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Abstract. Let R be any noncommutative prime ring of char(R) # 2,3, L a noncentral
Lie ideal of R and F', G two nonzero b-generalized skew derivations of R. Suppose that

[F(u),u]G(u) =0

for all uw € L. Then at least one of the following conclusions holds:
(1) F(x) = Az for all x € R and for some A € C, where C is the extended centroid of R;
(2) R C My(K), the algebra of 2 x 2 matrices over a field K.

Keywords: derivation; b-generalized derivation; b-generalized skew derivation; Lie ideal;
prime ring

MSC 2020: 16W25, 16N60

1. INTRODUCTION

At the very beginning of this article let us take a quick look to some notations and
definitions. Throughout our present article, the prime ring, Lie ideals, derivations
and b-generalized skew derivations play a crucial role. Therefore, we would like to
denote R as a prime ring, Z(R) the center of R, Q. its right Martindale quotient ring.
The center of @, denoted by Z(Q,) = C' is called extended centroid of R. Here L
is a Lie ideal of R satisfying the properties that L must be an additive subgroup
of R along with [L,R] C L. A linear mapping d: R — R is a derivation on R
if d(zy) = d(z)y+xd(y) for all z,y € R. A derivation of the form d(x) = [p, z] for all
x € R and for some p € R is called inner derivation induced by an element p in R.
We re-call a linear mapping F' from R to R a generalized derivation on R if there
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exists a derivation d on R such that F(xy) = F(z)y+xd(y) for all ,y € R. The map
F(z) = pr+xqfor all z € R and for some p, g € R is a very simple type of generalized
derivation, which is called inner. Any derivation or generalized derivation which is
not inner is known as outer derivation or outer generalized derivation, respectively.

A linear mapping F': R — @, is said to be a b-generalized derivation on R if there
exists a derivation d on R such that

F(zy) = F(z)y + bxd(y)

for all z,y € R and b € @,. By the definition, we see that generalized deriva-
tion is a 1-generalized derivation and the map F(z) = ax + bac for all x € R,
where a,b,c € Q,, is an example of b-generalized derivation, which is called inner
b-generalized derivation.

Let o be an automorphism of R. A linear map d: R — (@Q,, associated with
a € Aut(R), is called a skew derivation on R if

d(zy) = d(z)y + a(x)d(y)

for all z,y € R.
A linear map F': R — R is said to be a generalized skew derivation on R if there
exists a skew derivation d of R associated with o € Aut(R) such that

F(xy) = F(z)y + a(z)d(y)

for all z,y € R. Here d is said to be an associated skew derivation of F' and « is
called an associated automorphism of G. The map F(x) = axz — a(x)b is an example
of generalized skew derivation. This is called inner generalized skew derivation of R.
There are many research articles which have investigated generalized skew derivations
from various points of view.

De Filippis in [6] introduced a new map called b-generalized skew derivation, which
is a common generalization of all above maps. Let b € @,-. A linear map F': R — Q.
is said to be a b-generalized skew derivation of R if there exists a skew derivation d
of R such that

F(axy) = F(2)y + ba(z)d(y)

holds for all z,y € R. The map F(z) = ax + ba(z)c is an example of b-generalized
skew derivation of R, which is called inner b-generalized skew derivation of R.

Let R be a prime ring with center Z(R), L a noncentral Lie ideal of R and d be
a derivation of R. A well known result of Posner (see [18]) states that if commutator
[d(z),z] € Z(R) for all z € R, then either d = 0 or R is commutative. There are
many generalizations of Posner result in literature in many directions by a number
of authors. Lee in [15] and then Lanski in [13] extended Posner’s result to Lie ideal
in prime rings.
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Vukman in [19] proved that if R is a prime ring of char(R) # 2 such that
[d(z),z]d(x) = 0 for all z € R, then d = 0.

Then De Filippis et al. in [8] studied the above result replacing d with a generalized
derivation F' of R. More precisely, they proved the following result:

Let R be a prime ring of char(R) # 2, L a noncentral Lie ideal of R and F
a nonzero generalized derivation of R. If [F(u),u|F(u) = 0, for all v € L, then one
of the following holds:

(1) there exists n € C such that F'(z) = nz for all z € R;

(2) R satisfies the standard identity s4 and there exist a € U and n € C such that
F(z) = ax + za + nzx for all z € R, where U is the Utumi quotient ring of R.

Recently, in [1], Albas et al. studied a situation considering two different general-
ized derivations F' and G. They obtained the following;:

Let R be a prime ring of char(R) # 2, L a noncentral Lie ideal of R and F, G two
nonzero generalized derivations of R. If [F(u),u]G(u) = 0 for all u € L. Then one
of the following holds:

(1) there exists A € C such that F(z) = Az for all z € R;

(2) R C My(K), the ring of 2 x 2-matrices over the field K, and there exist a € U
and A € C such that F(z) = ax + za + Az for all © € R, where U is the Utumi
quotient ring of R.

Our motivation in the present article is to investigate the situation when F' and G
both are b-generalized skew derivations of R. More concisely, we will prove the
following:

Theorem 1.1. Let R be any noncommutative prime ring of char(R) # 2,3, L
a noncentral Lie ideal of R and F, G two nonzero b-generalized skew derivations
of R. Suppose that
[F(u), u]G(u) =0

for all w € L. Then at least one of the following conclusions holds:
(1) F(z) = Az for all z € R and for some A € C;
(2) R C M»(K), the algebra of 2 x 2-matrices over a field K.

