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Abstract. The Sturm-Liouville eigenvalue problem is symmetric if the coefficients are
even functions and the boundary conditions are symmetric. The eigenfunction is expressed
in terms of orthonormal bases, which are constructed in a linear space of trial functions
by using the Gram-Schmidt orthonormalization technique. Then an n-dimensional ma-
trix eigenvalue problem is derived with a special matrix A := [aij ], that is, aij = 0 if
i+ j is odd.

Based on the product formula, an integration method with a fictitious time, namely
the fictitious time integration method (FTIM), is developed to obtain the higher-index
eigenvalues. Also, we recover the symmetric potential function q(x) in the Sturm-Liouville
operator by specifying a few lower-index eigenvalues, based on the product formula and the
Newton iterative method.

Keywords: symmetric Sturm-Liouville problem; inverse potential problem; special matrix
eigenvalue problem; product formula; fictitious time integration method
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1. Introduction

The Sturm-Liouville eigenvalue problem has a considerable physical interest and

is important in many fields, including the longitudinal free vibration of beam and

rod. Except for some limited cases, there are in general no exact solutions.

The Rayleigh minimal principle is usually applied to solve the Sturm-Liouville

eigenvalue problem, and is effective only for the first few lower-index eigenvalues [6],

[8], [11]. A growing interest in the numerical solutions of the Sturm-Liouville eigen-

value problem is to reduce the computational time and cost [1], [3], [4], [5], [13], [23].
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In the paper we first propose a sequentially closed-form solutions of the following

Sturm-Liouville eigenvalue problem:

(1) − d

dx

[
p(x)

dy(x)

dx

]
+ q(x)y(x) = λs(x)y(x), 0 < x < l,

where the coefficients p(x), q(x) and s(x) are symmetric functions with respect to the

midpoint of the interval, i.e., p(x) = p(l−x), q(x) = q(l−x), s(x) = s(l−x), and the

boundary conditions are symmetric [7]. Recently, Liu [15] using the fictitious time

integration method (FTIM), a half-interval method and a derivative-free iterative

scheme can achieve high precision eigenvalues of (1). Liu et al. [18] proposed a bound-

ary shape function method for computing eigenvalues and eigenfunctions of (1).

The symmetric Sturm-Liouville eigenvalue problem may happen. For example,

consider the longitudinal frequency of a one-dimensional rod

(2) − d

dx

(
E(x)A(x)

dy(x)

dx

)
= ω2̺(x)A(x)y(x),

where Young’s modulus is E(x) and cross-sectional area is A(x); ̺(x) is the variable

mass-density, y(x) is the displacement and ω is the vibration frequency. Usually, the

rod is made to be symmetric such that p(x) = E(x)A(x) and s(x) = ̺(x)A(x) are

even functions with p(l − x) = p(x) and s(l − x) = s(x). Liu and Atluri [16] have

applied the fictitious time integration method (FTIM) to recover q(x) under some

specified eigenvalues. After developing a powerful product formula for the symmetric

Sturm-Liouville eigenvalue problem, we are going to use the FTIM to find higher-

index eigenvalues. Liu and Li [20] used an energetic boundary function iterative

method to reconstruct the Sturm-Liouville operator. On the other hand, we are

going to use the product formula and the Newton iterative method to recover q(x)

in (1) with a few eigenvalues given.

2. Transformation of a matrix eigenvalue problem

Let

(3) y(x) =

n∑

k=1

xkϕk(x)

be the eigenfunction, where xk are unknowns, and ϕk(x) are defined as trial functions

satisfying boundary conditions. When y(0) = y(l) = 0,

(4) Bk(x) = sin
kπx

l
.
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Then we can construct an s(x)-orthogonal system from {Bk(x), k = 1, . . . , n} by
using the Gram-Schmidt orthogonalization technique:

ϕ̃1(x) = B1(x), ϕ̃k(x) = Bk(x) −
k−1∑

j=1

βkj ϕ̃j(x),(5)

βkj = 〈Bk(x), ϕ̃j(x)〉 =
∫ l

0

s(x)Bk(x)ϕ̃j(x) dx.

