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Abstract. We introduce a type of n-dimensional bilinear fractional Hardy-type operators
with rough kernels and prove the boundedness of these operators and their commutators
on central Morrey spaces with variable exponents. Furthermore, the similar definitions and
results of multilinear fractional Hardy-type operators with rough kernels are obtained.
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1. Introduction

With the development of partial differential equations, nonlinear analysis and other

fields, modern harmonic analysis uses its unique views and methods to classify func-

tions, which leads to various special theories of function spaces, such as Hardy space,

Herz space and Morrey space. As early as 1931, Orlicz in [22] began to express and

study the theory of variable exponent Lp space. However, it was not until 1991, after

the publication of the work of Kováčik and Rákosník (see [18]), the variable function

spaces attracted wide attention. In [18], the authors extended classical Lebesgue

and Sobolev spaces to variable Lebesgue and Sobolev spaces, and established the

properties of these variable function spaces. In addition, variable function spaces are

widely used in fluid mechanics and differential equations with non-standard growth

conditions (see [14], [23]), which prompted many scholars to do a lot of work around
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variable exponent spaces and get more results, and further explored other variable

exponent spaces, such as variable Besov space, variable Triebel-Lizorkin space, vari-

able Hardy space, variable Herz space and so on, see [5], [17], [21], [39], [40], [41].

In recent years, the boundedness of many important operators in harmonic analy-

sis on variable exponent function spaces has been proved. For example, in [2], [15],

[26], [27] and [29]–[34], the authors studied the boundedness of some integral op-

erators on variable function spaces through the properties of variable Lp spaces,

respectively. On the other hand, since the work of Torchinsky (see [28]), the devel-

opment of Morrey space has gradually become the mainstream of modern harmonic

analysis. Many scholars have studied some properties of central Morrey spaces or

central BMO spaces (see [1], [8], [10], [20], [25], [38]), which made the boundedness of

operators on central Morrey spaces become more and more perfect. Influenced by the

development of variable function space, Fu et al. in [11] extended the classical central

Morrey spaces from constant exponent to variable exponent in 2019. They defined

central Morrey spaces and λ-central BMO spaces with variable exponent and gave

the estimates of singular integral operators and their commutators, which made the

further development of the theory of central Morrey spaces. With the concept and

properties of variable function spaces, naturally some scholars will study the bound-

edness of operators on them. From 2019 to 2022, some scholars have studied the

boundedness of several classes of operators and commutators on variable λ-central

Morrey spaces. For example, Wang et al. discussed the boundedness of multilinear

singular integral operators and multilinear fractional integral operators in [35]–[37],

expanding the study of [11]. In 2022, Hussain et al. mentioned the boundedness of

Hardy operator on variable λ-central Morrey space in [16].

In 1920, Hardy first proposed the concept of one-dimensional Hardy operator,

see [13]. Later, more and more people studied and developed the definition and vari-

ous forms of Hardy-type operators. In 1995, Christ and Grafakos in [3] extended the

definition of Hardy operator from one dimension to n dimension, and established the

boundedness of n-dimensional Hardy operator on Lp space. Fu et al. in [9] further

generalized Hardy operators, introduced n-dimensional fractional Hardy operators,

and established the boundedness of their commutators on Lebesgue spaces and ho-

mogeneous Herz spaces. Subsequently, the boundedness of Hardy operators attracted

many scholars to research, see [7], [8], [12], [15], [16], [19], [24], [42]. Among them,

Fu et al. introduced the boundedness of n-dimensional rough Hardy operators and

commutators in [12]. Hussain et al. in [16] obtained the estimates of fractional Hardy

operators and commutators on variable λ-central Morrey spaces. These two articles

give us a lot of inspiration. With the increasing influence of variable exponent func-

tion spaces on the development of mathematics, physics, information science and

other fields, the boundedness of multilinear operators in variable exponent func-
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tion space has become a hot topic in recent years. Therefore, this paper attempts

to make a breakthrough in analyzing the boundedness of n-dimensional bilinear

fractional Hardy operators with rough kernels on central Morrey spaces with vari-

able exponent. On the basis of analyzing the boundedness of bilinear fractional

Hardy operators, this paper analyzes the boundedness of adjoint bilinear fractional

Hardy operators and their commutators, and then compares the results and methods

of bilinear fractional operator boundedness, so as to obtain relevant conclusions of

multilinear operators.

Let f1, f2 be locally integrable functions in R
n and 0 6 β < 2n. Suppose that Sn−1

denote the unit sphere in R
n(n > 2) equipped with the normalized Lebesgue mea-

sure dσ = dσ(x′). The n-dimensional bilinear fractional Hardy operator with rough

kernels and its adjoint operator can be defined by

H−→
Ω ,β

(f1, f2)(x) =
1

|x|2n−β

∫

|(t1,t2)|6|x|

Ω1(x− t1)Ω2(x− t2)f1(t1)f2(t2) dt1 dt2

and

H∗
−→
Ω ,β

(f1, f2)(x) =
1

|x|2n−β

∫

|(t1,t2)|>|x|

Ω1(x− t1)Ω2(x− t2)f1(t1)f2(t2) dt1 dt2,

where x∈R
n\{0} and Ω1,Ω2∈Ls(Sn−1) are homogenous of degree zero for 16 s<∞.

