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Abstract. We introduce a type of n-dimensional bilinear fractional Hardy-type operators
with rough kernels and prove the boundedness of these operators and their commutators
on central Morrey spaces with variable exponents. Furthermore, the similar definitions and
results of multilinear fractional Hardy-type operators with rough kernels are obtained.
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1. INTRODUCTION

With the development of partial differential equations, nonlinear analysis and other
fields, modern harmonic analysis uses its unique views and methods to classify func-
tions, which leads to various special theories of function spaces, such as Hardy space,
Herz space and Morrey space. As early as 1931, Orlicz in [22] began to express and
study the theory of variable exponent L? space. However, it was not until 1991, after
the publication of the work of Kovac¢ik and Rakosnik (see [18]), the variable function
spaces attracted wide attention. In [18], the authors extended classical Lebesgue
and Sobolev spaces to variable Lebesgue and Sobolev spaces, and established the
properties of these variable function spaces. In addition, variable function spaces are
widely used in fluid mechanics and differential equations with non-standard growth
conditions (see [14], [23]), which prompted many scholars to do a lot of work around
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variable exponent spaces and get more results, and further explored other variable
exponent spaces, such as variable Besov space, variable Triebel-Lizorkin space, vari-
able Hardy space, variable Herz space and so on, see [5], [17], [21], [39], [40], [41].

In recent years, the boundedness of many important operators in harmonic analy-
sis on variable exponent function spaces has been proved. For example, in [2], [15],
[26], [27] and [29]-[34], the authors studied the boundedness of some integral op-
erators on variable function spaces through the properties of variable LP spaces,
respectively. On the other hand, since the work of Torchinsky (see [28]), the devel-
opment of Morrey space has gradually become the mainstream of modern harmonic
analysis. Many scholars have studied some properties of central Morrey spaces or
central BMO spaces (see [1], [8], [10], [20], [25], [38]), which made the boundedness of
operators on central Morrey spaces become more and more perfect. Influenced by the
development of variable function space, Fu et al. in [11] extended the classical central
Morrey spaces from constant exponent to variable exponent in 2019. They defined
central Morrey spaces and A-central BMO spaces with variable exponent and gave
the estimates of singular integral operators and their commutators, which made the
further development of the theory of central Morrey spaces. With the concept and
properties of variable function spaces, naturally some scholars will study the bound-
edness of operators on them. From 2019 to 2022, some scholars have studied the
boundedness of several classes of operators and commutators on variable A-central
Morrey spaces. For example, Wang et al. discussed the boundedness of multilinear
singular integral operators and multilinear fractional integral operators in [35]-[37],
expanding the study of [11]. In 2022, Hussain et al. mentioned the boundedness of
Hardy operator on variable A-central Morrey space in [16].

In 1920, Hardy first proposed the concept of one-dimensional Hardy operator,
see [13]. Later, more and more people studied and developed the definition and vari-
ous forms of Hardy-type operators. In 1995, Christ and Grafakos in [3] extended the
definition of Hardy operator from one dimension to n dimension, and established the
boundedness of n-dimensional Hardy operator on L” space. Fu et al. in [9] further
generalized Hardy operators, introduced n-dimensional fractional Hardy operators,
and established the boundedness of their commutators on Lebesgue spaces and ho-
mogeneous Herz spaces. Subsequently, the boundedness of Hardy operators attracted
many scholars to research, see [7], [8], [12], [15], [16], [19], [24], [42]. Among them,
Fu et al. introduced the boundedness of n-dimensional rough Hardy operators and
commutators in [12]. Hussain et al. in [16] obtained the estimates of fractional Hardy
operators and commutators on variable A-central Morrey spaces. These two articles
give us a lot of inspiration. With the increasing influence of variable exponent func-
tion spaces on the development of mathematics, physics, information science and
other fields, the boundedness of multilinear operators in variable exponent func-
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tion space has become a hot topic in recent years. Therefore, this paper attempts
to make a breakthrough in analyzing the boundedness of n-dimensional bilinear
fractional Hardy operators with rough kernels on central Morrey spaces with vari-
able exponent. On the basis of analyzing the boundedness of bilinear fractional
Hardy operators, this paper analyzes the boundedness of adjoint bilinear fractional
Hardy operators and their commutators, and then compares the results and methods
of bilinear fractional operator boundedness, so as to obtain relevant conclusions of
multilinear operators.

Let f1, fo belocally integrable functions in R” and 0 < 3 < 2n. Suppose that "1
denote the unit sphere in R™(n > 2) equipped with the normalized Lebesgue mea-
sure do = do(x’). The n-dimensional bilinear fractional Hardy operator with rough
kernels and its adjoint operator can be defined by

Mo U F)@) = g [ 0l = )0l — ) () alt)

and

%ﬁ(fh f2)(@) = W% ‘/l(tlxt2)|>|73| Qu(z — 11)Qa(x — t2) f1(t1) f2(t2) dix dia,

where z € R™\ {0} and Qy, Qs € L(S"~ 1) are homogenous of degree zero for 1 < s < 0o.