2. F AND (G BE INNER b-GENERALIZED SKEW DERIVATIONS

Lemma 2.1. Let R = My (K) be an algebra of all k x k-matrices over the infinite
field K and k > 3. Suppose for some a,c, A, B,D, P,QQ € R,
(2.1)
au?cu+au® AuD + AuBucu+ AuBuAuD —uaucu—uauAuD —uAuPu—uAuQuD = 0
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for all u € [R, R]. Then one of the following holds:
(1) A€ Z(R);

(2) B e Z(R) with a+ AB € Z(R);

(3) D e Z(R) withc+ AD = 0.

Proof. Let e;; be the square matrix having 1 in its (¢, j)th entry and all other
entries being zero. First, we assume that A, B and D are not central matrices. Then
by [7], Lemma 1, there exists an inner automorphism ¢ of R such that ¢(A4), ¢(B)
and (D) have all the entries nonzero. By hypothesis

(2.2) p(a)u®p(c)u + p(a)up(A)up(D) + p(A)up(B)up(c)u
+ o(A)up(Blup(A)up(D) — up(a)up(c)u
— up(a)up(A)up(D) — up(A)up(P)u
— up(A)up(Qup(D) =0

for all w € [R, R].
Choose u = [x1, z2] = e;; for any ¢ # j and then (2.2) reduces to

(2.3)  p(Aeijp(B)eijp(clei; + p(A)eijp(B)eijp(A)eijp(D)
— eij(pla)eijp(c) + p(A)eij(P))eij
—eij(p(a)eiip(A) + p(A)eijp(Q))eijp(D) = 0.

Now multiplying e;; from both sides of (2.3), we obtain

eij(p(A)eijp(B)eijp(A)eijp(D))ei; =0,

that is,
¢(A)jip(B)jip(D)ji = 0.

This implies either ¢(A);; =0 or ¢(B);; = 0 or ¢(D);; = 0, a contradiction. Thus,
we conclude that either A or B or D is central.
To prove our conclusion, we need to consider the following two cases:
Case (i): When B € Z(R). By hypothesis
(2.4)
au?cu+au? AuD+ ABu?cu+ ABu? AuD —uaucu—uauAuD —uAuPu—uAuQuD = 0

for all u € [R, R]. Now for i # j # k, we choose u = [r1,z2] = [eji + €, €ii + €] =

ejk +eji — e in (2.4), i.e., u? = [z1,22]? = —e, and then multiplying exy, from left

and ej; from right, we obtain
(25) —€kk (a + AB)ejkA(ejk +ej; — eik)Dejj =0.
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Again, for i # j # k we choose u = [21,%2] = [esi + €ji, €55 + €] = €k — €5; + €
in (2.4), i.e., u? = [x1,22]* = —e,), and then multiplying (2.4) by ey, from left and

by e;; from right and we obtain
(2.6) —epi(a + AB)ejp Alejr — ej; + eix)Dej; = 0.
Comparing (2.5) and (2.6), we get
2eri(a + AB)ejr AejpDej; = 0,

that is,
2(a+ AB)k;j AkjDyj = 0.

Since char(K) # 2, by the same argument as above, we conclude that either A is
central or D is central or a + AB is central.
If D is central, we have from (2.4) that

(2.7) (a 4+ AB)u?*(c + AD)u — uau(c + AD)u — uAuPu — uADuQu = 0

for all u € [R, R].
Now replacing u = [x1, 2] = [ej; + €ix, —€ii + €ix] = €1 — €j; + eqr in the above
relation, and then left multiplying by egr and right by e;; we have

erk(a+ AB)eju(c+ AD)ej; = 0,

which implies (@ + AB)y;(c+ AD)y; = 0. By the same argument as before it yields
either a+ AB € Z(R) or c+ AD € Z(R). If c+ AD = 0, we have our conclusion (3).
Assume that 0 # ¢+ AD € Z(R). Then by (2.7),

(2.8) (c+ AD){(a + AB)u® — uau*} — uAuPu — uADuQu = 0

for all w € [R, R]. Now replacing u = [r1,22] = [—e;; + €ji,ei] = €;; + €j; and
then multiplying exy from the left and e;; from the right we get 0 = egx(c + AD) x
(a + AB)e;j. Since 0 # ¢+ AD € Z(R), it gives (a + AB)y; = 0. Thus, a + AB is
diagonal and hence central.

Case (ii): When D € Z(R). By hypothesis
(2.9)
au?cu+au® ADu+ AuBucu+ AuBuADu—uaucu—uauADu—uAuPu—uADuQu = 0

for all u € [R, R]. Now we may choose [z1,z2] = e;; for ¢ # j in (2.9) and we have
(210) AeijBeij (C + AD)eij — €4;A€45 (C + AD)@Z‘]‘ — eijAeij (P + DQ)GiJ‘ =0.
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Multiplying (2.10) by e;; from the left we get
eijAeijBeij (C + AD)eij =0,
that is,
AjiBji(c + AD)]',L' =0.

Then one of A, B and (¢ + AD) must be central as above. If ¢ + AD = 0, we have
our conclusion (3).

In the case when 0 # (¢ + AD) € Z(R), (2.9) reduces to
(2.11)

a(c+ AD)u? + A(c + AD)uBu? — uaucu — uauADu — uwAuPu — uADuQu = 0.