The commutators of the n-dimensional bilinear fractional Hardy operator with

rough kernels and its adjoint operator are defined by

H
−→
b
−→
Ω ,β

(f1, f2)(x) =

2
∑

i=1

Hbi
−→
Ω ,β

(f1, f2)(x)

and

H∗,
−→
b

−→
Ω ,β

(f1, f2)(x) =
2

∑

i=1

H∗,bi
−→
Ω ,β

(f1, f2)(x),

where

Hbi
−→
Ω ,β

(f1, f2)(x)

=
1

|x|2n−β

∫

|(t1,t2)|6|x|

Ω1(x− t1)Ω2(x− t2)f1(t1)f2(t2)(bi(x) − bi(ti)) dt1 dt2,

H∗,bi
−→
Ω ,β

(f1, f2)(x)

=

∫

|(t1,t2)|>|x|

1

|t|2n−β
Ω1(x − t1)Ω2(x− t2)f1(t1)f2(t2)(bi(x)− bi(ti)) dt1 dt2,

x ∈ R
n \ {0}, |t| = |(t1, t2)| =

√

t21 + t22 and Ω1, Ω2 ∈ Ls(Sn−1) are homogenous of

degree zero for 1 6 s < ∞.
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Next, let us explain the outline of this article. In Section 2, we first briefly review

some standard notations and lemmas in variable Lebesgue spaces and give the defi-

nitions of λ-central BMO spaces and central Morrey spaces with variable exponents.

In Section 3, we will establish the boundedness for n-dimensional bilinear fractional

Hardy operator with rough kernels and its adjoint operator on central Morrey spaces

with variable exponents. In Section 4, we will demonstrate the boundedness of

the commutators of n-dimensional bilinear fractional Hardy operator with rough

kernels and its adjoint operator on central Morrey spaces with variable exponents.

Subsequently the boundedness of multilinear fractional Hardy-type operators and

their commutators on central Morrey spaces with variable exponents will also be

obtained in Section 5.

2. Function spaces with variable exponents

In this section, we are going to introduce some basic properties of variable Lebesgue

spaces and definitions related to the variable exponent function spaces. Through-

out this article, we denote by |B| and χB the Lebesgue measure and characteristic

functions as a measurable set B ⊂ R
n, respectively.

Given an open set E ⊂ R
n, and a measurable function p(·) : E → [1,∞), Lp(·)(E)

denotes the set of measurable functions f on E such that for some λ > 0,
∫

E

( |f(x)|

λ

)p(x)

dx < ∞.

This set becomes a Banach function space when equipped with the Luxemburg-

Nakano norm

‖f‖Lp(·)(E) = inf

{

λ > 0:

∫

E

( |f(x)|

λ

)p(x)

dx 6 1

}

.

These spaces are referred to as variable Lp spaces, since they generalized the

standard Lp spaces.

The space L
p(·)
loc (E) is defined by

L
p(·)
loc (E) := {f : f ∈ Lp(·)(F ) for all compact subsets F ⊂ E}.

Define P(E) to be a set of p(·) : E → [1,∞) such that

p− = ess inf{p(x) : x ∈ E} > 1, p+ = ess sup{p(x) : x ∈ E} < ∞

and p′(·) denotes the conjugate exponent of p(·) which satisfies

1

p′(·)
+

1

p(·)
= 1.
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Let B(E) be the set of p(·) ∈ P(E) such that the Hardy-Littlewood maximal

operatorM defining

Mf(x) = sup
r>0

1

|Br|

∫

Br∩E

|f(y)| dy

is bounded on Lp(·)(E), where Br = {y ∈ R
n : |x− y| < r}.

In variable Lp spaces there are some important lemmas as follows.

Lemma 2.1 ([4]). Given an open set E ⊂ R
n, if p(·) ∈ P(E) and satisfies

(2.1) |p(x)− p(y)| 6
C

− log(|x− y|)
, |x− y| 6

1

2

and

(2.2) |p(x)− p(y)| 6
C

log(|x|+ e)
, |y| > |x|,

then p(·) ∈ B(E), that is, the Hardy-Littlewood maximal operator M is bounded

on Lp(·)(E).

Lemma 2.2 ([18], Generalized Hölder’s inequality). Let p(·) ∈ P(Rn). If f ∈

Lp(·)(Rn) and g ∈ Lp′(·)(Rn), then fg is integrable on R
n and

∫

Rn

|f(x)g(x)| dx 6 rp‖f‖Lp(·)(Rn)‖g‖Lp′(·)(Rn),

where

rp = 1 +
1

p−
−

1

p+
.

Lemma 2.3 ([17]). Let p(·) ∈ B(Rn). Then there exists a constant 0 < δ < 1 and

a positive constant C such that for all balls B in Rn and all measurable subsets S ⊂B,

‖χB‖Lp(·)(Rn)

‖χS‖Lp(·)(Rn)

6 C
|B|

|S|
, and

‖χS‖Lp(·)(Rn)

‖χB‖Lp(·)(Rn)

6 C
( |S|

|B|

)δ

.

Remark 2.1. Throughout this paper δ is the same as in Lemma 2.3.

Lemma 2.4 ([17]). Suppose p(·) ∈ B(Rn). Then there exists a constant C > 0

such that for all balls B in R
n,

1

|B|
‖χB‖Lp(·)(Rn)‖χB‖Lp′(·)(Rn) 6 C.
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Lemma 2.5 ([6]). Let p(·) ∈ P(Rn) satisfy conditions (2.1) and (2.2) in

Lemma 2.1. Then

‖χQ‖Lp(·)(Rn) ≈

{

|Q|1/p(x) if |Q| 6 2n and x ∈ Q,

|Q|1/p(∞) if |Q| > 1

for every cube (or ball) Q ∈ R
n, where p(∞) = lim

x→∞
p(x).

Lemma 2.6 ([6]). Let p(·), q(·), s(·) ∈ P(Rn) be such that

1

s(x)
=

1

p(x)
+

1

q(x)

for almost every x ∈ R
n. Then

‖fg‖Ls(·)(Rn) 6 C‖f‖Lp(·)(Rn)‖g‖Lq(·)(Rn)

for f ∈ Lp(·)(Rn) and g ∈ Lq(·)(Rn).

Lemma 2.7 ([21]). If f ∈ Ls(Rn) and g ∈ Lq(·)(Rn), and 1/s+ 1/q(·) = 1/p(·),

then we have

‖fg‖Lp(·)(Rn) 6 C‖f‖Ls(Rn)‖g‖Lq(·)(Rn),

where C is a positive constant independent of f and g.