The commutators of the n-dimensional bilinear fractional Hardy operator with
rough kernels and its adjoint operator are defined by

fl,f2 ZHb (f1, f2)(2)

and 2
My 120 = S (1 1))
where
”H%’ﬁ(fl’ f2)(@)

1
PP /(tm)qc M (z — t1)Qa(x — t2) f1(t1) fa(t2) (bi(x) — bi(t:)) dt dia,

H (1 2) (@)
_ /|<t - W%ﬂszl(m_tl)QQ(x_tg)fl(tl)fg(tg)(bi(x)—bi(ti))dtldtz,

x € R\ {0}, [t| = [(t1,t2)] = /2 +t3 and O, Qp € L3(S""!) are homogenous of
degree zero for 1 < s < oo.
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Next, let us explain the outline of this article. In Section 2, we first briefly review
some standard notations and lemmas in variable Lebesgue spaces and give the defi-
nitions of A-central BMO spaces and central Morrey spaces with variable exponents.
In Section 3, we will establish the boundedness for n-dimensional bilinear fractional
Hardy operator with rough kernels and its adjoint operator on central Morrey spaces
with variable exponents. In Section 4, we will demonstrate the boundedness of
the commutators of n-dimensional bilinear fractional Hardy operator with rough
kernels and its adjoint operator on central Morrey spaces with variable exponents.
Subsequently the boundedness of multilinear fractional Hardy-type operators and
their commutators on central Morrey spaces with variable exponents will also be
obtained in Section 5.

2. FUNCTION SPACES WITH VARIABLE EXPONENTS

In this section, we are going to introduce some basic properties of variable Lebesgue
spaces and definitions related to the variable exponent function spaces. Through-
out this article, we denote by |B| and xp the Lebesgue measure and characteristic
functions as a measurable set B C R"™, respectively.

Given an open set E C R™, and a measurable function p(-): E — [1,00), LPC)(E)
denotes the set of measurable functions f on E such that for some A > 0,

(2 s

This set becomes a Banach function space when equipped with the Luxemburg-

e A Dl

These spaces are referred to as variable LP spaces, since they generalized the

Nakano norm

standard L? spaces.
The space Lp(')(E) is defined by

loc

LPY(E) = {f: fe LPO(F) for all compact subsets F C E}.

loc

Define P(E) to be a set of p(-): E — [1,00) such that
p~ =essinf{p(z): x € E} > 1, p' =esssup{p(z): v € E} < o0
and p'(-) denotes the conjugate exponent of p(-) which satisfies
1 1

70T T
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Let B(E) be the set of p(-) € P(FE) such that the Hardy-Littlewood maximal
operator M defining

M) =swp— [ f@)ldy

>0 |Br| B,NE

is bounded on LP")(E), where B, = {y € R": |z —y| < r}.
In variable L? spaces there are some important lemmas as follows.

Lemma 2.1 ([4]). Given an open set E C R", if p(-) € P(E) and satisfies

(21) (o) = p(0)| < S o3l <3
and
(22) (o) = p(0)| < gy 11> lel,

then p(-) € B(E), that is, the Hardy-Littlewood maximal operator M is bounded
on LPU)(E).

Lemma 2.2 ([18], Generalized Holder’s inequality). Let p(-) € P(R™). If f €
LPO(R™) and g € L )(R™), then fg is integrable on R™ and

gHLP’(‘)(R")7

[ 18@g@)]do <l ey

where

Lemma 2.3 ([17]). Let p(-) € B(R™). Then there exists a constant 0 < § < 1 and
a positive constant C' such that for all balls B in R" and all measurable subsets S C B,
IXBll Lre) () < Bl

and

o (e 5
< 7 xsllizro@ny C(@) .
X5l Lre mn) 5| IxBllLro @n

y - \|B|
Remark 2.1. Throughout this paper § is the same as in Lemma 2.3.

Lemma 2.4 ([17]). Suppose p(-) € B(R™). Then there exists a constant C > 0
such that for all balls B in R™,

1
@HXBHLP(»(W)||XBHLP'<->(RH) <C.
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Lemma 2.5 ([6]). Let p(-) € P(R™) satisfy conditions (2.1) and (2.2) in
Lemma 2.1. Then
QP if|Q| < 2" and x € Q,
| >

Ix@llLre) mny = { 1QM/P(>)  if |Q 1

for every cube (or ball) @ € R™, where p(co) = lim p(x).

Tr—00

Lemma 2.6 ([6]). Let p(-),q(-),s(-) € P(R™) be such that

for almost every x € R™. Then

£l

Lo @n) < Cllf 2o @ny 9l Lacr (rmy

for f € LPC)(R™) and g € LIO)(R™).

Lemma 2.7 ([21]). If f € L*(R") and g € LY)(R™), and 1/s + 1/¢(-) = 1/p("),
then we have

R?L

”ngLP(‘)([R") 9l pac )(R™)

where C' is a positive constant independent of f and g.

Now we recall that the A-central BMO space with variable exponent and the
central Morrey space with variable exponent in [11] are defined as follows.