Therefore,

(6) ϕj(x) :=
ϕ̃j(x)∫ l

0
s(x)ϕ̃j(x)ϕ̃j(x) dx

, j = 1, . . . , n,

form an s(x)-orthonormal system, i.e.,

(7) 〈ϕj(x), ϕk(x)〉 :=
∫ l

0

s(x)ϕj(x)ϕk(x) dx = δjk,

where δjk is the Kronecker delta.

From (1), one can further derive

(8)

∫ l

0

[p(x)y′(x)ϕ′

j(x) + q(x)y(x)ϕj(x)] dx = λ

∫ l

0

s(x)y(x)ϕj(x) dx.

Inserting (3) into (8), and employing (7), one obtains:

(9) Ax = λx,

where x = (x1, . . . , xn)
⊤ and ajk = akj of A are given by

(10) ajk :=

∫ l

0

[p(x)ϕ′

j(x)ϕ
′

k(x) + q(x)ϕj(x)ϕk(x)] dx, j, k = 1, . . . , n.

Solving the matrix eigenvalue problem (9), we can obtain λj , j = 1, 2, . . . , n to

approximate the first n eigenvalues of the Sturm-Liouville eigenvalue problem (1).

3. Special matrix with ajk = 0 if j + k is odd

Before giving a mathematical proof of the special structure of the coefficient ma-

trix A in (9), we begin with the following preliminaries.

Definition 1. A function f(x), x ∈ [0, l] is an even function if f(x) = f(l − x),

and an odd function if f(x) = −f(l− x).
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The following lemmas are easily proved.

Lemma 1. The differential f ′(x) of an odd function f(x) is even, and conversely,

the differential f ′(x) of an even function is odd. While the integral of an odd function

f(x) from x = 0 to x = l is zero, i.e.,
∫ l

0
f(x) = 0, the integral of a nonzero even

function is nonzero.

Lemma 2. The functions Bj(x) in (4) have the following properties:

B2j(x) is odd,(11)

B2j−1(x) is even.(12)

P r o o f. It follows from (4) that

B2j(l − x) = sin
2jπ(l − x)

l
= sin

(
2jπ − 2jπx

l

)
= − sin

2jπx

l
= −B2j(x),

B2j−1(l − x) = sin
(2j − 1)π(l − x)

l
= sin

(
(2j − 1)π − (2j − 1)πx

l

)

= sin
(2j − 1)πx

l
= B2j−1(x).

This ends the proof. �

Lemma 3. The product of Bj(x) and Bk(x) has the following properties:

Bj(x)Bk(x) is odd if j + k is odd,(13)

Bj(x)Bk(x) is even if j + k is even.(14)

P r o o f. From (4) it follows that

(15) Bj(x)Bk(x) =
1

2

(
cos

(j − k)πx

l
− cos

(j + k)πx

l

)
.

Then from

Bj(l − x)Bk(l − x) =
1

2

(
cos

(j − k)π(l − x)

l
− cos

(j + k)π(l − x)

l

)

=
1

2

(
cos(j − k)π cos

(j − k)πx

l
− cos(j + k)π cos

(j + k)πx

l

)
,

it follows that Bj(l − x)Bk(l − x) = −Bj(x)Bk(x) if j + k is an odd integer (hence,

|j − k| is an odd integer), and that Bj(l − x)Bk(l − x) = Bj(x)Bk(x) if j + k is an

even integer (hence, |j − k| is an even integer). �
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From (5) and (6) we can derive the following linear relation between ϕj(x)

and Bk(x), see [19]:

(16) ϕj(x) =

n∑

k=1

cjkBk(x),

where cjk is generated by the following processes:

⊲ DO 1 j = 1, n

⊲ DO 2 k = 1, j − 1

⊲ ϕk(x) =
k∑

i=1

ckiBi(x)

⊲ cjk = −〈Bj(x), ϕ̃k(x)〉
〈ϕ̃k(x), ϕ̃k(x)〉

⊲ 2 CONTINUE

⊲ DO 3 L = 1, j − 2

⊲ DO 3 M = L+ 1, j − 1

⊲ cjL = cjL + cjMcML

⊲ 3 CONTINUE

⊲ 1 CONTINUE

C := [cjk] is a lower triangular matrix, and cjk = 1 if j = k. By further using the

scalar product in (5), where s(x) is an even function, we can prove the following

result.

Lemma 4. The coefficient matrix C := [cjk] in (16) has the following properties:

cjk = 0 if j + k is odd,(17)

cjk 6= 0 if j + k is even.(18)

P r o o f. In order to prove this lemma, it suffices to prove

βjk = 0 if j + k is odd,(19)

βjk 6= 0 if j + k is even,(20)

because cjk is obtained by dividing βjk by some nonzero constants in the normaliza-

tion procedures. The following results follow from Lemmas 1 and 3:

〈Bj(x), Bk(x)〉 =
∫ l

0

s(x)Bj(x)Bk(x) dx = 0 if j + k odd,(21)

〈Bj(x), Bk(x)〉 =
∫ l

0

s(x)Bj(x)Bk(x) dx 6= 0 if j + k even,(22)

because s(x) is an even function.
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By (21) it is straightforward to write

ϕ̃1(x) = B1(x), β11 = 1,

ϕ̃2(x) = B2(x)− 〈B2(x), ϕ̃1(x)〉ϕ̃1(x) = B2(x), β21 = 0, β22 = 1,

ϕ̃3(x) = B3(x)− 〈B3(x), ϕ̃1(x)〉ϕ̃1(x), β32 = 0, β33 = 1,

ϕ̃4(x) = B4(x)− 〈B4(x), ϕ̃2(x)〉ϕ̃2(x), β41 = 0, β43 = 0, β44 = 1,

...

ϕ̃j(x) = Bj(x)− 〈Bj(x), ϕ̃2(x)〉ϕ̃2(x)− 〈Bj(x), ϕ̃4(x)〉ϕ̃4(x)− . . . , j is even,

ϕ̃k(x) = Bk(x) − 〈Bk(x), ϕ̃1(x)〉ϕ̃1(x) − 〈Bk(x), ϕ̃3(x)〉ϕ̃3(x) − . . . , k is odd.

Then, by Lemma 2 we can conclude that ϕ̃j(x) is an odd function if j is even;

conversely, ϕ̃k(x) is an even function if k is odd. Then from (5) and Lemmas 1

and 2, we can prove (19) and (20). �

Theorem 1. For the symmetric Sturm-Liouville eigenvalue problem (1), the co-

efficient matrix A := [ajk] in (9) has the following properties:

ajk = 0 if j + k is odd,(23)

ajk 6= 0 if j + k is even.(24)

P r o o f. When j+k is odd and if j is an even integer, k must be an odd integer.

From (16) and Lemma 4 it follows that

ϕj(x) = cj2B2(x) + cj4B4(x) + . . . , j is even,(25)

ϕk(x) = ck1B1(x) + ck3B3(x) + . . . , k is odd.(26)

Then by Lemma 2 we have

ϕj(x) is an odd function, j is even,(27)

ϕk(x) is an even function, k is odd.(28)

Similarly, by Lemma 1 we have

ϕ′

j(x) is an even function, j is even,(29)

ϕ′

k(x) is an odd function, k is odd.(30)

Hence, from (10) and Lemma 1 we can prove (23) and (24), upon knowing that p(x)

and q(x) are even functions. �
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4. Demonstrating the special matrix

In order to reveal the special structure for the matrix A and show its eigen-

values λ, let us consider the following Sturm-Liouville eigenvalue problem as a

demonstrative case.

