous popular methods have been developed to estimate the covariance ma-

trix. When the data is low-dimensional with a sufficient sample, the traditional sam-

ple covariance matrix is a widely adopted estimator. Under Gaussian assumption, it

is the maximum likelihood estimator and enjoys many desired statistical properties.

However, the sample eigenvalues λ1, λ2, . . . , λp follow the famous Marčenko-Pastur

law when the dimension proportionally increases with the data size, which deviates

from the population distribution of the true eigenvalues [9], [22]. It brings about the

traditional sample covariance matrix being badly behaved when the data dimension

is large compared to or larger than the data size and the concerned statistical meth-

ods and algorithms becoming invalid where a reliable or positive-definite estimator

is indispensable [28], [35], [38]. Therefore, extensive attention has been attracted

to finding a covariance matrix estimator for both the large-sample and the high-

dimensional situations [18], [4], [29].

1.1. Good data case. Most existing estimators are developed from an identically

distributed sample with the same covariance matrix, namely, the good data [33],

[10], [5]. A direct strategy to produce an improved covariance matrix estimator is

regularizing the sample eigenvalues, which can be traced back to Stein’s estimation

[8], [17], [37]. The classic ridge estimation is one of the representative methods based

on this strategy [27], [36]. From an optimization perspective, the ridge estimation

can be regarded as adding a penalty term to the loss function [13], [30]. Denote

the sample covariance matrix as Sx with the spectral decomposition UΛU⊤, where

Λ = diag(λ1, λ2, . . . , λp) is a diagonal matrix containing the sample eigenvalues and

U is a unitary matrix consisting of the corresponding eigenvectors. To be specific,

denote by L(Σx|X) the loss function of the dataX = (x1,x2, . . . ,xn1
) with unknown

parameter Σx, then the penalized loss function is

(1.1) L̃(Σx|X) = L(Σx|X) + λg(Σx),

where g(Σx) is a given penalty. Under the Gaussian framework, the loss function

is the negative log-likelihood function L(Σx|X) = n1(log |Σx| + tr(SxΣ
−1
x )). The

penalty of the ridge estimation is g(Σx) = tr(Σ−1
x ). Then the sample eigenvalues are

regularized as ψ(Λ) = Λ+αI, and the ridge estimator is of the form Σ̂x = Sx +αI,

where α is a positive tuning parameter and I is the identity matrix. We can find that

the ridge estimator enjoys an analytical expression and keeps positive-definite in both

large-sample and high-dimensional situations. When the involved tuning parameter

is optimally chosen under some criteria, the ridge estimator can largely improve

the performance of the sample covariance matrix, especially in a high-dimensional

situation.
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1.2. Two-class data case. When the statistical model is specified, the perfor-

mance of the estimators is limited by the finite information from the good data. The

contamination can also contain the information of the covariance matrix of inter-

est. Thus, taking advantage of the contamination is a sensible choice to improve

the estimator’s performance [7], [1], [11], [23], [24]. In [26], a two-class data model

is suggested for improving the covariance matrix of the good data. However, their

two-class data model requires the same covariance matrix and different means. Fur-

thermore, in [2], another two-class data model is formulated by the good data and

the contamination under Gaussian distribution with the same mean but different

covariance matrix. With the aid of auxiliary information, the estimator from the

data in two classes is shown to dominate the existing estimators from only the good

data. As illustrated in Figure 1, the application scope of the existing estimator is

limited to three situations:

1) the size of the good data is less than the dimension, but the size of the contam-

ination should be larger than the dimension, namely n1 < p, n2 > p;

2) the size of the good data is larger than the dimension, but the size of contami-

nation should be less than the dimension, namely n1 > p, n2 < p;

3) both the sizes of the good data and the contamination are less than the dimen-

sion, but the total size should be larger than the dimension, namely n1 < p, n2 < p,

n1 + n2 > p.

0 p n1

p

n2

large-sample

high-

dimension

n1 <p, n2 <p

n1 + n2 > p

n1 <p

n2 > p

n1 > p

n2 <p

Figure 1. A variety of situations of estimating covariance matrix from the data in two
classes.
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In other words, the existing estimator is not applicable, neither in the large-sample

situation where the good data size or the size of contamination is larger than the

dimension nor in the high-dimensional situation where the total size is still less than

the dimension. The deficiency in applicability makes the existing estimator from

the data in two classes unable to take full advantage of the information on the

contamination in many common situations. Therefore, developing a more applicable

covariance matrix estimator from the data in two classes is necessary.