Definition 2.1 ([11]). Let p(-) € P(R") and A < n~!. The A\-central BMO space
with variable exponent CBMOP()*(R™) is defined by
CBMO”(')”\([R") ={fe LY )(Rn) Hf”CBMOP(‘)v*([R") < oo},

loc
where
| Fllomatoroan = st I(f — fB(O,R))XB(O,R)HLN')([R").
r>0 |B(0, R)M IxB0,r)llLre) (rm)
Definition 2.2 ([11]). Let p(-) € P(R™) and A € R. The central Morrey
space with variable exponent Bp(')’)‘([R") is defined by

BPOAR™) = {f € LI (R™): (| £l oo s gany < 00},

where
HfXB 0 R)||Lp( )(R™)

0 |B(0, R)*Mixso,m) |l Loty (rny

£l gpcrx ) = sup
R>
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Remark 2.2. Denote by CMO?)**(R™) and B4():*(R™) the inhomogeneous ver-
sions of the A-central BMO spaces and central Morrey spaces with variable exponents,
which are defined, respectively, by taking the supremum over R > 1 in Definitions 2.1
and 2.2 instead of R > 0 there.

Remark 2.3. Our results in this paper remain true for the inhomogeneous ver-
sions of A-central BMO spaces and central Morrey spaces with variable exponents.

3. BILINEAR FRACTIONAL HARDY OPERATOR WITH ROUGH KERNELS
AND ITS ADJOINT OPERATOR

We begin this section by illustrating and proving Theorem 3.1, which present the
boundedness of bilinear fractional Hardy operator with rough kernels and its adjoint
operator on central Morrey space with variable exponents. Here and subsequently,
for simplicity, we write 2¥ B with the same center as B = B(0, R) and 2* multiple of
its radius, Cy = 2*B\ 2*71B for k € Z, where Z is the collection of all integers.

Theorem 3.1. Let p(-),p1(+),p2(+) € P(R™) and satisfy conditions (2.1) and (2.2)
in Lemma 2.1 with 1/p(-) = 1/p1(-) + 1/p2(:). Suppose that A = A1 + A2 + 3/n and
Q; € L*(S" 1) with s > pli(),i=1,2.

(1) If X+ 6 > 0, then

H/Hﬁﬁ(fl, f2)||BP(‘)1>\([Rn) < C||f1||BP1(‘)>>‘1([R") f2||BP2(‘)v>‘2(R")'

(2) If A <0 and A+ § > 0, then

”H*ﬁﬁ(fl’ f2)||5p(»),k(u;en) < C||f1||Bm(‘M1(u;en) f2||zs'p2(»)ykz(u;en)-

To finish the proof of Theorem 3.1, we need the following lemma.

Lemma 3.1 ([12]). For x € Cy, t € C; and ¢ < k we have 0 < |z —t| <
|| + |2'B|Y™ < 2- |2"B|Y/", and

2.2k B|L/n
/ [z — )| dt < / / 1Q(2")|* do(a")r" 1 dr < C|2%B|.
C; 0 Sn—1
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Proof of Theorem 3.1. We can appropriately decompose the bilinear fractional
Hardy operator in the following form:

(3.1)
|H§>7ﬁ(f1,f2)($)XB($)|
0 1

< k;m W‘/I(tl,tz>|<|x| (2 — 1)z — t2) fr(t1) f2(t2) dbr db2| - Xy ()
< 20: |2kB|(ﬂf2n)/n

k=—o0

X / Ql(l‘ — tl)fl(tl) dtl . ‘/ QQ(Z‘ — tg)fg(tg) dtQ * XCh (J?)

[t1]< =] [t2]< ]

0
< Z |2kB|(6—2n)/n

k=—o00

<= wllaeldn - [ = ellae)] o, @)

The establishment of the above inequality cannot be separated from the following
conclusions. First in view of the condition s > p/(-) and Q; € L*(S"1), set 1/p () =
1/s41/qi(-), then by Lemmas 2.5, 2.7 and 3.1, we have

(3-2) ||Ql(JU - ')X2kB(')||Lp'1<->(Rn) < C||Ql(3? - ')X2kB(')| Ls(Rn)||X2kB||Lq1(->(Rn)

1/s
—( [ 1=l ) Trnlpon
2kB

< C|2kB|1/S||X2kB||L<11(')(Rn)~
When |2¥B| < 2" and z € 2¥B, by Lemma 2.5 and 1/p/(-) = 1/s+ 1/q1(-) we have

ok B|~1/s.