E x am p l e 1.

(31) −y′′(x) = λ(2 + cos(2πx))y(x), y(0) = y(1) = 0.

For this example, λ does not have closed-form.

For n = 3 we can obtain a matrix eigenvalue problem with

(32) A =




6.57974 1.26843× 10−14 1.98387

1.26843× 10−14 19.7392 4.35763× 10−14

1.98387 4.35763× 10−14 49.0489



 .

The small numbers with order 10−14 appear, which is due to the round-off error of

computer machine and the numerical integration error. Actually, A is given by

(33) A =



6.57974 0 1.98387

0 19.7392 0

1.98387 0 49.0489


 .

Denote the matrix in (33) by

(34) A =



a11 0 a13
0 a22 0

a13 0 a33


 ,

and the characteristic equation follows:

(35)

Det(A− λI3) =

∣∣∣∣∣∣

a11 − λ 0 a13
0 a22 − λ 0

a13 0 a33 − λ

∣∣∣∣∣∣
= (a22 − λ)

∣∣∣∣
a11 − λ a13

a13 a33 − λ

∣∣∣∣ = 0,

whose solutions of λ can be obtained immediately. We list the first three eigenvalues

in Table 1.
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λ1 λ2 λ3 λ4 λ5 λ6 λ7

n = 3 6.48727 19.7392 49.1414 × × × ×
n = 4 6.48727 19.3468 49.1414 85.9290 × × ×
n = 5 6.48721 19.3468 47.1565 85.9290 137.971 × ×
n = 6 6.48721 19.3458 47.1565 81.3731 137.971 201.009 ×
n = 7 6.48721 19.3458 47.1565 81.3731 128.376 201.009 278.561

Table 1. For Example 1, comparing the eigenvalues obtained from the closed-form solutions
of the matrix eigenvalue problem.

Equation (35) indicates that we can employ the special matrix in (34) to obtain

the eigenvalues, which can greatly simplify the work. When n is increased, we can

obtain more eigenvalues with index lower than n; however, seeking the solutions

of λ becomes more difficult when the size of the matrix A is increased with n.

Fortunately, thank to the special structure of A, in addition to (35) for n = 3 we

have the following product formulae for n = 4, 5, 6:

∣∣∣∣∣∣∣∣

a11 − λ 0 a13 0

0 a22 − λ 0 a24

a13 0 a33 − λ 0

0 a24 0 a44 − λ

∣∣∣∣∣∣∣∣
(36)

=

∣∣∣∣
a11 − λ a13
a13 a33 − λ

∣∣∣∣
∣∣∣∣
a22 − λ a24
a24 a44 − λ

∣∣∣∣ = 0,

∣∣∣∣∣∣∣∣∣∣∣

a11 − λ 0 a13 0 a15

0 a22 − λ 0 a24 0

a13 0 a33 − λ 0 a35

0 a24 0 a44 − λ 0

a15 0 a35 0 a55 − λ

∣∣∣∣∣∣∣∣∣∣∣

(37)

=

∣∣∣∣
a22 − λ a24
a24 a44 − λ

∣∣∣∣

∣∣∣∣∣∣

a11 − λ a13 a15
a13 a33 − λ a35

a15 a35 a55 − λ

∣∣∣∣∣∣
= 0,

∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 − λ 0 a13 0 a15 0

0 a22 − λ 0 a24 0 a26
a13 0 a33 − λ 0 a35 0

0 a24 0 a44 − λ 0 a46
a15 0 a35 0 a55 − λ 0

0 a26 0 a46 0 a66 − λ

∣∣∣∣∣∣∣∣∣∣∣∣∣

(38)