This paper employs the ridge method to estimate the covariance matrix from

the data in two classes: (1) good data with the covariance matrix of interest and

(2) contamination from a Gaussian distribution with a different covariance matrix.

The main contribution is three-fold:

(1) The ridge penalty is employed in the negative log-likelihood function of the

two-class data model to broaden the application scope of the estimator from

the data in two classes.

(2) The ridge estimator of the covariance matrix from the data in two classes is

obtained in closed form, where the concerned ridge parameter is tuned through

the K-fold cross-validation procedure. The ridge estimator from the data in two

classes is a generalized version of the traditional ridge estimator only from the

good data. It keeps positive-definite and enjoys a uniform expression whether

the dimension is less or greater than the data size.

(3) The proposed estimator is verified to perform better than the traditional ridge

estimator and the existing estimator without ridge penalty.

The remainder of this paper is successively organized into four parts. Section 2

formulates the two-class data model and computes the log-likelihood function under

Gaussian distribution. Section 3 joins the ridge penalty into the negative log-

likelihood function, resulting in a closed-form covariance matrix estimator whenever

the dimension is smaller or larger than the total size of the data in two classes.

Section 4 verifies the numerical performance of the proposed estimators compared

with some existing estimators of the same type. Section 5 concludes the main work

of this paper.

2. Two-class data model

Let p-dimensional random vectors x1,x2, . . . ,xn1
be an independent identically

sample drawn from the Gaussian distribution N (0,Σx). Besides, there exist p-

dimensional data y1,y2, . . . ,yn2
, which independently follow the p-dimensional

Gaussian distribution N (0,Σy). Further, we assume the two samples x1,x2, . . . ,xn1

and y1,y2, . . . ,yn2
are independent. Let the Cholesky decomposition of Σx be LL

⊤,
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where L is a lower triangle matrix. We measure the geometric distance between Σy

and Σx by

(2.1) dist(Σy,Σx) =

√√√√
p∑

k=1

log2 λk(L⊤Σ−1
y L),

where λk(A) represents the kth largest eigenvalue of matrix A (see [3]). In the Rie-

mannian manifold consisting of all p × p real symmetric positive definite matrices,

the distance dist(Σy,Σx) is the infimum length of geodesics between Σx and Σy

(see [20]).

Let W = L⊤Σ−1
y L, it is easy to verify that the following three propositions are

equivalent to each other:

(2.2) dist(Σy,Σx) = 0 ⇔ W = I ⇔ Σy = Σx.

When dist(Σy,Σx) is close to 0, y1,y2, . . . ,yn2
is considered the contamination

relative to N (0,Σx). The matrix W is a key quantity for describing the distance

of the contamination. As suggested in [2], we assume that W follows a Wishart

distribution W(ν, µ−1I), where ν is the degree of freedom. Moreover, we set µ =

ν − p− 1 for meeting the mathematical assumption E(Σy) = Σx.

This article aims to estimate Σx from the data (X,Y) = {xi1 ,yi2 | i1 =

1, 2, . . . , n1, i2 = 1, 2, . . . , n2}. For given Σx and W, we have Σy = LW−1L⊤

and |Σy| = |W−1Σx|. Then, the conditional joint density function of the data
(X,Y) is

(2.3) f(X,Y|Σx,W)

= (2π)−pn/2|Σx|−n/2|W|n2/2etr
{
−1

2
X⊤Σ−1

x X− 1

2
Y⊤L−⊤WL−1Y

}
,

where n = n1 + n2 is the total size of the data in two classes. Because W follows

the Wishart distribution W(ν, µ−1I), its density function is

(2.4) f(W) =
(µ
2

)νp/2
Γ−1

(ν
2

)
|W|(ν−p−1)/2etr

{
−1

2
µW

}
.