Now for i # j # k we choose [x1,z2] = [ej; + €ik, €ii + €ik] = €k + €j; — €5 in (2.11)
and then left multiplying (2.11) by e, and using [x1,22]® = 0, we get

(2.12) —ekkA(C + AD)(ejk + €5 — @ik)Bejk = 0.

Again for ¢ # j # k we choose [x1,22] = [eji + €ir, —€ii + €ik] = €jk — €ji + €k
in (2.11) and then multiplying (2.11) by egx from the left, we obtain

(213) —ekkA(c + AD)(ejk —ej; + eik)Bejk = 0.
Comparing (2.12) and (2.13), we get
—2€kkA(C + AD)ejkBejk =0,

that is,
2Ay;Brj = 0.

Since char(K) # 2, we conclude that either A is central or B is central as above.
If B is central, then the conclusion follows by Case (i). O

Lemma 2.2. Suppose R = M (K), the algebra of all k x k-matrices over the
field K having characteristic value different from 2 and 3 and k > 3. Suppose for
some a,c, A, B,D,P,Q € R,

au?cu+au® AuD + AuBucu+ AuBuAuD —uaucu—uauAuD —uAuPu—uAuQuD = 0

for all w € [R, R]. Then one of the following holds:
(1) Ae Z(R);

(2) B € Z(R) with a+ AB € Z(R);

(3) D € Z(R) withc+ AD = 0.
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Proof. Assume

(21, 22) = alr1, w2)*c[z1, v2] + alr1, v2)? Al21, 22) D
+ Alz1, 23] Blx1, 2]c[x1, x2| + Alz1, x2| Blx1, x2] A[21, 22) D
- [xlv xQ]a’[xlv xQ]C[xla xQ] - [xla {EQ]G[(El, xQ]A[xlv xQ]D

— [331, J?Q]A[J)l, J)Q]P[Jﬁl, 332] — [331, J?Q]A[J?l, J)Q]Q[Q)l, J)Q]D.

If we assume K is an infinite field, then we have our conclusions from Lemma 2.1.
Therefore, we may consider K to be a finite field and extend K to an infinite field E.
Let R = My(E) = R®k E. The generalized polynomial ¢(x1,22) is a multi-
homogeneous of multi-degree (3,3) in the indeterminates x1,x2 as well as a gener-
alized polynomial identity for R. Hence, the complete linearization of ¢(x1,x2) is
a multilinear generalized polynomial x(x1, Z2,y1, Y2, 21, 22). Moreover,

X(21, 29,1, T2, 21, T9) = 2% - 32 (1, o).

Clearly, the multilinear polynomial x(x1,x2,y1,¥2,21,22) is a generalized polyno-
mial identity for R as well as for R. Since char(K) # 2 and char(K) # 3, then
¢(x1,22) = 0 for all 71,22 € R. Hence, by Lemma 2.1, the conclusion follows. O

Similarly, we can prove the following lemmas.
Lemma 2.3. Suppose R = M (K), the algebra of all k x k-matrices over the

field K having characteristic value different from 2 and k > 3. Suppose for some
c,A,A',D,P,P' € R

A'ucu + A/uAuD — uPu — uP'uD =0

for all u € [R, R]. Then one of the following holds:
(1) A€ Z(R);
(2) A" € Z(R);
(3) D e Z(R).

Proof. Let K be an infinite field. On the contrary, we assume that A, A’
and D are not central matrices. Then by [7], Lemma 1, there exists an inner auto-
morphism ¢ of R such that ¢(A), ¢(A’) and ¢(D) have all the entries nonzero. By
hypothesis

(2.14) p(Aup(c)u + o(A )up(A)up(D) — up(P)u — up(Pup(D) = 0
for all u € [R, R]. Choose u = [z1,x2] = e;; for any i # j and then (2.14) reduces to
p(Aeijp(c)es; + o(A)eijp(A)eijp(D) — eijp(P)eij — eijp(P)eijp(D) = 0.
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Multiplying e;; from both sides in the above relation, we have @(A’);ip(A)j; x
©(D)j; =0, a contradiction. Thus, we conclude that either A or A’ or D is central.
When K is a finite field, the same argument as in Lemma 2.2 can be adopted to get
our conclusion. (]

Lemma 2.4. Suppose R = M (K), the algebra of all k x k-matrices over the
field K having characteristic value different from 2 and k > 3. Suppose for some
a,A,B,D',P € R,

au’D’ + AuBuD' — uauD’ — vAuP =0

for all w € [R, R]. Then one of the following holds:
(1) Ae Z(R);
(2) B e Z(R);
(3) D' € Z(R).

Proof. Let K be an infinite field.

On the contrary, we assume that A, B and D’ are not central matrices. Then
by [7], Lemma 1, there exists an inner automorphism ¢ of R such that ¢(A4), ¢(B)
and ¢(D’) have all the entries nonzero. By hypothesis

(2.15)  pla)u’o(D') + o(A)up(B)up(D') — up(a)up(D") — up(A)up(P) = 0

for all w € [R, R]. Replacing u = [z1,22] = e;; for any ¢ # j in (2.15) and then
multiplying e;; from both sides we have ¢(A);;p(B)jip(D’); = 0, a contradiction.
Thus, we conclude that either A or B or D’ is central. When K is a finite field, the
same argument as in Lemma 2.2 can be adopted to get our conclusion. O

Lemma 2.5. Let R be a prime ring. If for some a,c, A, B,D € R,
lalz1, 2] + Alz1, 22] B, [T1, 22](c[21, T2] + Al21,22]D) =0

is a trivial generalized polynomial identity (GPI) for R, then one of the following
holds:
(i) AeC;
(i) Be€ C witha+ AB € C;
(i) D € C with c+ AD = 0.