Now we recall that the λ-central BMO space with variable exponent and the

central Morrey space with variable exponent in [11] are defined as follows.

Definition 2.1 ([11]). Let p(·) ∈ P(Rn) and λ < n−1. The λ-central BMO space

with variable exponent CBMOp(·),λ(Rn) is defined by

CBMOp(·),λ(Rn) = {f ∈ L
p(·)
loc (R

n) : ‖f‖CBMOp(·),λ(Rn) < ∞},

where

‖f‖CBMOp(·),λ(Rn) = sup
R>0

‖(f − fB(0,R))χB(0,R)‖Lp(·)(Rn)

|B(0, R)|λ‖χB(0,R)‖Lp(·)(Rn)

.

Definition 2.2 ([11]). Let p(·) ∈ P(Rn) and λ ∈ R. The central Morrey

space with variable exponent Ḃp(·),λ(Rn) is defined by

Ḃp(·),λ(Rn) = {f ∈ L
p(·)
loc (R

n) : ‖f‖Ḃp(·),λ(Rn) < ∞},

where

‖f‖Ḃp(·),λ(Rn) = sup
R>0

‖fχB(0,R)‖Lp(·)(Rn)

|B(0, R)|λ‖χB(0,R)‖Lp(·)(Rn)

.
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Remark 2.2. Denote by CMOq(·),λ(Rn) and Bq(·),λ(Rn) the inhomogeneous ver-

sions of the λ-central BMO spaces and central Morrey spaces with variable exponents,

which are defined, respectively, by taking the supremum over R > 1 in Definitions 2.1

and 2.2 instead of R > 0 there.

Remark 2.3. Our results in this paper remain true for the inhomogeneous ver-

sions of λ-central BMO spaces and central Morrey spaces with variable exponents.

3. Bilinear fractional Hardy operator with rough kernels

and its adjoint operator

We begin this section by illustrating and proving Theorem 3.1, which present the

boundedness of bilinear fractional Hardy operator with rough kernels and its adjoint

operator on central Morrey space with variable exponents. Here and subsequently,

for simplicity, we write 2kB with the same center as B = B(0, R) and 2k multiple of

its radius, Ck = 2kB \ 2k−1B for k ∈ Z, where Z is the collection of all integers.

Theorem 3.1. Let p(·), p1(·), p2(·) ∈ P(Rn) and satisfy conditions (2.1) and (2.2)

in Lemma 2.1 with 1/p(·) = 1/p1(·) + 1/p2(·). Suppose that λ = λ1 + λ2 + β/n and

Ωi ∈ Ls(Sn−1) with s > p′i(·), i = 1, 2.

(1) If λ+ δ > 0, then

‖H−→
Ω ,β

(f1, f2)‖Ḃp(·),λ(Rn) 6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn).

(2) If λ < 0 and λ+ δ > 0, then

‖H∗
−→
Ω ,β

(f1, f2)‖Ḃp(·),λ(Rn) 6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn).

To finish the proof of Theorem 3.1, we need the following lemma.

Lemma 3.1 ([12]). For x ∈ Ck, t ∈ Ci and i 6 k we have 0 6 |x − t| 6

|x|+ |2iB|1/n 6 2 · |2kB|1/n, and

∫

Ci

|Ω(x− t)|s dt 6

∫ 2·|2kB|1/n

0

∫

Sn−1

|Ω(x′)|s dσ(x′)rn−1 dr 6 C|2kB|.
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P r o o f of Theorem 3.1. We can appropriately decompose the bilinear fractional

Hardy operator in the following form:

(3.1)

|H−→
Ω ,β

(f1, f2)(x)χB(x)|

6

0
∑

k=−∞

1

|x|2n−β

∣

∣

∣

∣

∫

|(t1,t2)|6|x|

Ω1(x− t1)Ω2(x− t2)f1(t1)f2(t2) dt1 dt2

∣

∣

∣

∣

· χCk
(x)

6

0
∑

k=−∞

|2kB|(β−2n)/n

×

∣

∣

∣

∣

∫

|t1|6|x|

Ω1(x− t1)f1(t1) dt1

∣

∣

∣

∣

·

∣

∣

∣

∣

∫

|t2|6|x|

Ω2(x− t2)f2(t2) dt2

∣

∣

∣

∣

· χCk
(x)

6

0
∑

k=−∞

|2kB|(β−2n)/n

×

∫

2kB

|Ω1(x− t1)||f1(t1)| dt1 ·

∫

2kB

|Ω2(x− t2)||f2(t2)| dt2 · χCk
(x).

The establishment of the above inequality cannot be separated from the following

conclusions. First in view of the condition s > p′1(·) and Ω1 ∈ Ls(Sn−1), set 1/p′1(·) =

1/s+ 1/q1(·), then by Lemmas 2.5, 2.7 and 3.1, we have

(3.2) ‖Ω1(x− ·)χ2kB(·)‖Lp′
1
(·)

(Rn)
6 C‖Ω1(x− ·)χ2kB(·)‖Ls(Rn)‖χ2kB‖Lq1(·)(Rn)

= C

(
∫

2kB

|Ω1(x − t)|s dt

)1/s

‖χ2kB‖Lq1(·)(Rn)

6 C|2kB|1/s‖χ2kB‖Lq1(·)(Rn).

When |2kB| 6 2n and x ∈ 2kB, by Lemma 2.5 and 1/p′1(·) = 1/s+ 1/q1(·) we have

‖χ2kB‖Lq1(·)(Rn) ≈ |2kB|1/q1(x) ≈ ‖χ2kB‖Lp′
1
(·)

(Rn)
|2kB|−1/s.

When |2kB| > 1, we have

‖χ2kB‖Lq1(·)(Rn) ≈ |2kB|1/q1(∞) ≈ ‖χ2kB‖Lp′
1
(·)

(Rn)
|2kB|−1/s.