Therefore, the conditional density function under Σx is

(2.5) f(X,Y|Σx) =

∫

W>0

f(X,Y|Σx,W)f(W) dW.
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By equations (2.3) and (2.4), the conditional density function f(X,Y|Σx) becomes

(2.6)

f(X,Y|Σx)

= cn|Σx|−n/2etr
{
−1

2
X⊤Σ−1

x X
}∫

W>0

|W|(ν+n2−p−1)/2

× etr
{
−1

2
W(µI+ L−1YY⊤L−⊤)

}
dW

= cn1
cn2

|Σx|−n1/2etr
{
−1

2
X⊤Σ−1

x X
}
|µΣx|−n2/2|I+Y⊤(µΣx)

−1Y|−(ν+n2)/2,

where

cn1
= (2π)−pn1/2, cn2

= π
−pn2/2Γ

(ν + n2

2

)
Γ−1

(ν
2

)
,

and

cn = (2π)−pn/2µνp/22−νp/2Γ−1
(ν
2

)
.

Denote

f(X|Σx) = cn1
|Σx|−n1/2etr

{
−1

2
X⊤Σ−1

x X
}
,(2.7)

f(Y|Σx) = cn2
|µΣx|−n2/2|I+Y⊤(µΣx)

−1Y|−(ν+n2)/2.(2.8)

We have

(2.9) f(X,Y|Σx) = f(X|Σx)f(Y|Σx).

We can see that the contamination Y follows a matrix-variate Student distribution

under the covariance matrix Σx and keeps independent of the good data X.

Let Sx = n−1
1 XX⊤ be the sample covariance matrices of X, and Sy = n−1

2 YY⊤

be the one of Y. Without regard to a constant term, we obtain that the negative

log-likelihood function of (X,Y) is

(2.10) L(X,Y|Σx) = n log |Σx|+ n1tr(SxΣ
−1
x ) + (n2 + ν) log |I+ n2µ

−1SyΣ
−1
x |.

R em a r k 2.1. When n2 = 0, we have L(X,Y|Σx) = n1 log |Σx|+n1tr(SxΣ
−1
x ).

Then the negative log-likelihood function in (2.10) degenerates into the negative log-

likelihood function of the good data X.

R em a r k 2.2. In some special applications, Σx and Σy may be proportional,

namely Σx = cΣy. Then we have W = L⊤Σ−1
y L = cI. Then the distance be-

tween Σx and Σy becomes

dist(Σy,Σx) =

√√√√
p∑

k=1

log2 λk(W) =

√√√√
p∑

k=1

log2 λk(cI) =
√
p|log c|.
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Moreover, the conditional joint density function of (X,Y) can be simplified as

(2.11) f(X,Y|Σx) = (2π)−pn/2|Σx|−n/2cpn2/2etr
{
−1

2
X⊤Σ−1

x X− c

2
Y⊤Σ−1

x Y
}
.

The corresponding negative log-likelihood function is

(2.12) L(X,Y|Σx) = n log |Σx|+ tr(n1SxΣ
−1
x + cn2SyΣ

−1
x ).

The covariance matrix estimator turns out to be

(2.13) Σx =
n1

n
Sx + c

n2

n
Sy,

which is a weighted combination between the sample covariance matrices ofX andY.

Especially, when c = 1, Σx = Σy, then X and Y are from the same distribution.

We have

(2.14) Σx =
n1

n
Sx +

n2

n
Sy,

which is the classic sample covariance matrix of (X,Y).

3. Covariance matrix estimator

3.1. Ridge estimation. The maximum likelihood estimator cannot be derived

from the negative log-likelihood function given by (2.10) in many high-dimensional

cases, such as n1 + n2 < p. Therefore, we consider the ridge penalty term in the

negative log-likelihood function L(X,Y|Σx) to estimate the covariance matrix Σx

from the data (X,Y) in high-dimensional situation. Generally, we assume Σx 6= Σy.

The ridge penalized negative log-likelihood function is

(3.1)

L̃λ(Σx) = n log |Σx|+ n1tr(SxΣ
−1
x ) + (n2 + ν) log |I+ n2µ

−1SyΣ
−1
x |+ λtr(Σ−1

x )

= (n1 − ν) log |Σx|+ n1tr(SxΣ
−1
x ) + (n2 + ν) log |Σx + n2µ

−1Sy|+ λtr(Σ−1
x ),

where λ > 0 is the tuning parameter. Then the ridge-type estimator is

(3.2) Σ̂x(λ) = arg min
Σx≻0

{(n1 − ν) log |Σx|+ n1tr(SxΣ
−1
x )

+ (n2 + ν) log |Σx + n2µ
−1Sy|+ λtr(Σ−1

x )}.