Ix2r Bl Lar ) (gny & 28 B[ ) ~ ||X2’cB||Lp’1<->(Rn)
When |2¥B| > 1, we have

ok B|=1/s.

||X2kB||Lq1(»)(|Rn) ~ |2kB|1/(I1(OO) ~ ||X2kB||LP/1(‘)(Rn)
So we obtain

ok B/,

||X2kB||La1<->(Rn) ~ ||X2kB||Lp'1(->(R,,L)
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Then, from Hélder’s inequality to p1(-) and p(-) and Lemma 2.4, we can get the
following result:

63) [ 19—l dn

<Ofu(z - ')X2kB(')||Lp’1<»)(Rn)

|f1Xor Bl o1 (@)

Jixorgll Lo (mn)

1
2]€B|1+}\1 |2kB| ||X2kB||LP1(')(R7l)

< C||X2kB||Lp'1(->(R”)

< C||f1||Bp1<->,A1(Rn) |X2kB||Lp'1(->(R,,L)

2% B[+,

< C”fl ”Bm(‘)vh (R™)

Repeat the above two steps to obtain

28 B[+,

[ 1906 = llfa(t2)| dt2 < Clfallgracr e oy
2kB

Taking the LP()(R™) norm on both (3.1) sides, then through Lemma 2.3 and
conditions A = A\ + Ay + /n and A + 6 > 0, we have

||H5>7ﬁ(f1, f2)xB ”LP(‘)([R")

0
<C Z |2kB|/6/n+A1+)\2||f1||BP1(‘)v>\1(R”)

k=—o0

F2ll goarxe @y lIX O o) (R

< C”fl”BPl(')v/\l (R™) |f2||5'p2<-),A2(Rn)

20: 128 B|M ([ X2k Bl Lre) (rr

1BI*  lIxBllLee) (m)

LB Ixsl oo @

k=—o0

0
| follgrarne @y D 2" OB IXBI oo ey

k=—o0

B|)\||XB||LP(‘)([R’!L).

< C”fl ”Bm(-)v\l (R™)

< ||f1 ||Bp1(»)m (R™) f2||sz(AM2(Rn)

Thus, we have

||H§>,B(f1; f2)||3p(»),k(uq<n) < Cllfallgercrn (R7) Sollgrzcr2a (R™)"
In this way, we have proved the boundedness of bilinear fractional Hardy operator
on the central Morrey spaces. Next, let us take a look at its adjoint operator.

Through the definition of 7—[*5, ﬁ(fl’ f2)(x), and repeating the steps (3.2) and (3.3)
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in x2ig(x), we have
(3.4)
[Hey (s 1)) ()
0

1
<) ‘/ WT—BQI(LE—tl)QQ(LE—tz)f1(t1)f2(t2)dt1dt2 o ()
ke ool 1(t1,t2)[>]z]

0 e}
< Z Z |2jB|(5*2n)/n

k=—o00 j=k+1

/ Ql(l‘ — tl)fl(tl)dtl
C.

J

20: i |27 B|(B=2n)/n

k=—o0 j=k+1

<=l [ (0 =)l dt xe, @)

0 0o
<C Z Z |27 B|(B—2m)/n

k=—o0 j=k+1

x ’ " XCy (J))

/ QQ(J? — tg)fg (tg) df,g
C;

J

N

2/B|'" - xc, ()

ZjBll—i_/\1 ||f2||B.P2(‘)v>\2 (R™)

X ”fl ||BP1(‘)1>\1 (R™)
0 %)

—C 3 ST BP0 na gy - X ().
k=—o00 j=k+1

Taking the LP()(R™) norm on both (3.4) sides, then through Lemma 2.3 and
conditions A = A\ + Ay + 3/n, A < 0 and A+ J > 0, we have

||H*ﬁ>“3(f17 f2)xBl Lro @m)

0 0o

<C Y S BN o )

k=—o00 j=k+1

F2llgrarne @y IxC | L) ()

< CHfl ||Bp1<-ml (R™) ||f2||gp2(-M2(Rn)

BMIxsl oo an)

X XO: i |27 B|* |28 B|* |Ix2x Bl Lro) ()

k= — oo jekt1 2kB|> B ”XB”LP(')([R")

< C”fl ”5’1’1(*)9\1 (R™) ||f2||6p2(‘)s>\2([Rﬂr)

0 e}

« Z Z 2n(j*k))\2nk()\+5)|B|)\||XB||LP(_)(RR)
k=—o0 j=k+1

< C||f1||zép1(»)m(uqn) B|)\||XB||LP(‘)(R”)'

f2||lép2(‘),>\2(Rn)
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Finally, we have

”H%,B(fl’ f2)||z§p(»),x(u;en) < Cllfillgrrorn (R™)

f2||BP2(‘)v>\2(R")'

The proof of Theorem 3.1 is completed. O

4. COMMUTATORS OF BILINEAR FRACTIONAL HARDY-TYPE OPERATORS
WITH ROUGH KERNELS

In this section, we will prove the boundedness for commutators of bilinear frac-
tional Hardy operators with rough kernels and their adjoint operators on central
Morrey space with variable exponents.