Proof. On the contrary, assume that A ¢ C. Let
(2.16) Y(x1,x2) = [afry, x2] + Alx1, 22 B, [21, x2]](c[21, x2] + Al21, 22]D).

Since the above generalized polynomial identity (GPI) is satisfied by R, then it
would be satisfied by @, see [3]. Let T = @, *¢ C{z1,22} be the free product
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of @, and C{x1,z2} the free C-algebra of noncommutating indeterminates x1, xs.
Then t¢(x1,22) is a zero element in the free product 7. Replacing [z1,z2] = X
in (2.16), we get

(2.17) [aX + AXB, X](cX + AXD)=0¢€T.

Case 1: {1,a, A} is linearly C-dependent. There exist some oy, as, a3 € C such
that a1 + aga + a3A = 0. Since A ¢ C, as # 0 and so we can write a = \A + p for
some A\, u € C.

In the case when A =0, a = p € C and (2.17) reduces to

[AXB, X](cX + AXD)=0€T.
Since {1, A} is linearly C-independent, then we get
AXBX(cX+AXD)=0€eT.

This implies B =0 or D € C with ¢4+ AD = 0. In any case we have the conclusion.
Therefore, we assume A # 0, then a = AA + u for some suitable A\, u € C. Now we
derive from (2.17) that

(M + )X + AXB, X](cX + AXD) =0 € T,

that is,
MX + AXB, X](cX+AXD)=0€T,

ie.,

[AX(\ + B), X](cX + AXD) =0 € T.

Since A ¢ C, the above equation reduces to
AX(A+B)X(cX+AXD)=0¢€¢T.

This implies B+A=0o0r D € C withc+ AD =0. f B+ A =0, thena=X+p=
—AB + p, ie.,, a+ AB € C. Thus, the conclusion follows.
Case 2: {1,a, A} is linearly C-independent. From (2.17) it follows that

AXBX(cX + AXD)=0€T.

This implies B =0 or D € C with ¢+ AD = 0. If B = 0, then (2.17) reduces
to [a, X]X (cX + AXD)=0¢€T. This impliesa € C or D € C with c+ AD =0. In
all the cases we have our conclusions. O
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Proposition 2.6. Let R be a noncommutative prime ring of characteristic not 2
and 3 with extended centroid C' and @, its right Martindale quotient ring. Sup-
pose F(z) = ax + AzB and G(z) = cx + AxzD for all © € R and for some
a,c,A,B,D € Q,. If

[F(u),u]G(u) =0

for all u € [R, R], then at least one of the following conclusions holds:
(1) AeC;
(2) BeC witha+ AB € C;
(3) D e C withc+ AD = 0;
(4) R C M»(K), the ring of all 2 x 2 matrices over the field K.

Proof. By hypothesis
Y(x1, 22) = [afz1, x2] + A1, 22] B, [x1, 22| (c[21, 22] + Alz1, 22]D) = 0

for all z1,z5 € R.

Then by Lemma 2.5, ¢)(x1, x2) is a nontrivial generalized polynomial identity for R
and by [3], ¥(z1,x2) is a nontrivial generalized polynomial identity for Q.

If C is infinite, then @, ®c C, where C is the algebraic closure of C, satis-
fies 9 (x1,22). Since both @, and @, ®¢ C are prime and centrally closed by [10],
Theorems 2.5 and 3.5, then R can be replaced by @, or @, ®c C according to
whether C is finite or infinite, respectively. Therefore, R is centrally closed over C,
which is either finite or algebraically closed. According to Martindale’s theorem
(see [17]), R is a primitive ring with a nonzero socle H = soc(R) with its associative
division ring being C. Again R is isomorphic to the dense ring of linear transforma-
tions on a vector space V' over C' on the basis of Jacobson’s theorem, see [12], P-75.
First we assume that dimc (V) = k is finite, then R = M}, (C). If k = 2, then con-
clusion (4) follows. Thus, assume k > 3. We re-write the above identity in the form

Y(x1, 22) = alzy, .1?2]2(3[.131, xa] + alxy, m2]2A[a:1, x2]D + Alzy, 23] Blx1, z2]c[r1, 2]
+ Alxy, 2] Blxy, k2] Alx1, x2) D — [x1, 2)alz1, x2]c[z1, x2)
— [z1, x2)a[z1, xa) Alz1, 22] D — 21, x2] A[x1, 22| P21, 22)
— [z1, 2] A[x1, 22]Q21, 22| D = 0,

where P = Bc and Q = BA. By Lemma 2.1, we get our conclusions.

Next we consider that dim¢ (V) = co. Assume first that A ¢ C, B¢ Cand D ¢ C.
Since dim¢ (V) is infinite, then [@,, @] is dense on @, by [20], Lemma 2. Therefore,
Q. satisfies
(2.18)
az’cx+ar? AxD+ AzBxca+AxBrAxD—zaxcr—raxr Az D —xAxPr—zAzQxD = 0.
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Since A ¢ C, B ¢ C and D ¢ C, they cannot centralize H = soc(R) and moreover,
H cannot satisfy sgq(x1,29,x3,24) because of its infinite dimensionality. So there
exists t1, to, t3, t4, ts5, tg, t7 € H such that

> [A,#1] # 0,
> [B,ta] #0,
> [D,t3] # 0,
> S4(t4, t5, t(;, t7) # 0.