Theorem 3.1. For an arbitrary tuning parameter λ > 0, the ridge-type estimator

Σ̂x(λ) holds positive definite whether n2 > p or n2 6 p.
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P r o o f. First of all, we develop the analytic expression of the ridge-type estimator

Σ̂x(λ). By taking the derivative of equation (3.1), we obtain the normal equation:

(3.3) (n1 − ν)Σ−1
x −Σ−1

x (n1Sx + λI)Σ−1
x + (n2 + ν)(Σx + n2µ

−1Sy)
−1 = 0.

By multiplying (Σx + n2µ
−1Sy) from the right, the normal equation (3.3) becomes

(3.4)

(n1− ν)Σ−1
x (Σx+n2µ

−1Sy)−Σ−1
x (n1Sx+λI)Σ

−1
x (Σx+n2µ

−1Sy)+ (n2+ ν)I = 0.

Then we have

(3.5)

nI+ (n1 − ν)n2µ
−1Σ−1

x Sy −Σ−1
x (n1Sx + λI)− n2µ

−1Σ−1
x (n1Sx + λI)Σ−1

x Sy = 0.

By multiplying Σx(n1Sx + λI)−1Σx from the left, we obtain

(3.6) nΣx(n1Sx+λI)
−1Σx+(n1−ν)n2µ

−1Σx(n1Sx+λI)
−1Sy−Σx−n2µ

−1Sy = 0.

Therefore, we have

(3.7) Σx(n1Sx + λI)−1Σx −Σx

[ (ν − n1)n2

µn
(n1Sx + λI)−1Sy +

1

n
I
]
− n2

µn
Sy = 0.

For an arbitrary tuning parameter λ > 0, the matrix n1Sx + λI is positive definite

whether n > p or n < p. Denote by U the square root of n1Sx + λI, we have

n1Sx + λI = UU⊤. Let Σ̃x = U−1ΣxU
−⊤ and Sxy = n2U

−1SyU
−⊤, we have

(3.8) Σ̃2
x −

(ν − n1

µn
Sxy +

1

n
I
)
Σ̃x − 1

µn
Sxy = 0.

We can see that the matrix equation (3.8) is quadratic concerning Σx. Let q be an

eigenvalue of Σ̃x and w be the associated eigenvector. We can obtain

(3.9) q2w − q
(ν − n1

µn
Sxy +

1

n
I
)
w− 1

µn
Sxyw = 0.

Therefore, we have

(3.10)
( 1

µn
+
q(ν − n1)

µn

)
Sxyw = q

(
q − 1

n

)
w.

The above equation (3.10) reveals w is also an eigenvector of Sxy. To explore the

value of q, we discuss the eigenvalue problem of (3.10) in two cases.
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Case 1: n2 > p. We can see that Sxy is almost surely positive definite for an

arbitrary λ > 0. Therefore, there is no zero eigenvalue in (3.10). Denote by ηj an

eigenvalue of Sxy, the eigenvalue of Σ̃x can be obtained by taking the positive root

of the following equation:

(3.11) q2 − q
(ηj(ν − n1)

µn
+

1

n

)
− ηj
µn

= 0, j ∈ {1, . . . , p}.

Note that Sxy = U−1YY⊤U−⊤. Let the singular value decomposition of U−1Y be

U−1Y = AΘB⊤. Denote by θj the jth diagonal element of Θ, and by aj , bj the

jth columns of A and B, respectively, we have U−1Y =
p∑

j=1

θjajb
⊤
j and ηj = θ2j .

Therefore, we have

(3.12) Σ̃x(λ) =

p∑

j=1

qjaja
⊤
j ,

where qj is an eigenvalue of Σ̃x, which satisfies equation (3.11).

Case 2: n2 6 p. When w corresponds to the zero eigenvalue (with p − n2 mul-

tiplicities), we have q = 1/n. When w corresponds to a nonzero eigenvalue ηj , we

have

(3.13) q2 − q
(ηj(ν − n1)

µn
+

1

n

)
− ηj
µn

= 0, j ∈ {1, . . . , n2}.