Theorem 4.1. Let p(-),p1(-),p2(:),p3(-) € P(R™) and satisfy conditions (2.1)
and (2.2) in Lemma 2.1 with 1/p(-) = 1/p1(-) + 1/p2(:) + 1/ps(:). Suppose
that Q; € L*(S™ ') with s > p'(:), A = M1 + X2+ A3 + 8/n, A+ 6 > 0 and
b; € CBMOP*()*(R™), where i = 1,2. Then

—
b
||H§> B(fla f2)||BP(‘)1>\([Rn) < CHfl ||BP1(‘)>A1 (R™) f2||B'P2(‘)v>\2 (R™)*
Proof. By the definition of the bilinear fractional Hardy commutator with rough
kernels, it is easy to see that

ME ()@ < (. @]+ (o fo) @)

So we just need to prove

||7‘[%,ﬁ(fl,fz)(x)ng(.),x(Rn) < C”blHCBMOPS(')v’\:S(R")HleBpl(')v\l([R”)”fQHBPQ(-):M([Rny

We can appropriately decompose the commutators of bilinear fractional Hardy
operators in the following form:

(4.1) |H%7ﬁ(f17f2)($)><3($)|

1
[a]2=F /(t1,t2)<:c (@ = t) filt) (b () = ba(tr))

X Qg(a? — tg)fz(tz) dt, dtax s (37)

1
s W‘/tlkm (@ =t filt)(br (@) = ba(t1)) dha

X “xB(T)

/ QQ (J) - f,g)fg (f,g) dtg
[t2]<||
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0
< D |2kB|(ﬂ72”>/"/ (2 = t1)[| fr(t0)]|b1(2) — ba(t1)| dta

k=—o00 2kB

x / (e — )] alt2)] Az - xc ().
2k B

Before proceeding to the next step, we have noticed that

(4.2) /sz 191 (z — t)|[fr(t)[]b1(z) — b1 (1) dta
< / Q1 (x — t1)[[f1(t1) [ dt1 - [(b1(2) — (b1)2x ) X2k B(2)]
2k B

+ / 1 ( — )12 () 1B (£2) — (b)r ] Aty
2k B
=D+ F,

where

D= / €0 (2 = t)|[ fr(Ea) ] dtr - [(b1(2) = (b1)2x ) X2k 5 ()],
2k B

E= [ 1= t)lifi)lbre) - (ol dn
2B
First, for the estimation of D, we need to use (3.2) and (3.3).

D <Ol (z - ')XQ’“B(')HLPQ(‘)(RW,)||f1X2kB||LP1(‘)(R") (b1 (@) = (b1)2x ) x2r 5(@)]
C”XQ’CBHLP’I(-)(R”) Sixasgll e gy - [(b1(2) = (01)2x p) X205 ()]

<Ol fillgoroonn @y [2EBI {01 () — (b1)or 5)xor 5 (2)].

NN

Next, we estimate E. In view of the condition s > p'(-), by 1/p(-) = 1/p1(:) +
1/pa(-) +1/ps(-) we can get 1/py(-) = 1/p'(-) + 1/p2(-) +1/ps(-) > 1/s + 1/pa(*) +
1/ps(:). So we can take 1/pi(-) = 1/s + 1/pa(-) + 1/p3(-) + 1/q(-). By (3.2), (3.3)
and Lemmas 2.4-2.7 we have

E <Oz —)(b1() — (bl)QkB)XQkB||Lp’1(->([Rn) leQkB”LPl(‘)([R")
< Ol (z = )xar Bl
X Ix2r Bl Lr20) ey X2k Bl Lao) (@ L fix2r Bl Lor o) R

< CI2BIM*||(bi(-) = (b1)2x 5) X2 Bl Lrao (g

SixarpllLeo @n)

L*(R™) ” (bl() - (bl)QkB)XQkB ||Lp3(-)(Rn)

X ||X2’€B||LP2(‘)([R") XQkB”L‘l(‘)([R”)

504



< C|2kB|1/S||f1 ||BP1(‘)1>\1 (R™)

X |2kB|)\3||X2kB||LP3(-)(Rn)

X2 Bll o1 (o) [2° BIM b1 | cmnorstr s (am)

|X2kB||Lp2(->(R") [X2r B ||Lq<->(Rn)

< C”fl ”Bm(-ml (R™) |b1||CBMOP3(‘M3 (R™)

X 12 B gt s oy X85k g

)|2kB|1+)‘1+)\3.

< ClAill oo oy 191 lomators 3o e

So we can get the following LP()(R™) norm:

/sz [€0.( = t)[[f1(E)[b2() — br(E2)[ dtr - X, ()

Lp(-)(Rn)
2B | (b1() = (b1)2e5) - xow (e )
+ C”fl ||BP1('):>\1 (R™) ||b1 ||CBMOP3<'M3 (R™) 21€B|1+)\1+)\3 ||XC;C ||Lp(-)(Rn)

2kB|1+/\1+)‘3 X2k 5 ”LP(')(R")7

< C”fl ||BP1(‘)1>\1 (R™)

< Cllfillgerornn wey 101l cBMOPs 38 (7

where

[(b1(-) = (b1)2xB) - X (Dl e )

[[(b1 — (b1)2kB)X2kB||LP3(‘)([R") X2kB||LP1(‘)(R") X2’“B||LP2(‘>([R")
2kB|/\3”XQ’CB”LPS(‘)(R”)

2" B | x2k Il Lot () -

(-

<C

< C||b1||CBMOP3(')v’\3(R") X2kB||LP1(‘)([R") X2’“B||LP2(‘>(R")
<C

||b1 ||CBMOP3(')v’\3 (R™)