Now by Litoff’s theorem [11], there exists e? = e € H such that ¢y, s, t3, At1,t1 A,
Bto, taB, Dt3, t3D € eQre and eQre = M,,(C) with m = dime Ve for m > 2.
By (2.18), since @, satisfies

e(az’cx + ax’AxD 4+ AxBxcx + ArBxAxD — zaxcx
— zaxAxD — xAxPr — vAxzQxD)e = 0,

eQ,e satisfies

(eae)z?(ece)x + (eae)x?(eAe)x(eDe) + (eAe)x(eBe)x(ece)x
+ (eAe)x(eBe)x(eAe)x(eDe) — x(eae)x(ece)x
— z(eae)zx(eAe)x(eDe) — x(eAe)x(ePe)x
— z(ede)z(eQe)x(eDe) = 0.

By Lemma 2.1, we obtain at least one of the following conclusions

(1) eAe € Ce, which is a contradiction to the choice of ¢; in H;
(2) eBe € Ce, which is a contradiction to the choice of to in H;
(3) eDe € Ce, which is a contradiction to the choice of t3 in H;
(4) eQre = My (C), ie., eQ e satisfies s4 which contradicts with the choices of tq4,

t5, t(;, t7 in H.

Thus, when dime (V') = 0o, we have proved that either A€ Cor B€ Cor D € C.
If A € C, then conclusion (1) is obtained. Thus, to obtain our remaining conclusions,
we consider either B € C or D € C.

On the other hand, by (2.18), @, satisfies

(2.19) [ax + Az B, z](cx + AzD) = 0.

Replacing  with = + 1 in the above relation we have

(2.20) [ax + AzB + a + AB, z](cx + AzD + c+ AD) = 0.

By using (2.19), the above relation yields

(2.21) l[ax + Az B, z|(c + AD) + [a + AB, z](cx + AzD + ¢+ AD) = 0.
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Replacing = with —x
(2.22) [ax + Az B, z|(c + AD) + [a + AB, z](cx + AzD — ¢ — AD) = 0.

Adding and subtracting relations (2.21) and (2.22), we get by using char(R) # 2
that

(2.23) l[ax + AzB,z|(c+ AD) + [a + AB, z](cx + AzD) =0
and
(2.24) [a+ AB,z](c+ AD) =0,

respectively. By [18], the last relation yields either a + AB € C or ¢+ AD = 0.
Thus, up to now, we have proved that either B € C or D € C and either
a+ AB € C or ¢+ AD = 0. Thus, we have four possible cases:
(1) BeCanda+ AB € C;
(2) BeC and ¢+ AD = 0;
(3) DeC and a+ AB € C;
(4) DeC and ¢+ AD =0.
Since the first and last case gives our conclusions (2) and (3), we need to consider
the remaining cases, which are given below.
Case (i): When B € C and ¢+ AD = 0. In this case, by (2.23)

[a+ AB, z](cx + AzD) = 0.
Assuming A’ = a + AB, we have from above that
Azcx + A'lvAzD — 2A'cx — xA'AxzD = 0.

Assume that A ¢ C, A’ ¢ C and D ¢ C. Then there exist t1, ta, t3, t4, ts, te,
t7 € H such that
> [A,t1] #0,
> [A ta] # 0,
> [D,ts] # 0,
> 84(t4, t5, tG, t7) # 0.
Then by Litoff’s theorem (see [11]), there exists e = e € H such that t1,ta, t3, Atq,
t1A, Aty to A’ Dts, t3D € eQre and eQ.e = M,,(C) with m = dim¢ Ve for m > 2.
By (2.25), we can write as before that eQ,e satisfies

(eA'e)x(ece)z + (eA'e)x(eAe)z(eDe) — x(eA'ce)x — x(e A’ Ae)x(eDe) = 0.
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By Lemma 2.3, we obtain at least one of the following conclusions

(1) eAe € Ce, which is a contradiction to the choice of ¢; in H;
(2) eA’e € Ce, which is a contradiction to the choice of t2 in H;
(3) eDe € Ce, which is a contradiction to the choice of t3 in H;
(4) eQre = My (C), i.e., eQ,e satisfies s4 which contradicts with the choices of tq4,

ts, te, t7 in H.
Thus, we conclude that either A € C or a + AB € C or D € C. Hence, conclu-
sions (1), (2) and (3) follow.
Case (ii): When D € C and a + AB € C. In this case, (2.23) reduces to

(2.25) [ax + AzB,z](c + AD) = 0.
Assuming D’ = ¢+ AD, we have from above that
az®D’ + AxBxD' — zaxD' — xAxzBD’ = 0.
Assume that A ¢ C, B ¢ C and D’ ¢ C. Then there exist t1,t2,t3,t4,t5,t6,t7 € H,
such that
> [Aatl] # 07
> [thQ] 7é 07
> [D/, t3] 75 0,
> 84(t47 t57 t67 t7) 7é 0.
Then by Litoff’s theorem (see [11]), there exists e? = e € H such that t1,to,t3, Aty,

t1A, Bto, toB, D't3, t3D’ € eQ,e and eQ,e = M,,(C) with m = dim¢ Ve for m > 2.
By (2.26), we can write as before that eQ,e satisfies

(eae)z®(eD’e) + (eAe)x(eBe)x(eD'e) — x(eae)z(eD'e) — x(eAe)x(eBD'e) = 0.