So we obtain

‖χ2kB‖Lq1(·)(Rn) ≈ ‖χ2kB‖Lp′
1
(·)

(Rn)
|2kB|−1/s.
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Then, from Hölder’s inequality to p1(·) and p′1(·) and Lemma 2.4, we can get the

following result:

(3.3)

∫

2kB

|Ω1(x − t1)||f1(t1)| dt1

6 C‖Ω1(x− ·)χ2kB(·)‖Lp′
1
(·)

(Rn)
‖f1χ2kB‖Lp1(·)(Rn)

6 C‖χ2kB‖Lp′
1
(·)

(Rn)
‖f1χ2kB‖Lp1(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)|2
kB|1+λ1

1

|2kB|
‖χ2kB‖Lp1(·)(Rn)‖χ2kB‖Lp′

1
(·)

(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)|2
kB|1+λ1 .

Repeat the above two steps to obtain

∫

2kB

|Ω2(x− t2)||f2(t2)| dt2 6 C‖f2‖Ḃp2(·),λ2 (Rn)|2
kB|1+λ2 .

Taking the Lp(·)(Rn) norm on both (3.1) sides, then through Lemma 2.3 and

conditions λ = λ1 + λ2 + β/n and λ+ δ > 0, we have

‖H−→
Ω ,β

(f1, f2)χB‖Lp(·)(Rn)

6 C

0
∑

k=−∞

|2kB|β/n+λ1+λ2‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)‖χCk
‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)

×

0
∑

k=−∞

|2kB|λ

|B|λ
‖χ2kB‖Lp(·)(Rn)

‖χB‖Lp(·)(Rn)

|B|λ‖χB‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)

0
∑

k=−∞

2nk(λ+δ)|B|λ‖χB‖Lp(·)(Rn)

6 ‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)|B|λ‖χB‖Lp(·)(Rn).

Thus, we have

‖H−→
Ω ,β

(f1, f2)‖Ḃp(·),λ(Rn) 6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn).

In this way, we have proved the boundedness of bilinear fractional Hardy operator

on the central Morrey spaces. Next, let us take a look at its adjoint operator.

Through the definition of H∗
−→
Ω ,β

(f1, f2)(x), and repeating the steps (3.2) and (3.3)
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in χ2jB(x), we have

(3.4)
|H∗

−→
Ω ,β

(f1, f2)(x)χB(x)|

6

0
∑

k=−∞

∣

∣

∣

∣

∫

|(t1,t2)|>|x|

1

|t|2n−β
Ω1(x − t1)Ω2(x− t2)f1(t1)f2(t2) dt1 dt2

∣

∣

∣

∣

· χCk
(x)

6

0
∑

k=−∞

∞
∑

j=k+1

|2jB|(β−2n)/n

×

∣

∣

∣

∣

∫

Cj

Ω1(x− t1)f1(t1) dt1

∣

∣

∣

∣

·

∣

∣

∣

∣

∫

Cj

Ω2(x− t2)f2(t2) dt2

∣

∣

∣

∣

· χCk
(x)

6

0
∑

k=−∞

∞
∑

j=k+1

|2jB|(β−2n)/n

×

∫

2jB

|Ω1(x− t1)||f1(t1)| dt1 ·

∫

2jB

|Ω2(x− t2)||f2(t2)| dt2 · χCk
(x)

6 C

0
∑

k=−∞

∞
∑

j=k+1

|2jB|(β−2n)/n

× ‖f1‖Ḃp1(·),λ1 (Rn)|2
jB|1+λ1‖f2‖Ḃp2(·),λ2 (Rn)|2

jB|1+λ2 · χCk
(x)

= C

0
∑

k=−∞

∞
∑

j=k+1

|2jB|β/n+λ1+λ2‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn) · χCk
(x).

Taking the Lp(·)(Rn) norm on both (3.4) sides, then through Lemma 2.3 and

conditions λ = λ1 + λ2 + β/n, λ < 0 and λ+ δ > 0, we have

‖H∗
−→
Ω ,β

(f1, f2)χB‖Lp(·)(Rn)

6 C

0
∑

k=−∞

∞
∑

j=k+1

|2jB|β/n+λ1+λ2‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)‖χCk
‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)

×

0
∑

k=−∞

∞
∑

j=k+1

|2jB|λ

|2kB|λ
|2kB|λ

|B|λ
‖χ2kB‖Lp(·)(Rn)

‖χB‖Lp(·)(Rn)

|B|λ‖χB‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)

×
0

∑

k=−∞

∞
∑

j=k+1

2n(j−k)λ2nk(λ+δ)|B|λ‖χB‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)|B|λ‖χB‖Lp(·)(Rn).
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Finally, we have

‖H∗
−→
Ω ,β

(f1, f2)‖Ḃp(·),λ(Rn) 6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn).

The proof of Theorem 3.1 is completed. �

4. Commutators of bilinear fractional Hardy-type operators

with rough kernels

In this section, we will prove the boundedness for commutators of bilinear frac-

tional Hardy operators with rough kernels and their adjoint operators on central

Morrey space with variable exponents.

Theorem 4.1. Let p(·), p1(·), p2(·), p3(·) ∈ P(Rn) and satisfy conditions (2.1)

and (2.2) in Lemma 2.1 with 1/p(·) = 1/p1(·) + 1/p2(·) + 1/p3(·). Suppose

that Ωi ∈ Ls(Sn−1) with s > p′(·), λ = λ1 + λ2 + λ3 + β/n, λ + δ > 0 and

bi ∈ CBMOp3(·),λ3(Rn), where i = 1, 2. Then

‖H
−→
b
−→
Ω ,β

(f1, f2)‖Ḃp(·),λ(Rn) 6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn).

P r o o f. By the definition of the bilinear fractional Hardy commutator with rough

kernels, it is easy to see that

|H
−→
b
−→
Ω ,β

(f1, f2)(x)| 6 |Hb1
−→
Ω ,β

(f1, f2)(x)| + |Hb2
−→
Ω ,β

(f1, f2)(x)|.