=

∣∣∣∣∣∣

a11 − λ a13 a15
a13 a33 − λ a35

a15 a35 a55 − λ

∣∣∣∣∣∣

∣∣∣∣∣∣

a22 − λ a24 a26
a24 a44 − λ a46

a26 a46 a66 − λ

∣∣∣∣∣∣
= 0.
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Therefore, we only need to solve quadratic equations and cubic equations to obtain

the closed-form solutions of eigenvalues. Even for n = 7 we have

(39)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 − λ 0 a13 0 a15 0 a17
0 a22 − λ 0 a24 0 a26 0

a13 0 a33 − λ 0 a35 0 a37
0 a24 0 a44 − λ 0 a46 0

a15 0 a35 0 a55 − λ 0 a57
0 a26 0 a46 0 a66 − λ 0

a17 0 a37 0 a57 0 a77 − λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣

a22 − λ a24 a26

a24 a44 − λ a46
a26 a46 a66 − λ

∣∣∣∣∣∣

∣∣∣∣∣∣∣∣

a11 − λ a13 a15 a17
a13 a33 − λ a35 a37

a15 a35 a55 − λ a57
a17 a37 a57 a77 − λ

∣∣∣∣∣∣∣∣
= 0.

Hence, we encounter a problem to solve λ in a quartic equation. Because λ1 =

6.48721 and λ3 = 47.1565 are already computed in Table 1 under the item n = 6,

the second eigenvalue problem in (39) is decomposed as

(40) Det(Bo − λI4) =

∣∣∣∣∣∣∣∣

a11 − λ a13 a15 a17
a13 a33 − λ a35 a37

a15 a35 a55 − λ a57
a17 a37 a57 a77 − λ

∣∣∣∣∣∣∣∣

= (λ− λ1)(λ− λ3)(λ
2 + a0λ+ b0) = 0,

where λ1 = 6.48721, λ3 = 47.1565, and

(41) a0 = λ1 + λ3 − TrBo, b0 =
DetBo

λ1λ3

.

Again, λ2+a0λ+b0 = 0 is solved to obtain λ5 and λ7. In Example 1, the eigenvalues

are listed and compared in Table 1 up to n = 7.

By using the product formulae (36)–(39) we can further compute the eigenvalues

for n = 4 to n = 7 in Table 1. As comparing the eigenvalues obtained from n = 6

and n = 7, λ2, λ4 and λ6 are equal and no further improvement of the accuracy

for λ1 and λ3 is achieved, while λ5 for n = 7 is more accurate than that in n = 6.

Increasing n will make the first n− 2 eigenvalues more accurate.

363



5. Product formula

Liu and Li [21] in the study of the free vibration of a symmetric composite beam

with nonsmooth interface also found a matrix eigenvalue problem with the coefficient

matrix A = [ajk] having the properties (23) and (24). And they proved the following

product formula:

(42) Det(A− λIn) = Det(Bo − λIm1
)×Det(Be − λIm2

) = 0,

where m1 = m2 = n/2 if n is even, m1 = (n + 1)/2, m2 = (n − 1)/2 if n is an odd

integer, and m1 +m2 = n. The elements of the sub-matrix Bo are taken from A at

the ijth entry when i and j are odd, while of Be with i and j being even.

Equation (42) is significant and very useful, which greatly simplifies the work to

obtain the eigenvalues of the symmetric Sturm-Liouville eigenvalue problem. The

odd numbered and even numbered eigenvalues are, respectively, solved from

(43) Det(Bo − λIm1
) = 0, Det(Be − λIm2

) = 0.

By observing (36)–(39) and Table 1 we can further assert the following.

Theorem 2. If n is an odd number, the odd eigenvalues of this n-dimensional

matrix eigenvalue problem are succeeded by the odd eigenvalues in the next (n+1)-

dimensional matrix eigenvalue problem. Conversely, if n is an even number, the

even eigenvalues of this n-dimensional matrix eigenvalue problem are succeeded by

the even eigenvalues in the next (n+ 1)-dimensional matrix eigenvalue problem.