From (3.2) and (3.3) we have

[Q2(x — t2)|[f2(t2)|dt2 < C[|Q(z — )Xot ()| Los ) gy | f2X28 Bl Lr20) (1)
2k B LR

f2Xor gl Lr20) @)

< C||X2kB||Lp'2<-)(Rn)
28 B[t

< C||f2||BP2(->,A2(R,,L)

Then, taking the LP()(R™) norm on both (4.1) sides, we can get

II”H% ﬁ(fl’ F2)xBl Lre @m)

< Cllfallgororan @ey 1f2ll o235 ey 101 [ cBMOPS 23 (R
0
% Z |2kB|(B_2n)/n|2kB|1+A1+A3|2kB|1+A2||X27€B||LP(‘)(R")
k=—oc0
< C”fl”l%’m(‘)yh (R")||f2||BP2(‘),>\2(R”)”bl”CBMOPiS(')v’\iS(R”)
0
X Z |2kB|ﬂ/n+)‘1+)‘2+)\3||X2kB||LP<->([R")'

k=—o0
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Available after finishing and by the conditions A = A\ + Ao+ A3+ 8/nand A+d > 0
we have

||H%>ﬁ(fhfz)XB||Lp(->(uzen)

)

< ClL Al gor 001 oy 2 0.5 oy 11l omntors 038 ey B I8 0 ey

XO: 12K BI* X2k B Lre) ()

|B]* ”XB”LP(‘)(R")

k=—o0

< C”fl ”Bm(‘)vh (R™)

0
« Z 2nk()\+5)

k=—o0

Soll gracrna gy 101 | cmntors (0.5 @y | BIMIX B Lo ey

< Cllfllgor o mey 12l 20000 (rey 01| cBMOPS ()35 (2 B|)\||XB||LP('>([R")'

Finally, we can obtain

by
||H§> B(flaf2)||zép(->,x(u;en) < C”fl”lépl(‘)v)‘l([R")

s

| fall gra )32 (e 1B1 | cBMOPS )33 (87

From the above proof and by the condition b; € CBMO”3(')”\3([R"), we have

—
”H% ﬂ(fla f2)||BP(-)v\([Rn) < C”leBm('):M(Rn) |f2||BP2(')~\2 (Rm)*

The proof of Theorem 4.1 is completed. O

Theorem 4.2. Let p(-),p1(-),p2(:),p3(-) € P(R™) and satisfy conditions (2.1)
and (2.2) in Lemma 2.1 with 1/p(-) = 1/p1(-) + 1/p2(-) + 1/p3(-). Suppose that
Qe LS ) withs>p' (), A= M+X+A+8/n<0,A+5>0,0< A3 <1/n
and b; € CBMOP*()23(R") | where i = 1,2. Then

—

*, b
||H§> B(flaf2)||z§p<-)yx(u;en) < C”fl”Bl”l('):)\l(lR”)

|f2||BP2(-),/\2(Rn)~

Proof. It is easy to see that
* 7 *,b *,b
13 (1 )@ < M (s £ @)+ [ (o ) )

In the same way, we just need to prove

b
||/H*§>lﬂ(flafQ)(x)”BP(‘)A([Rn) < CHblHCBMOTB(*)J\s(R") f1||B.P1(‘)v>\1([R") f2||B.P2(‘)v>\2([R")'
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In order to express it more clearly, we can decompose |3’-[*_’>b1 (f1, f2)xB| in the
€,
following form:
(4.3)

|H*§’,b;(f1, f2)(@)xB ()]

_ Q1 (x — 1) (x — t2) f1(t1) folta) (b1 (z) — bi(t1))
‘/l(tlyt2)|>|x| |t|]2n—5 dtq dts - xB(x)

0

<y

k=—o0

0 o]
<3 X R e -l - )] dn

k=—o0 j=k+1

dt; dt2|xc, (.23)

/ Qi (x — tl)QQ(J? —t2) f1 (tl)fQ(tQ)(bl(x) _ bl(tl))
[(t1,t2) > |t|2nfﬂ

x/_ubu—mmﬁ@nweru>
2i B
0 )

<C||f2||BP2(‘)v>\2(Rn) Z Z |2jB|(B—2n)/n|2jB|1+/\2
k=—o0 j=k+1

x/fnh@—mmﬁumwmw—mmnwyxaux
27 B

where

[ 193~ l172(6)] dta < CI = M5Ol o
2/B

fQXQJBHLpz(»)(Rn)

< ClixaiBll oy ) gy 1 f2X23 B o2 )
2jB|1+’\2.