Then we can obtain the eigenvalues of Σ̃x by searching for the positive root of

equation (3.13). In the same manner, we have

(3.14) Σ̃x =

p∑

j=1

qjaja
⊤
j =

n2∑

j=1

qjaja
⊤
j +

1

n

p∑

j=n2+1

aja
⊤
j ,

where qj are the positive roots of equation (3.13).

In summary, the ridge-type estimator of Σx is

(3.15) Σ̂x(λ) =

p∑

j=1

qjUaja
⊤
j U

⊤.

Next, we prove that Σ̂x(λ) is positive definite.

When n2 > p, it is obvious that Σ̂x(λ) is positive definite because qj are the

positive roots of equation (3.11).
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When n2 6 p, we have

(3.16) Σ̂x(λ) =

n2∑

j=1

qjUaja
⊤
j U

⊤ +
1

n

p∑

j=n2+1

Uaja
⊤
j U

⊤.

As qj > 0, j = 1, 2, . . . , n2, we have that the ridge estimator Σ̂x(λ) is positive definite

for arbitrary positive tuning parameter λ. The proof ends. �

R em a r k 3.1. Since
p∑

j=1

aja
⊤
j = I, we have

(3.17) Σ̂x(λ) =

n2∑

j=1

qjUaja
⊤
j U

⊤ +
1

n

p∑

j=n2+1

Uaja
⊤
j U

⊤

=

n2∑

j=1

(
qj −

1

n

)
Uaja

⊤
j U

⊤ +
1

n
(n1Sx + λI).

Therefore, when n2 = 0, the ridge estimator turns out to be Σ̂x(λ) = Sx + λI/n1,

which is the classic ridge estimator from the good data X.

3.2. Tuning parameter. It is obvious that the penalized estimator Σ̂x(λ)

in (3.15) depends on the tuning parameter selection. In this subsection, we select

the appropriate value of λ with theK-fold cross-validation procedure [30]. Firstly, we

split data X and Y into K roughly equal groups. We reserve the kth group (Xk,Yk)

as the test part, and use the other K − 1 groups (X\k,Y\k) as the training part.

Denote by Σ̂
\k
x the ridge estimator from equation (3.15). For each k ∈ {1, . . . ,K},

denote by nk
1 and S

k
x respectively the data size and sample covariance matrix of X

k,

by nk
2 and Sk

y respectively the data size and sample covariance matrix of Y
k. Then

the total size of the test data (Xk,Yk) is nk = nk
1 + nk

2 . Then we calculate the

negative log-likelihood function:

(3.18) L(Σ̂\k
x |Xk,Yk) = nk log |Σ̂\k

x |+ nk
1tr(S

k
x(Σ̂

\k
x )−1)

+ (nk
2 + ν) log |I+ nk

2µ
−1Sk

y(Σ̂
\k
x )−1|.

Therefore, the optimal tuning parameter λ̂ can be estimated by minimizing the cross-

validation likelihood function, namely,

(3.19) λ̂ = argmin
λ

K∑

k=1

L(Σ̂\k
x |Xk,Yk).
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4. Numerical simulation

This section verifies the performance of the proposed ridge estimator compared

with its competitors. In the implementation, the good data X = (x1,x2, . . . ,xn1
)

is drawn from the Gaussian distribution N (0,Σx), where the population covariance

matrix to be estimated is

(4.1) Σx = (σij)p×p with σij = 0.5|i−j|.

Besides, the contaminationY = (y1,y2, . . . ,yn2
) is from the Gaussian distribution

N (0,Σy), whereΣy is generated byΣx and a Wishart distributed randommatrixW

from W(ν, µ−1I) with ν, µ being respectively p+ 2 and 1. We denote the proposed

ridge estimator from the data in two classes developed in Section 3 as RPEe for

the notation convenience. The competing estimators include the sample covariance

matrix (SE) from the data (X,Y), the ridge estimator (RPE) from X in [30], and

the non-penalty estimator (NPE) from (X,Y) in [2]. We investigate their ridge

parameters and losses under various data sizes n1, n2 and dimension p.
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RPEe (n2 =200)

Figure 2. Ridge parameters in the estimator from the data in two classes and the one from
the only good data when p = 20.