In each problem to find n eigenvalues, four operations exist: succeeding, improving,

creating and transmitting. For instance, when n = 6, it succeeds the eigenvalues

λ1, λ3 and λ5 from n = 5 as shown in Table 1, improves the accuracies of λ2 and λ4,

creates a new eigenvalue λ6, and then transmits λ2, λ4 and λ6 to the eigenvalue

problem with n = 7 as shown in Table 1. Continuing this process, we can sequentially

obtain higher-index eigenvalues in closed-form.

Besides Example 1 given in (31), we give:

E x am p l e 2.

(44) −
[ y′(x)

2 + cos(2πx)

]′
+ (x − 0.5)2y(x) = λ(2 + cos(2πx))y(x), y′(0) = y′(1) = 0,

E x am p l e 3.

(45) −y′′(x) + e0 cos(2x)y(x) = λy(x), y(0) = y(π) = 0.

For Example 2, we take Bk(x) = cos(kπx), k > 0, and for Example 3, we take

ϕk(x) =
√
2 sin(kx)/

√
π.
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In Table 2 we list the eigenvalues with n = 8 for Examples 1–3. The technique

to obtain the eigenvalues for n = 8 is similar to (40) and (41), but it is applied to

Det(Be − λIm2
) = 0. Example 3 is an eigenvalue problem of Mathieu’s equation

[14], [22]. When e0 is large, it is hard to obtain the eigenvalues. For e0 = 10 the first

eight eigenvalues are given in Table 2.

λ1 λ2 λ3 λ4 λ5 λ6 λ7 λ8

Ex. 1 6.48721 19.3458 47.1565 81.3731 128.376 184.181 278.561 369.422

Ex. 2 0.04162 2.52513 9.98303 22.6672 40.5691 63.8711 139.566 199.730

Ex. 3 −5.78869 2.10058 9.28982 16.6780 25.3022 36.2196 50.1967 65.0018

Table 2. Listing the eigenvalues obtained for Examples 1–3.

Example 3 gives the asymptotic values of higher-index eigenvalues of Mathieu’s

equation, which are lim
n→∞

λ
1/2
n /n = 1, see [22].

In order to obtain higher-index eigenvalues we can consider the equations obtained

from (43):

(46) F (λ) := Det(Bo − λIm1
) = Det(Be − λIm2

) = 0.

FTIM [17], separately used to solve these two algebraic equations in (46), is as

follows:

(i) Give n, ε, ν, u0, N , and s0,

(ii) Do j = 1, . . . , n,

(iii) Do k = 1, . . . , N ,

tk =
k − 1

|F (0)| , uk = uk−1 − (−1)j
ν

(1 + tk)|F (0)|F (uk−1),

if |F (uk)| < ε, then λj = uk, set u0 = λj+s0 and go to (ii); otherwise go to (iii).

We have applied the FTIM to check the eigenvalues listed in Table 2, which are

very close to the ones obtained from the matrix eigenvalue problem. One more

example is given as follows:

E x am p l e 4.

(47) −y′′(x) + 4 cos(2x)y(x) = λy(x), y(0) = y(3π) = 0,

and the first twelve eigenvalues obtained by the FTIM are listed in Table 3.

λ1 λ2 λ3 λ4 λ5 λ6

−1.472 −1.416 −1.385 2.614 3.206 3.675
λ7 λ8 λ9 λ10 λ11 λ12

6.226 7.708 9.385 11.538 13.817 16.325

Table 3. For Example 4 the first twelve eigenvalues.
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6. Numerical algorithm to recover q(x)

Now we are going to reconstruct an unknown symmetric potential q(x) of the

following Sturm-Liouville problem:

−y′′(x) + q(x)y(x) = λy(x), 0 < x < π,(48)

y(0) = y(π) = 0,

where q(x) = q(π−x) is a symmetric function [7], [10], [9]. Borg [2] has shown that the

eigenvalues determine q(x) uniquely provided q(x) = q(π−x) for almost all x in [0, π].