By Lemma 2.4, we obtain at least one of the following conclusions

(1) eAe € Ce, which is a contradiction to the choice of ¢; in H;
(2) eBe € Ce, which is a contradiction to the choice of to in H;
(3) eD’e € Ce, which is a contradiction to the choice of ¢3 in H;
(4) eQre = My(C), ie., eQ,e satisfies s4, which contradicts with the choices of tq4,

t5, t(;, t7 in H.
Thus, we conclude that either A € C or B € Cor ¢+ AD € C. Let c+ AD = 0.
Then conclusions (1), (2) and (3) follow. Hence, assume that 0 # ¢+ AD € C. Then
by (2.25), @, satisfies

(2.26) [ax + AzB, z] = 0.

Then by Theorem 1.1 of [16] we have B € C with a + AB € C. This is our
conclusion (2). Hence, the proposition is proved. (I
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Proposition 2.7. Let R be a noncommutative prime ring of characteristic not 2
and 3 with extended centroid C' and @, its right Martindale quotient ring. Sup-
pose F' and G are two nonzero b-generalized skew derivations of R, defined as

1

F(x) = ax + bpzp~tu and G(x) = czx + bpxp~ v, respectively, for all x € R and

for some a, b, c,p,u,v € Q, with some invertible p. If
[F(u), u)G(u) =0

for all u € [R, R], then one of the following conclusions holds:
(1) there exists A € C such that F(x) = Az for all x € R;
(2) R C My(K), the ring of all 2 x 2 matrices over the field K.

Proof. By Proposition 2.6, one of the following holds:

(1) bp € C; in this case F' and G become generalized derivations and hence the
conclusion follows by [1], Proposition 2.12;

(2) p~tu, a+bu € C; in this case F(z) = Az for all € R, where A = a+ bu € C;

(3) p~tv € C and c + bv = 0; in this case G = 0, a contradiction;

(4) R C My(K), the ring of all 2 x 2 matrices over the field K. O

Proposition 2.8. Let R be a noncommutative prime ring of characteristic not 2
and 3 with extended centroid C' and @, its right Martindale quotient ring. Suppose
a € Aut(R) and F, G are two nonzero b-generalized skew derivations of R, defined
as F(xz) = ax + ba(zx)u and G(x) = cx + ba(x)v, respectively, for all x € R and for
some a,b,c,u,v € Q,. If

[F(u),u]G(u) =0

for all u € [R, R, then at least one the following conclusions holds:
(1) F(z) = Az for all z € R and for some A € C;
(2) R C M»(K), the ring of all 2 x 2 matrices over a field K.

Proof. If a is an inner automorphism or = 0, then the conclusion follows by
Proposition 2.7. Therefore, we assume that « is an outer automorphism on R and
b # 0. By hypothesis, R as well as @, satisfy

[az + ba(z)u, z](cx + ba(z)v) =0
for all z € [@,,Q,]. Since « is outer, @, satisfies
(2.27) [alzy, 2] + bly1, yalu, [21, @o]|(cl1, 22] + bly1, yo]v) = 0.
Assuming y; = yo = 0, we have from above that
(2.28) [a]x1, x2], [x1, z2]]cz1, x2] = 0.
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Thus, by using (2.28), equation (2.27) reduces to

(2.29) lalz1, z2], [z1, 22]]b[y1, y2]v + [bly1, yolu, [21, w2]]c[z1, 2]
+ [bly1, yolu, (1, z2])bly1, y2lv =0

for all z1,x2,y1,y2 € Q.. Now putting y; with —y; in (2.29) we get

(2.30) —la[z1, z2], [x1, z2]]bly1, y2]v — [bly1, y2]u, [x1, 2]]c[x1, 22)
+ [b[yla yQ]ua [331, $2]]b[y1,y2]v = 0.

By adding (2.29) and (2.30) and then using char(R) # 2, we have that @, satisfies

[b[ylv yQ]U, [xla $2]]b[y1, y2]’U =0.

Above equation can be written as

(bly1, y2Ju) X (bly1, y2lv) — X (bly1, y2]u) (bly1, y2lv) = 0

for all X € [@,,Q,]. By Lemma 2.2 in [5] either b[y1, y2]u € C for all y1,ys € Q, or
blyr,y2Jv = 0 for all y1,y2 € Q... Since b # 0, this implies either u = 0 or v = 0.

If w =0, by (2.29), Q, satisfies [a]z1,z2], [1, 22]](bly1, y2]v) = 0. Right multi-
plying by [z1,z2] and applying [1], we must have either a € C or blyy,y2]v = 0,
i.e., v = 0. The first case gives F'(x) = az for all x € R which is conclusion (1) and
the second case gives G = 0, a contradiction.

If v = 0, by (2.29), Q, satisfies [bly1, y2]u, [z1, z2]]c[z1, 2] = 0. Left multiplying
by [x1,x2] we have [[x1,z2](b[y1, y2]u), [x1, z2]]c[x1,22] = 0. Then by [1], either
bly1,y2Ju € C, ie., u =0o0r ¢ =0. If ¢ =0, then G = 0, a contradiction. Thus,
u = v = 0. Then F, G becomes generalized derivations and so conclusion follows
by [1]. O