So we just need to prove

‖Hb1
−→
Ω ,β

(f1, f2)(x)‖Ḃp(·),λ(Rn) 6 C‖b1‖CBMOp3(·),λ3 (Rn)‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn).

We can appropriately decompose the commutators of bilinear fractional Hardy

operators in the following form:

|Hb1
−→
Ω ,β

(f1, f2)(x)χB(x)|(4.1)

=

∣

∣

∣

∣

1

|x|2n−β

∫

|(t1,t2)|<|x|

Ω1(x− t1)f1(t1)(b1(x) − b1(t1))

× Ω2(x− t2)f2(t2) dt1 dt2χB(x)

∣

∣

∣

∣

6
1

|x|2n−β

∣

∣

∣

∣

∫

|t1|<|x|

Ω1(x− t1)f1(t1)(b1(x) − b1(t1)) dt1

∣

∣

∣

∣

×

∣

∣

∣

∣

∫

|t2|<|x|

Ω2(x− t2)f2(t2) dt2

∣

∣

∣

∣

· χB(x)
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6

0
∑

k=−∞

|2kB|(β−2n)/n

∫

2kB

|Ω1(x− t1)||f1(t1)||b1(x)− b1(t1)| dt1

×

∫

2kB

|Ω2(x− t2)||f2(t2)| dt2 · χCk
(x).

Before proceeding to the next step, we have noticed that

(4.2)

∫

2kB

|Ω1(x − t1)||f1(t1)||b1(x)− b1(t1)| dt1

6

∫

2kB

|Ω1(x− t1)||f1(t1)| dt1 · |(b1(x)− (b1)2kB)χ2kB(x)|

+

∫

2kB

|Ω1(x − t1)||f1(t1)||b1(t1)− (b1)2kB| dt1

=: D + E,

where

D =

∫

2kB

|Ω1(x− t1)||f1(t1)| dt1 · |(b1(x)− (b1)2kB)χ2kB(x)|,

E =

∫

2kB

|Ω1(x− t1)||f1(t1)||b1(t1)− (b1)2kB| dt1.

First, for the estimation of D, we need to use (3.2) and (3.3).

D 6 C‖Ω1(x− ·)χ2kB(·)‖Lp′
1
(·)

(Rn)
‖f1χ2kB‖Lp1(·)(Rn) · |(b1(x)− (b1)2kB)χ2kB(x)|

6 C‖χ2kB‖Lp′
1
(·)

(Rn)
‖f1χ2kB‖Lp1(·)(Rn) · |(b1(x) − (b1)2kB)χ2kB(x)|

6 C‖f1‖Ḃp1(·),λ1 (Rn)|2
kB|1+λ1 · |(b1(x) − (b1)2kB)χ2kB(x)|.

Next, we estimate E. In view of the condition s > p′(·), by 1/p(·) = 1/p1(·) +

1/p2(·) + 1/p3(·) we can get 1/p
′
1(·) = 1/p′(·) + 1/p2(·) + 1/p3(·) > 1/s+ 1/p2(·) +

1/p3(·). So we can take 1/p
′
1(·) = 1/s + 1/p2(·) + 1/p3(·) + 1/q(·). By (3.2), (3.3)

and Lemmas 2.4–2.7 we have

E 6 C‖Ω1(x− ·)(b1(·)− (b1)2kB)χ2kB‖Lp′
1
(·)

(Rn)
‖f1χ2kB‖Lp1(·)(Rn)

6 C‖Ω1(x− ·)χ2kB‖Ls(Rn)‖(b1(·)− (b1)2kB)χ2kB‖Lp3(·)(Rn)

× ‖χ2kB‖Lp2(·)(Rn)‖χ2kB‖Lq(·)(Rn)‖f1χ2kB‖Lp1(·)(Rn)

6 C|2kB|1/s‖(b1(·)− (b1)2kB)χ2kB‖Lp3(·)(Rn)

× ‖χ2kB‖Lp2(·)(Rn)‖χ2kB‖Lq(·)(Rn)‖f1χ2kB‖Lp1(·)(Rn)
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6 C|2kB|1/s‖f1‖Ḃp1(·),λ1 (Rn)‖χ2kB‖Lp1(·)(Rn)|2
kB|λ1‖b1‖CBMOp3(·),λ3 (Rn)

× |2kB|λ3‖χ2kB‖Lp3(·)(Rn)‖χ2kB‖Lp2(·)(Rn)‖χ2kB‖Lq(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)

× |2kB|λ1+λ3‖χ2kB‖Lp1(·)(Rn)‖χ2kB‖Lp′
1
(·)

(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)|2
kB|1+λ1+λ3 .

So we can get the following Lp(·)(Rn) norm:

∥

∥

∥

∥

∫

2kB

|Ω1(· − t1)||f1(t1)||b1(·)− b1(t1)| dt1 · χCk
(·)

∥

∥

∥

∥

Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)|2
kB|1+λ1 · ‖(b1(·)− (b1)2kB) · χCk

(·)‖Lp(·)(Rn)

+ C‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)|2
kB|1+λ1+λ3‖χCk

‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)|2
kB|1+λ1+λ3‖χ2kB‖Lp(·)(Rn),

where

‖(b1(·)− (b1)2kB) · χCk
(·)‖Lp(·)(Rn)

6 C‖(b1 − (b1)2kB)χ2kB‖Lp3(·)(Rn)‖χ2kB‖Lp1(·)(Rn)‖χ2kB‖Lp2(·)(Rn)

6 C‖b1‖CBMOp3(·),λ3 (Rn)|2
kB|λ3‖χ2kB‖Lp3(·)(Rn)‖χ2kB‖Lp1(·)(Rn)‖χ2kB‖Lp2(·)(Rn)

6 C‖b1‖CBMOp3(·),λ3 (Rn)|2
kB|λ3‖χ2kB‖Lp(·)(Rn).

From (3.2) and (3.3) we have

∫

2kB

|Ω2(x− t2)||f2(t2)|dt2 6 C‖Ω2(x − ·)χ2kB(·)‖Lp′
2
(·)