Before giving a special structure of (48) for A, we begin with the following as-

sumption:

(49) q(x) = q1 +

n∑

k=2

2qk cos(2(k − 1)x),

where q1, . . . , qn are unknown constants to be determined from the eigenvalues

λ1, . . . , λn. The symmetry q(x) = q(π − x) is automatically satisfied by (49).

Theorem 3. For the symmetric Sturm-Liouville problem (48), the coefficient

matrix A = [aij ] is given by

(50) aij = a0ij +

n∑

k=1

qka
k
ij ,

where

(51) a0ij = i2δij , akij =

{
1 if i− j = ±2(k − 1),

−1 if i+ j = 2(k − 1),

and δij is the Kronecker delta. Moreover, aij satisfies properties (23) and (24).

P r o o f. By inserting (49) for q(x) and (4) for ϕj(x) into (10), we can derive (50).

Equations (23) and (24) follow from (50) and (51). �

Now we reconstruct the symmetric potential function q(x) by giving some eigenval-

ues: {λi, i = 1, . . . , n}. In order to find the unknown coefficients {qi, i = 1, . . . , n}
in (49) we insert n eigenvalues into the characteristic equation, which results in n

nonlinear algebraic equations to solve {qi, i = 1, . . . , n}:

(52) Fi(λi) := Pi(λi)Qi(λi) = 0, i = 1, . . . , n,

where Pi(λi) and Qi(λi) are, respectively, obtained from Det(Bo − λiIm1
) and

Det(Be − λiIm2
) in (43).
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The numerical algorithm is summarized as follows.

(i) Give n, λi, i = 1, . . . , n, ε, N , and an initial guess q0k = 0,

(ii) Do j = 0, 1, . . . , N ,

(iii) Do k = 1, . . . , n,

Fi = Fi(λi), i = 1, . . . , n,

Jik = ∂Fi/∂qk, i = 1, . . . , n,

bki = [Jik]
−1,

qj+1

k = qjk − bkiFi,

if

√
n∑

i=1

F 2
i < ε, then stop; otherwise go to (ii).

In the construction of the Jacobian matrix [Jik], we need to compute the differ-

ential of aij with respect to qk, which is just ∂aij/∂qk = akij by viewing (50). In the

appendix we give the explicit form of the Jacobian matrix [Jik].

We consider the following four examples:

⊲ Example 1: q(x) = cos(2x);

⊲ Example 2: q(x) =
1

2 + cos(6x)
;

⊲ Example 3: q(x) =
∣∣∣x− π

2

∣∣∣;

⊲ Example 4: q(x) =





1 if
π

4
< x <

3π

4
,

−1 if 0 6 x 6
π

4
,
3π

4
6 x 6 π.

For the above four examples, the numerical algorithm converges within five iter-

ations under ε = 10−4. For Example 1, Figure 1 compares the recovered potential,

by specifying n = 2 eigenvalues, to the exact one, whose maximum error (ME) is

7.4×10−4 as shown in Figure 2. This accuracy is much better than that given in [12].

For Example 2 we employ (n = 10) eigenvalues to recover q(x) as shown in Figure 3,

where ME = 8.12× 10−3 as shown in Figure 4.

Then we recover a nonsmooth potential function in Figure 5, where n = 10 and

ME = 3.16 × 10−2 as shown in Figure 6. The last potential to be recovered is

a discontinuous one as shown in Figure 7, where the Gibbs phenomenon appears.
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7. Conclusions