3. PROOF OF THE MAIN THEOREM

Lemma 3.1. Let R be a prime ring of char(R) # 2,3, 0 # b € R, a an automor-
phism of R. If R does not embed My(K) for a field K and R satisfies
(3.1)
[b(t1ze + a(x1)te — toxy — a(2)tr), [x1, 22]]b(t12 + (a1 )ts — toxs — a(z2)ty) =0,

then R is commutative.
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Proof. Assume that R is noncommutative. If a = Id, then R satisfies
(3.2) [b([t1, z2] + [T1,12]), 71, 22]]b([t1, 22] + [21,12]) = 0.
In particular, replacing ¢; with [g, 1] and t3 with [g, z2] for some ¢ ¢ C, we have
[bg[z1, x2] — b[z1, x2)q, [21, 22]](bg[x1, 2] — b[z1, 22]q) = 0.
By Proposition 2.6, b € C. Then (3.2) reduces to
(3.3) [[t1, z2] + [21, 2], [21, 2] ([t1, w2] + [21,22]) = O,

which is a polynomial identity for R. Thus, by Lemma 1 of [14], there exists a field C
such that R C My(C), k > 2, such that My(C) satisfies (3.3). But for ¢t; = 0,
ta = e21, T1 = €11, T2 = €12, we have

0 = [[t1, w2] + [21, t2], [1, 22]]([t1, 22] + [71,22]) = [[e11, e21], [e11, ex2]][e11, €21] = €21,

a contradiction. Thus, we may assume that « # Id map.
Next assume that « is inner, i.e., there exists invertible p € @, such that
a(z) = prp~*, where p ¢ C. Thus, from (3.1), we have

[b(tlxg—l-pxlp*ltg—tga:l —pl‘gpiltl), [331, xg]]b(tlxg—l-pxlp*ltg—tgxl —pl‘gpiltl) =0.
Replacing t; with pt; and to with pte, we get
[bp([t1, 22] + [z1,22]), [21, 22]]bp([t1, 22] + [21,%2]) = 0.

This is the same as (3.2). Thus, by the same argument as above, we have bp € C.
Since bp # 0 (as bp = 0 implies b = 0, a contradiction), we have

[[t1, 2] + [21, t2], [21, 22| ([t1, w2] + [21,22]) = 0.

This is the same as (3.3) and so it leads to a contradiction.
Next assume that « is not inner. By (3.1), R satisfies

[b(t122 + y1te — tax1 — Yot1), [x1, z2]]b(t122 + Y1ta — taxr — yat1) = 0.
In particular, assuming y; = z1 and y» = x2, we have that R satisfies
[b([t1, z2] + [z1, t2]), [21, 22]]b([t1, 2] + 21, £2]) = 0.
This is the same as (3.2). Thus, by the same argument the conclusion follows. O
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Lemma 3.2. Let R be a prime ring of char(R) # 2,3, 0 # b € R, « an automor-
phism of R. If R does not embed My(K) for a field K and R satisfies

(3.4) [b(trza+a(wr)ty—tars —a(ra)tr), [21, 22]l{(c+bg)[1, 22] —ba([ry, 22])q} = 0,

then one of the following holds:
(i) R is commutative;
(ii) o =Id, g € C with ¢ = 0;
(iii) a(x) = prp~! and p~lq € C with c = 0;
(iv) g=c=0.

Proof. Assume that R is noncommutative. If a = Id, then R satisfies
(3.5) [b([t1, 2] + [w1, t2]), [21, w2]l{ (¢ + bg)[w1, 2] — blz1, 22]q} = 0.
In particular, replacing ¢; with [¢/, z1] and 5 with [¢, z2] for some ¢’ ¢ C we have
(3.6) [bq'[21, x2) — b[z1, 22]q, [21, 22]]{(Cc + bq)[71, 22] — b[T1, 22]q} = O.

By Proposition 2.6, b € C or g € C with ¢ =0. If b € C, (3.6) reduces to

[[q', [z1, @2]], [21, 22][{(c + ba)[x1, 2] — [21, 22]bg} = 0.

By [1], bqg € C with ¢ =0. As b # 0, we have ¢ € C with ¢ = 0.

Next assume that « is inner, i.e., there exists invertible p € @, such that
a(z) = prp~!, where p ¢ C. Thus, from (3.4) we have
[b(tis + prip™ s — tawy — prap™ '), [21, 22]){(c+ bg) 21, 23] — bp[z1, 22]p~ g} = 0.
Replacing t; with pt; and to with pto, we get
3.7) [bp([t1, wo] + [21, ta]), [, w2][{(c + bg) [w1, 22] — bplz1, 22]p™ ¢} = 0.

In particular, for to = 0 and ¢; = 1, R satisfies

[bpla1, 2], [21, 22]){(c + bg) a1, 2] — bpla1, 22]p~ g} = 0.

By Proposition 2.6, bp € C or p~1q € C with ¢ = 0. If bp € C, then by (3.7) we have

[([tla xQ] + [xla tQ])v [xla xQH{(C + bQ)[xla xQ] - bp[xla xQ]pilq} =0.
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Again assuming ¢, = [p/,z1] and t2 = [p/,x3] for some p’ ¢ C and then using
Proposition 2.6, we may conclude that p~'q € C with ¢ = 0. Thus, in all the cases
we have p~1q € C with ¢ = 0.

Next assume that « is not inner. By (3.4), R satisfies

(38) [b(t1$2 + yltz —toxy — ygtl), [(El, (EQH{(C + bq)[xl, (EQ] — b[yl, yg]q} =0.
In particular, assuming y; = =1 and y» = x2, R satisfies
(b([t1, 2] + [1,t2]), [T1, 22][{(c + bg)[71, T2] — bl21, 22]¢} = 0.