(Rn)
‖f2χ2kB‖Lp2(·)(Rn)

6 C‖χ2kB‖Lp′
2
(·)

(Rn)
‖f2χ2kB‖Lp2(·)(Rn)

6 C‖f2‖Ḃp2(·),λ2 (Rn)|2
kB|1+λ2 .

Then, taking the Lp(·)(Rn) norm on both (4.1) sides, we can get

‖Hb1
−→
Ω ,β

(f1, f2)χB‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)

×
0

∑

k=−∞

|2kB|(β−2n)/n|2kB|1+λ1+λ3 |2kB|1+λ2‖χ2kB‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)

×
0

∑

k=−∞

|2kB|β/n+λ1+λ2+λ3‖χ2kB‖Lp(·)(Rn).
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Available after finishing and by the conditions λ = λ1+λ2+λ3+β/n and λ+δ > 0

we have

‖Hb1
−→
Ω ,β

(f1, f2)χB‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)|B|λ‖χB‖Lp(·)(Rn)

×

0
∑

k=−∞

|2kB|λ

|B|λ
‖χ2kB‖Lp(·)(Rn)

‖χB‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)|B|λ‖χB‖Lp(·)(Rn)

×

0
∑

k=−∞

2nk(λ+δ)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)|B|λ‖χB‖Lp(·)(Rn).

Finally, we can obtain

‖Hb1
−→
Ω ,β

(f1, f2)‖Ḃp(·),λ(Rn) 6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)‖b1‖CBMOp3(·),λ3 (Rn).

From the above proof and by the condition bi ∈ CBMOp3(·),λ3(Rn), we have

‖H
−→
b
−→
Ω ,β

(f1, f2)‖Ḃp(·),λ(Rn) 6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn).

The proof of Theorem 4.1 is completed. �

Theorem 4.2. Let p(·), p1(·), p2(·), p3(·) ∈ P(Rn) and satisfy conditions (2.1)

and (2.2) in Lemma 2.1 with 1/p(·) = 1/p1(·) + 1/p2(·) + 1/p3(·). Suppose that

Ωi ∈ Ls(Sn−1) with s > p′(·), λ = λ1 + λ2 + λ3 + β/n < 0, λ+ δ > 0, 0 6 λ3 < 1/n

and bi ∈ CBMOp3(·),λ3(Rn), where i = 1, 2. Then

‖H∗,
−→
b

−→
Ω ,β

(f1, f2)‖Ḃp(·),λ(Rn) 6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn).

P r o o f. It is easy to see that

|H∗,
−→
b

−→
Ω ,β

(f1, f2)(x)| 6 |H∗,b1
−→
Ω ,β

(f1, f2)(x)| + |H∗,b2
−→
Ω ,β

(f1, f2)(x)|.

In the same way, we just need to prove

‖H∗,b1
−→
Ω ,β

(f1, f2)(x)‖Ḃp(·),λ(Rn) 6 C‖b1‖CBMOp3(·),λ3 (Rn)‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn).
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In order to express it more clearly, we can decompose |H∗,b1
−→
Ω ,β

(f1, f2)χB | in the

following form:

(4.3)

|H∗,b1
−→
Ω ,β

(f1, f2)(x)χB(x)|

=

∣

∣

∣

∣

∫

|(t1,t2)|>|x|

Ω1(x− t1)Ω2(x− t2)f1(t1)f2(t2)(b1(x) − b1(t1))

|t|2n−β
dt1 dt2 · χB(x)

∣

∣

∣

∣

6

0
∑

k=−∞

∣

∣

∣

∣

∫

|(t1,t2)|>|x|

Ω1(x− t1)Ω2(x− t2)f1(t1)f2(t2)(b1(x) − b1(t1))

|t|2n−β
dt1 dt2

∣

∣

∣

∣

χCk
(x)

6

0
∑

k=−∞

∞
∑

j=k+1

|2jB|(β−2n)/n

∫

2jB

|Ω1(x− t1)||f1(t1)||b1(x) − b1(t1)| dt1

×

∫

2jB

|Ω2(x− t2)||f2(t2)| dt2 · χCk
(x)

6C‖f2‖Ḃp2(·),λ2 (Rn)

0
∑

k=−∞

∞
∑

j=k+1

|2jB|(β−2n)/n|2jB|1+λ2

×

∫

2jB

|Ω1(x− t1)||f1(t1)||b1(x)− b1(t1)| dt1 · χCk
(x),

where
∫

2jB

|Ω2(x− t2)||f2(t2)| dt2 6 C‖Ω2(x − ·)χ2jB(·)‖Lp′
2
(·)

(Rn)
‖f2χ2jB‖Lp2(·)(Rn)

6 C‖χ2jB‖Lp′
2
(·)

(Rn)
‖f2χ2jB‖Lp2(·)(Rn)

6 C‖f2‖Ḃp2(·),λ2 (Rn)|2
jB|1+λ2 .

Now we need to estimate the remaining part and we rewrite

F =

0
∑

k=−∞

∞
∑

j=k+1

|2jB|(β−2n)/n|2jB|1+λ2

×

∫

2jB

|Ω1(x− t1)||f1(t1)||b1(x) − b1(t1)| dt1 · χCk
(x).

In order to facilitate the operation, we first need to perform a simple decomposi-

tion of F :

F 6

0
∑

k=−∞

∞
∑

j=k+1

|2jB|β/n−1+λ2

∫

2jB

|Ω1(x− t1)||f1(t1)||b1(x)− (b1)2kB| dt1 · χCk
(x)

+

0
∑

k=−∞

∞
∑

j=k+1

|2jB|β/n−1+λ2

∫

2jB

|Ω1(x− t1)||f1(t1)||b1(t1)− (b1)2kB| dt1 · χCk
(x)

=:F1 + F2,
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where

F1 =

0
∑

k=−∞

∞
∑

j=k+1

|2jB|β/n−1+λ2

∫

2jB

|Ω1(x− t1)||f1(t1)||b1(x)− (b1)2kB| dt1 ·χCk
(x)

and

F2 =
0

∑

k=−∞

∞
∑

j=k+1

|2jB|β/n−1+λ2

∫

2jB

|Ω1(x−t1)||f1(t1)||b1(t1)−(b1)2kB| dt1 ·χCk
(x).