< C||f2||l§p2(‘)s>\2([R")
Now we need to estimate the remaining part and we rewrite
0 oo
F = Z Z |2jB|(ﬂf2n)/n|2jB|1+)\2
k=—o0 j=k+1

X/. €0 (2 = )1 (E)[[br(2) = ba (1) dbr - xcy ().
2B

In order to facilitate the operation, we first need to perform a simple decomposi-
tion of F:

0 e}
F< ) ) @B/t /2jB|Ql(ﬂ?—t1)||f1(t1)||bl($)—(bl)sz|dt1'Xck(ﬂ?)

k=—o0 j=k+1

0 e8]
D |2jB|ﬁ/”‘1“2/2r_B|91(w—tl)llfl(tl)llbl(tl)—(bl)mldtl-XCk(x)

k=—o0j=k+1
=N+ FQ,
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where

0 00
Fr= Y > [2B]f/nttr / 11 (z —t)[[ f1(t)[[b1(z) = (b1)2x 5| dt1 - X, (7)

k=—00 j=k+1 2B
and
0 0 )
BR=> Y |2JB|B/"_1+A2/v | (z—t1)[[f1(t2)[[b1(t1) = (b1)ar p| dt1- X, ().
k=—o00 j=k+1 2B

The estimate of Fj is relatively simple. We can refer to the estimate of D in
Theorem 4.1. By using Lemma 2.3, A < 0 and A + 6 > 0 we have

||F1||LP(‘>([R") < CHfl”Bm(»)M(uw) blHCBMOPS(‘)J\S([R")

0 0o
x Z Z |2jB|)\||XCk||LT’(‘>(IR")

k=—co j=k+1

< CHfl”B.Pl(')v’\l([R”)||b1||CBMOP3(‘)s>‘3(R”)

o)

X 20: Z |27 B|* |28 B|* |Ix2x Bl Lro) ()
2¥B]* |B|* ”XB”LP(')([R")

< Cllfrllgerornn eyl cBrOPs O3 (7

BMIxsl oo gn)
k=—o0 j=k+1

0 0o

% Z Z 2n(j*k))\2kn()\+5)|B|)\||XB||LP(_)(RR)
k=—o0 j=k+1

< C”fl ”Bm(’)yh (R™) by ”CBMOPs(-Ms(Rn) |B|)\||XB||LP(‘)([R")~

Next we will focus on the estimate of F5, and we find that

0 00
Fy = Z Z |2jB|6/n—1+k2

k=—o0 j=k+1

X / [ (z = t)[|fi(t)][br(t1) — (b1)2x | dtr - Xc, (%)
27 B

0 00
<C Z Z |2jB|ﬁ/n—1+)\2

k=—o0 j=k+1

< [ I = Al s ~ (Bl ds - xe (o)
21 B

0 e8]
+C Z Z |2jB|,6‘/n—1+)\2

k=—o0 j=k+1
X / [ (z = t)[|fr(€)][br(t1) — (b1)2i gl dtr - Xy (2)
27 B
=: Fa1 + Fho,
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where

0 e8]
F21 -C Z Z |2jB|ﬁ/n71+)\2

k=—o0 j=k+1

x / [ — )l )] i (B — (b1)ass] - xe (2)
2B

and

0 00
Fy=C Z Z |27 B|P/nm i

k=—o0 j=k+1
X / 1 (2 — t)[[fr(t)][br (1) — (b1)2s gl dtr - Xy (2).
2i B

For Fys, we can refer to the estimate of E in Theorem 4.1. Noting that 1/p{(-) =
1/s41/pa(-) +1/ps(-) + 1/¢(-) and by using Lemmas 2.4-2.7 we can get

0 0o
P <C > Y (2B (z — ) (ba() - (b1)218)X21 Bl 19,0 g
k=—o00 j=k+1

X ||f1X2JB||LP1<->(Rn) - Xe (@)

0 0o
<C S ST BB oo o X2 Ly [27BIM
k=—o0 j=k+1

X (161l cBarors s (rey |27 BI*® 121 Bl Los ) (my 1X23 B [l L2 (gemy

X |Ix2i Bl Lac) ) - X ()

0 00
< Ol Al g o o lemmors sy S S0 (2B e (@),
k=—o00 j=k+1

Taking the Lp(')([R”) norm on both sides of Fh; and using Lemma 2.3, 5/n+ A1 +
M+A3=A<0and A+ > 0:

[1F22]l o> rey < Cllf1ll gorcrnn w101l cBMOPS @38 (7

0 00
~ Z Z |2jB|5/n+/\1+>\2+/\3||Xck||Lp(‘)(R”)
k=—o00 j=k+1

< C”fl”lépl(‘)sh (R™)

0 00

« Z Z 2n(jik))\2kn()\+6)|B|)\||XB||L:D(-)([RW)
k=00 j=k+1

|b1]lcBMOPs()2s (R™)

< Ol f1llgorcr amy 1011l cBrors .33 (@) BIMIX B o) Ry -
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Let us focus on Fy;. We can find