The problem of solving the symmetric Sturm-Liouville eigenvalue problem is trans-

formed to the matrix eigenvalue problem with a special A := [aij ], aij = 0 if i + j

is odd. Consequently, all the closed-form eigenvalues can be sequentially obtained

due to the special structure of matrix A. We have developed a fictitious time in-

tegration method to obtain the higher-index eigenvalues. A quite difficult inverse

potential problem of a symmetric inverse Sturm-Liouville problem has been solved

by specifying a few eigenvalues. The novel method is highly effective and very accu-

rate to reconstruct the symmetric potential functions with some supplementary data

from lower-index eigenvalues. Although for nonsmooth and discontinuous potential

functions the recovered results are still acceptable.
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Figure 1. For Example 1 of the inverse potential Sturm-Liouville problems solved by the
novel method comparing the numerical solution with the exact one.
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Figure 2. For Example 1 of the inverse potential Sturm-Liouville problems solved by the
novel method and showing the absolute errors.
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Numerical Exact
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Figure 3. For Example 2 of the inverse potential Sturm-Liouville problems solved by the
novel method comparing the numerical solution with the exact one.
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Figure 4. For Example 2 of the inverse potential Sturm-Liouville problems solved by the
novel method and showing the absolute errors.
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Figure 5. For Example 3 of the inverse potential Sturm-Liouville problems solved by the
novel method comparing the numerical solution with the exact one.
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Figure 6. For Example 3 of the inverse potential Sturm-Liouville problems solved by the
novel method and showing the absolute errors.
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Figure 7. For Example 4 of the inverse potential Sturm-Liouville problems solved by the
novel method, comparing the numerical solution with the exact one.

Appendix

In this appendix we derive the explicit form of the Jacobian matrix. However, we

only do it for n = 6 and other n-dimensional Jacobian matrix can be done similarly.

In (50) we take n = 6 as a demonstrative example:

(A1)

A=




1 + q1 − q2 0 q2 − q3 0 q3 − q4 0

0 4 + q1 − q3 0 q2 − q4 0 q3 − q5
q2 − q3 0 9 + q1 − q4 0 q2 − q5 0

0 q2 − q4 0 16 + q1 − q5 0 q2 − q6
q3 − q4 0 q2 − q5 0 25 + q1 − q6 0

0 q3 − q5 0 q2 − q6 0 36 + q1



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whose characteristic equation reads as

(A2)

∣∣∣∣∣∣∣∣∣∣∣∣∣

a11 − λ 0 a13 0 a15 0

0 a22 − λ 0 a24 0 a26
a13 0 a33 − λ 0 a35 0

0 a24 0 a44 − λ 0 a46
a15 0 a35 0 a55 − λ 0

0 a26 0 a46 0 a66 − λ

∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣

a11 − λ a13 a15
a13 a33 − λ a35

a15 a35 a55 − λ

∣∣∣∣∣∣

∣∣∣∣∣∣

a22 − λ a24 a26
a24 a44 − λ a46

a26 a46 a66 − λ

∣∣∣∣∣∣
= 0.

From (52) and (A2) we have

(A3) Jik =
∂Fi(λi)

∂qk
=

∂Pi(λi)

∂qk
Qi(λi) + Pi(λi)

∂Qi(λi)

∂qk
,

where

∂Pi(λi)

∂qk
=

∣∣∣∣∣∣

ak11 ak13 ak15
a13 a33 − λi a35

a15 a35 a55 − λi

∣∣∣∣∣∣
(A4)

+

∣∣∣∣∣∣

a11 − λi a13 a15
ak13 ak33 ak35
a15 a35 a55 − λi

∣∣∣∣∣∣
+

∣∣∣∣∣∣

a11 − λi a13 a15
a13 a33 − λi a35

ak15 ak35 ak55

∣∣∣∣∣∣
,

∂Qi(λi)

∂qk
=

∣∣∣∣∣∣

ak22 ak24 ak26
a24 a44 − λi a46
a26 a46 a66 − λi

∣∣∣∣∣∣
(A5)

+

∣∣∣∣∣∣

a22 − λi a24 a26

ak24 ak44 ak46
a26 a46 a66 − λi

∣∣∣∣∣∣
+

∣∣∣∣∣∣

a22 − λi a24 a26

a24 a44 − λi a46
ak26 ak46 ak66

∣∣∣∣∣∣
.
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