The estimate of F1 is relatively simple. We can refer to the estimate of D in

Theorem 4.1. By using Lemma 2.3, λ < 0 and λ+ δ > 0 we have

‖F1‖Lp(·)(Rn) 6 C‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)

×

0
∑

k=−∞

∞
∑

j=k+1

|2jB|λ‖χCk
‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)

×

0
∑

k=−∞

∞
∑

j=k+1

|2jB|λ

|2kB|λ
|2kB|λ

|B|λ
‖χ2kB‖Lp(·)(Rn)

‖χB‖Lp(·)(Rn)

|B|λ‖χB‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)

×

0
∑

k=−∞

∞
∑

j=k+1

2n(j−k)λ2kn(λ+δ)|B|λ‖χB‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)|B|λ‖χB‖Lp(·)(Rn).

Next we will focus on the estimate of F2, and we find that

F2 =

0
∑

k=−∞

∞
∑

j=k+1

|2jB|β/n−1+λ2

×

∫

2jB

|Ω1(x− t1)||f1(t1)||b1(t1)− (b1)2kB| dt1 · χCk
(x)

6 C

0
∑

k=−∞

∞
∑

j=k+1

|2jB|β/n−1+λ2

×

∫

2jB

|Ω1(x− t1)||f1(t1)||(b1)2jB − (b1)2kB| dt1 · χCk
(x)

+ C

0
∑

k=−∞

∞
∑

j=k+1

|2jB|β/n−1+λ2

×

∫

2jB

|Ω1(x− t1)||f1(t1)||b1(t1)− (b1)2jB| dt1 · χCk
(x)

=: F21 + F22,
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where

F21 = C

0
∑

k=−∞

∞
∑

j=k+1

|2jB|β/n−1+λ2

×

∫

2jB

|Ω1(x− t1)||f1(t1)| dt1|(b1)2jB − (b1)2kB| · χCk
(x)

and

F22 = C

0
∑

k=−∞

∞
∑

j=k+1

|2jB|β/n−1+λ2

×

∫

2jB

|Ω1(x− t1)||f1(t1)||b1(t1)− (b1)2jB| dt1 · χCk
(x).

For F22, we can refer to the estimate of E in Theorem 4.1. Noting that 1/p
′
1(·) =

1/s+ 1/p2(·) + 1/p3(·) + 1/q(·) and by using Lemmas 2.4–2.7 we can get

F22 6 C

0
∑

k=−∞

∞
∑

j=k+1

|2jB|β/n−1+λ2‖Ω1(x− ·)(b1(·)− (b1)2jB)χ2jB‖Lp′
1
(·)

(Rn)

× ‖f1χ2jB‖Lp1(·)(Rn) · χCk
(x)

6 C
0

∑

k=−∞

∞
∑

j=k+1

|2jB|β/n−1+λ2 |2jB|1/s‖f1‖Ḃp1(·),λ1 (Rn)‖χ2jB‖Lp1(·)(Rn)|2
jB|λ1

× ‖b1‖CBMOp3(·),λ3 (Rn)|2
jB|λ3‖χ2jB‖Lp3(·)(Rn)‖χ2jB‖Lp2(·)(Rn)

× ‖χ2jB‖Lq(·)(Rn) · χCk
(x)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)

0
∑

k=−∞

∞
∑

j=k+1

|2jB|β/n+λ1+λ2+λ3 · χCk
(x).

Taking the Lp(·)(Rn) norm on both sides of F22 and using Lemma 2.3, β/n+λ1+

λ2 + λ3 = λ < 0 and λ+ δ > 0:

‖F22‖Lp(·)(Rn) 6 C‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)

×

0
∑

k=−∞

∞
∑

j=k+1

|2jB|β/n+λ1+λ2+λ3‖χCk
‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)

×
0

∑

k=−∞

∞
∑

j=k+1

2n(j−k)λ2kn(λ+δ)|B|λ‖χB‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)|B|λ‖χB‖Lp(·)(Rn).
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Let us focus on F21. We can find

F21 6 C‖f1‖Ḃp1(·),λ1 (Rn)

0
∑

k=−∞

∞
∑

j=k+1

|2jB|β/n+λ2+λ1 · |(b1)2jB − (b1)2kB | · χCk
(x)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)

×

0
∑

k=−∞

∞
∑

j=k+1

(j − k)|2jB|β/n+λ1+λ2+λ3 · χCk
(x),

where we need the following boundedness for |(b1)2jB − (b1)2kB|:

|(b1)2jB − (b1)2kB |

6

j−1
∑

m=k

|(b1)2m+1B − (b1)2mB| =

j−1
∑

m=k

1

|2mB|

∫

2mB

|(b1)2m+1B − b1(x)| dx

= C

j−1
∑

m=k

1

|2m+1B|

∫

2m+1B

|(b1)2m+1B − b1(x)| dx

6 C

j−1
∑

m=k

1

|2m+1B|
‖(b1 − (b1)2m+1B)χ2m+1B‖Lp3(·)(Rn)‖χ2m+1B‖Lp′

3
(·)

(Rn)

6 C

j−1
∑

m=k

‖b1‖CBMOp3(·),λ3 (Rn)|2
m+1B|λ3

1

|2m+1B|

× ‖χ2m+1B‖Lp3(·)(Rn)‖χ2m+1B‖Lp′
3
(·)

(Rn)

6 C

j−1
∑

m=k

‖b1‖CBMOp3(·),λ3 (Rn)|2
m+1B|λ3

6 C(j − k)‖b1‖CBMOp3(·),λ3 (Rn)|2
jB|λ3 .

In the same way and under the same conditions, we can get

‖F21‖Lp(·)(Rn) 6 C‖f1‖Ḃp1(·),λ1 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)|B|λ‖χB‖Lp(·)(Rn).