Figures 2 and 3 report the variation trends of the ridge parameters along with the

data size n1. The ridge parameters present significantly different variation trends in

the cases of p = 20 and p = 100. When p < n1, the ridge parameters decrease to 0 as

the data size n1 increases from 30 to 80. Furthermore, the ridge parameter in RPEe

becomes smaller in the case of n2 = 50 than in the case of n2 = 200. It reveals that

the estimator relies more heavily on good data in the large-sample setting. When

p > n1, the ridge parameters are close or increase to the bound 1 as n1 increases.

Besides, the ridge parameter in RPEe is smaller in the case of n2 = 200 than in
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the case of n2 = 50, revealing that the ridge estimator relies more heavily on the

likelihood function in the large-dimensional setting.

20 40 60 80 100 120 140 160 180 200
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Figure 3. Ridge parameters in the estimator from the data in two classes and the one from
the only good data when p = 100.

Next, we discover the estimation accuracy of the proposed ridge estimator from

the data in two classes against its main competitors. For an intuitive comparison,

we employ the loss function in [2], which is

(4.2) l(Σ̂x) = 10 log10

[ p∑

j=1

log2(λj(Σ̂xΣ
−1
x ))

]
.

We compute the average losses of the covariance matrix estimators based on five

thousand replications.
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Figure 4. Loss comparison of the covariance estimator against its competitors when p = 20
and n2 = 50.
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Figure 5. Loss comparison of the covariance estimator against its competitors when p = 20
and n2 = 200.

Figures 4 and 5 reveal the losses of the ridge estimator RPEe and its competitors

along with the data size n1 when p = 20. The non-penalty estimator NPE does not

work when n1 > p, n2 > p. We can see the losses of the other estimators decrease

when n1 gets larger. When n2 increases from 50 to 200, the two ridge estimators RPE

and RPEe have very similar performance, while the loss of SE becomes significantly

larger. It reveals that the ridge estimators enjoy a robust performance relative to n2.

We can see that the proposed RPEe from (X,Y) enjoys lower loss than the existing

ridge estimator RPE only from X.
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Figure 6. Loss comparison of the covariance estimator against its competitors when p = 100
and n2 = 50.

Figures 6 and 7 report the losses of the four estimators relative to the data size n1

when p = 100. The sample covariance matrix SE is only available when n1 + n2 > p

in Figure 6, and the estimator NPE from (X,Y) can work only when n1 > 50 in

Figure 6 and n1 < 100 in Figure 7. We can see that the estimators NPE and RPEe,
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obtained from the two-class data model, have lower losses than SE and RPE in most

cases. Moreover, the proposed RPEe enjoys a lower loss than NPE when n2 = 50,

showing that the ridge penalty can further promote the estimator’s performance in

the high-dimensional setting. In the case of n2 = 200, the proposed RPEe performs

similarly to NPE as n1 < 100 and performs well when NPE is unavailable.
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Figure 7. Loss comparison of the covariance estimator against its competitors when p = 100
and n2 = 200.

Finally, we summarize the numerical performance of the proposed ridge estimator

from the two-class data model as follows:

(1) The loss of the proposed RPEe significantly decreases as n1 gets larger. In the

large-sample setting, RPEe is robust relative to n2. RPEe can reach lower losses

in high-dimensional scenarios as n2 gets large.

(2) The proposed RPEe from (X,Y) generally enjoys a lower loss than the tradi-

tional ridge estimator RPE only from X.

(3) The proposed RPEe based on ridge penalty thoroughly addresses the usage

limitations of existing NPE from (X,Y) and has obvious advantages on the loss.

5. Conclusions

This paper has studied the covariance matrix estimation from the data in two

classes. The contamination was incorporated into the i.i.d. Gaussian sample to im-

prove the traditional maximum likelihood estimation. The log-likelihood function

was derived based on the data in two classes. The ridge penalty was considered in

the two-class data model to handle estimating the covariance matrix in the high-

dimensional situation, resulting in an analytic covariance matrix estimator. The

proposed ridge estimator thoroughly addressed the limitations of the existing esti-

mator from the data in two classes in theory. Numerical simulations verify that the
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proposed ridge estimator from the data in two classes retains the advantages of the

two-class data model. The ridge estimation often performs better than its competi-

tors in large-sample or high-dimensional settings. Meanwhile, it is necessary to warn

that the contamination may bring pessimism in some cases, such as when the size of

good data is far less than the size of contamination in a high-dimensional setting.
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