Fon < Ol f1llgorcrsn gmy Z Z |29 B|/ ™22t (by )y 5 — (b)ar| - Xo ()
k=—oo0 j=k+1

b ||CBMOP3(‘),>\3 (R™)

x 33T (- RPN (),
k=—o0 j=k+1

< CHfl ||Bp1(‘)v>\1 (R™)

where we need the following boundedness for |(b1)qi g — (b1)2rp:

|(b1)2ip — (b1)2x B
j—1 j—1
SDIEUIEPVED S |2mB| [ 1005~ i@ as
m=k 2mB
i1

=C Z 2m+1B| it |(b1)gm+1p — b1 ()| dw

1
<C Z m”(bl = (b1)2m+1B)X2m+1 Bl Lracr (mn) X2""+1B||Lpg<»>(Rn)

m=
j—1 1
< sz_:k 111l cBaors .3 (rny 27 B2 g

X lIxem+1 Bl pra) @y lIxam+1 81 Loy gy

j—1
<C Z HblHCBMOPs(‘MB(R")

m=k

2m+1B|)\3

27 B|*s

< C(] - k)HblHCBMOPS(‘MS(R")

In the same way and under the same conditions, we can get

1Fo1]l o gy < Cllfill gorcronn ey (101l cmarons .3 gy [ BI X B oo (-

Then, taking the LP()(R™) norm on both sides of (4.3) with the help of the above
results and using Minkowski’s inequality, we can get

*,b
||H§> ;(flv f2)xBllLre) (&n)

)

< Cllfillgoronn oy I fall g2 22 (g 01l cpatorstr xs ey | BIMIXE N Lo (amy-

Thus,

*,b
”Hﬁ’lﬂ(fla f2) ||B‘P(‘)v>\([R”) < C”leBm(‘)J\l (R™)

f2||8p2(»)1k2([@n) blHCBMOPs(‘)vM(R")-
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Therefore, by the condition b; € CBMOP3(')’)‘3(R"), we have

f2||87’2(')y/\2(R7z)~

—_
*, b
||H§> B(flaf2)||z§p<-)yx(u;en) < C||f1||z§m(->,h(u;en)

The proof of Theorem 4.2 is completed. (I

5. MULTILINEAR FRACTIONAL HARDY-TYPE OPERATORS WITH ROUGH KERNELS

At the end of this paper, we want to give the boundedness of multilinear
n-dimensional fractional Hardy operator with rough kernels and its related operators.

Let f; be locally integrable functions in R™ and 0 < 8 < mn, i = 1,...,m.
The multilinear n-dimensional fractional Hardy operator with rough kernels and its
adjoint operator can be defined by

Hﬁﬁ(fla---vfm)(x)

1
/ V(@ —t1) o Qo — b)) 1 (E1) -+ (b)) b ..
[(t1,tm )<

~falms o]
and
H*ﬁﬂ(fl, ) (@)

:m%,g /|(t1 tm)b‘x‘m(:c —t1) e QU (@ — ) fr(t1) o fn () ity - b,
where z € R™\ {0} and Q; € L*(S"~")(i = 1,...,m) are homogenous of degree zero

for 1 < s < 0.
The commutators of the multilinear n-dimensional fractional Hardy operator with
rough kernels and its adjoint operator can be defined by

Hgﬁ(fl,...,fm Z”H” S fa)@)

and
— m
HE (Fro o) = ;H%”:ﬁ(ﬁ, ) (@),
where
1
H fiye s fm xzi/ Nz —t1) ... Qn(x —tm,
ﬁﬁ( 1 )( ) |x|mn—ﬁ (bt |<] 1( 1) ( )

X fl(tl) . fm(tm)(bi(x) — bz(tl)) dtl . dtm,
*,b; _ 1 _ .
Hp @ = [ e ) Ol =t

Xf1(t1)~~~fm(m)( i(@) = bi(t:)) dty ... b,

511



z € R\ {0}, [t| = |(t1,t2,..\tm)| = VEE+E3+...+12, and Q; € L5(S"1)
(i=1,...,m) are homogenous of degree zero for 1 < s < co.

Next, we refer to the previous bilinear content and give two theorems about the
boundedness of the multilinear Hardy-type operators and their commutators.

Theorem 5.1. For i = 1,2,...,m, let p(:),pi(:) € P(R™) and satisfy condi-
tions (2.1) and (2.2) in Lemma 2.1 with 1/p(-) = i 1/pi(-). Suppose that Q; €
L3(S"Y) with s > p/(-) and A = 3"\ + B/n. -

(1) IFA+6 > 0, then .

g 51 fn)llgocra ny < CTT1llgrion -
i=1

(2) If A <0 and A+ § > 0, then

12, (s S nos am) < cHHfanpM(R”)

Theorem 5.2. Let 1 < p(-) < oo, p(-),pi('),pmﬂ() E ’P([R”) and satisfy con-
ditions (2.1) and (2.2) in Lemma 2. 1 with 1/p(-) = Z 1/p;(-). Suppose that

Q€ L(S"1) with s > p'(1), A = z \j + B/n and b; e CBMOP+ 0. Ami1(Rn),
wherei=1,2,...,m.

(1) If \+ 6 > 0, then

v
IHE (s Tl < CHHfzuBW,(R,L).
(2) FAN+6>0, A <0and0< \ypy1 <n~t, then

—

*, b
”Hﬁﬁ(fl’ e ~7fm)HBp( PA(RR) CH Hfz”zsm( )i (Rm)
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