Then, taking the Lp(·)(Rn) norm on both sides of (4.3) with the help of the above

results and using Minkowski’s inequality, we can get

‖H∗,b1
−→
Ω ,β

(f1, f2)χB‖Lp(·)(Rn)

6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)‖b1‖CBMOp3(·),λ3 (Rn)|B|λ‖χB‖Lp(·)(Rn).

Thus,

‖H∗,b1
−→
Ω ,β

(f1, f2)‖Ḃp(·),λ(Rn) 6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn)‖b1‖CBMOp3(·),λ3 (Rn).
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Therefore, by the condition bi ∈ CBMOp3(·),λ3(Rn), we have

‖H∗,
−→
b

−→
Ω ,β

(f1, f2)‖Ḃp(·),λ(Rn) 6 C‖f1‖Ḃp1(·),λ1 (Rn)‖f2‖Ḃp2(·),λ2 (Rn).

The proof of Theorem 4.2 is completed. �

5. Multilinear fractional Hardy-type operators with rough kernels

At the end of this paper, we want to give the boundedness of multilinear

n-dimensional fractional Hardy operator with rough kernels and its related operators.

Let fi be locally integrable functions in R
n and 0 6 β < mn, i = 1, . . . ,m.

The multilinear n-dimensional fractional Hardy operator with rough kernels and its

adjoint operator can be defined by

H−→
Ω ,β

(f1, . . . , fm)(x)

=
1

|x|mn−β

∫

|(t1,...,tm)|6|x|

Ω1(x− t1) . . .Ωm(x− tm)f1(t1) . . . fm(tm) dt1 . . . dtm

and

H∗
−→
Ω ,β

(f1, . . . , fm)(x)

=
1

|x|mn−β

∫

|(t1,...,tm)|>|x|

Ω1(x − t1) . . .Ωm(x− tm)f1(t1) . . . fm(tm) dt1 . . . dtm,

where x ∈ R
n \ {0} and Ωi ∈ Ls(Sn−1)(i = 1, . . . ,m) are homogenous of degree zero

for 1 6 s < ∞.

The commutators of the multilinear n-dimensional fractional Hardy operator with

rough kernels and its adjoint operator can be defined by

H
−→
b
−→
Ω ,β

(f1, . . . , fm)(x) =
m
∑

i=1

Hbi
−→
Ω ,β

(f1, . . . , fm)(x)

and

H∗,
−→
b

−→
Ω ,β

(f1, . . . , fm)(x) =
m
∑

i=1

H∗,bi
−→
Ω ,β

(f1, . . . , fm)(x),

where

Hbi
−→
Ω ,β

(f1, . . . , fm)(x) =
1

|x|mn−β

∫

|(t1,...,tm)|6|x|

Ω1(x− t1) . . .Ωm(x− tm)

× f1(t1) . . . fm(tm)(bi(x)− bi(ti)) dt1 . . . dtm,

H∗,bi
−→
Ω ,β

(f1, . . . , fm)(x) =

∫

|(t1,...,tm)|>|x|

1

|t|mn−β
Ω1(x − t1) . . .Ωm(x− tm)

× f1(t1) . . . fm(tm)(bi(x)− bi(ti)) dt1 . . . dtm,
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x ∈ R
n \ {0}, |t| = |(t1, t2, . . . , tm)| =

√

t21 + t22 + . . .+ t2m and Ωi ∈ Ls(Sn−1)

(i = 1, . . . ,m) are homogenous of degree zero for 1 6 s < ∞.

Next, we refer to the previous bilinear content and give two theorems about the

boundedness of the multilinear Hardy-type operators and their commutators.

Theorem 5.1. For i = 1, 2, . . . ,m, let p(·), pi(·) ∈ P(Rn) and satisfy condi-

tions (2.1) and (2.2) in Lemma 2.1 with 1/p(·) =
m
∑

i=1

1/pi(·). Suppose that Ωi ∈

Ls(Sn−1) with s > p′(·) and λ =
m
∑

i=1

λi + β/n.

(1) If λ+ δ > 0, then

‖H−→
Ω ,β

(f1, . . . , fm)‖Ḃp(·),λ(Rn) 6 C

m
∏

i=1

‖fi‖Ḃpi(·),λi (Rn).

(2) If λ < 0 and λ+ δ > 0, then

‖H∗
−→
Ω ,β

(f1, . . . , fm)‖Ḃp(·),λ(Rn) 6 C

m
∏

i=1

‖fi‖Ḃpi(·),λi (Rn).

Theorem 5.2. Let 1 < p(·) < ∞, p(·), pi(·), pm+1(·) ∈ P(Rn) and satisfy con-

ditions (2.1) and (2.2) in Lemma 2.1 with 1/p(·) =
m+1
∑

j=1

1/pj(·). Suppose that

Ωi ∈ Ls(Sn−1) with s > p′(·), λ =
m+1
∑

j=1

λj + β/n and bi ∈ CBMOpm+1(·),λm+1(Rn),

where i = 1, 2, . . . ,m.

(1) If λ+ δ > 0, then

‖H
−→
b
−→
Ω ,β

(f1, . . . , fm)‖Ḃp(·),λ(Rn) 6 C
m
∏

i=1

‖fi‖Ḃpi(·),λi (Rn).

(2) If λ+ δ > 0, λ < 0 and 0 6 λm+1 < n−1, then

‖H∗,
−→
b

−→
Ω ,β

(f1, . . . , fm)‖Ḃp(·),λ(Rn) 6 C

m
∏

i=1

‖fi‖Ḃpi(·),λi (Rn).
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