This is the same as (3.5). Thus, by the same argument we have ¢ € C' with ¢ = 0.
If ¢ = 0, we have conclusion (iv).
Assume g # 0. Then (3.8) reduces to

(3.9) [b(t122 4+ yrte — taxy — yat1), [x1, 22]]b([z1, 2] — [y1,¥2]) = 0.
In particular, for y; = yo = 0 and ¢; = x1 and t2 = x2, we have

[blx1, z2], [T1, 22]]b[x1, 2] = 0.
By Proposition 2.6, b € C. Then (3.9) reduces to

(3.10) [(tro + y1te — towy — yot1), [x1, z2]]([21, 22] — [y1,%2]) = 0.

This is a polynomial identity for R. Thus, by Lemma 1 of [14], there exists a field C
such that R C M (C), k > 2, such that M (C) satisfies (3.10). But for t; = 0,
ty = ea1, T1 = €11, T2 = €12, Y1 = Y2 = 0, we have

0 = [(tiza + yita — tax1 — yot1), (1, z2)]([z1, z2] — [Y1,92]) = €12,

a contradiction. O

Lemma 3.3. Let R be a prime ring of char(R) # 2,3, 0 # b € R, « an automor-
phism of R. If R does not embed My(K) for a field K and R satisfies
(3.11)

[a]xy, 2] + b(c[z1, x2] — a([z1, 22])c), [T1, 22]]b(t1 22 + a(21)ta — taz1 — a(z2)ty) = 0,

then one of the following holds:

(i) R is commutative;

(i) a=1d, a,c€ C;
(iii) a(x) = prp~! and a,p~tc € C;
(iv) a(z) = prp~! and a,be,bp € C;
(v) a,c € C with be = 0.
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Proof. Assume that R is noncommutative. If a = Id, then R satisfies
[(a 4 be)[zy, 2] — blay, xa]c, [z1, 2o]]b([t1, x2] + [21,t2]) = 0.

In particular, replacing ¢; with [¢/, z1] and t3 with [¢/, x2] for some ¢ ¢ C, we have
(3.12) [(a+ be)[x1, xa] — blay, x2]e, [x1, 22]]b(q [21, 22] — [21, 22]¢") = 0.

By Proposition 2.6, b € C or a,c€ C. If b € C, (3.12) reduces to

[(a + be)[z1, 2] — [21, 22]be, 21, 22])(¢'[21, 22] — [21, 22]¢") = 0.

By [1], a,bc € C. Since 0 # b € C, we have ¢ € C. Thus, in all the cases we have
a,c € C. This gives conclusion (ii).

Next assume that « is inner, i.e., there exists invertible p € @, such that
a(z) = prp~*, where p ¢ C. Thus, from (3.11), we have
[(a + be)[ar, xa] — bplzr, 2olp~ e, [w1, 2a|b(t129 + prap™'ta — toxy — prap™'t1) = 0.
Replacing t; with pt; and to with pta, we get

[(a + be)[x1, x2] — bplaq, xg]pflc, [x1, z2]]bp([t1, z2] + [71,t2]) = 0.

In particular, for t, = 0 and t; = 1,

(3.13) [(@+ be)[x1, xa] — bp[z, 2a]p~te, [21, 22])bp[x1, 2] = 0.

By Proposition 2.6, bp € C or p~tc,a € C. As bp = 0 implies b = 0, a contradiction,

thus by (3.13), 0 # bp € C implies
[(a‘ + bc)[xla xQ] - [xla {EQ]bC, [xlv 1‘2]”251, xQ] =0.

By [1], a,bc € C. Thus, conclusions (iii) and (iv) are obtained.
Next assume that « is not inner. By (3.11), R satisfies

[(a + be)[w1, 2] — blyr, yale, [w1, w2]]b(trwz + yrte — towy — yat1) = 0.
In particular, assuming y; = z1 and y2 = z2, R satisfies

[(@ + be)[w1, x2] — blyr, y2le, [x1, 22]|b([t1, x2] + [21,%2]) = 0.
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This is the same as (3.12). Thus, by the same argument we have a,c € C. Hence,
the above equation reduces to

[be([z1, 22] — [y1,y2)), [21, 22]]b([t1, 22] + [21,22]) = 0.
Right multiplying by ¢, we have
[be([z1, z2] — [y1, y2]), (21, 22]]be([t1, 22] + [21,22]) = 0.

Assuming y; = y2 = 0, t; = 7 and t2 = 0 and then using Proposition 2.6, we
have bc € C. Then from above

(be)?[[y1, yal, [21, w2])([tr, 2] + 1, t2]) = 0.

This implies that either be = 0 or R satisfies [[y1,y2], [x1, z2]]([t1, 2] + [21,t2]) = 0.
The last one is a polynomial identity for R. Thus, by Lemma 1 of [14], there exists
a field C' such that R C My(C), k > 2, such that M (C) satisfies

[y, y2l, [x1, z2]]([t1, z2] + [z1,t2]) = 0.

But for t; =0, t3 = e12, ¥1 = €11, T2 = €12, Y1 = €22, Y2 = €21, We have

0= [[y1,y2], [z1, 22]]([t1, 22] + [21,t2]) = —en2,

a contradiction. O

Now we are ready to prove our Theorem 1.1.

Proof of Theorem 1.1.  Since char R # 2 and L is a Lie ideal which is not
central valued on R, then by Lemma 1 of [2], there is a nonzero ideal I of R such
that [I,I] C L. Moreover, as L is noncentral, R must be noncommutative.

Since F and G are b-generalized skew derivations, by Lemma 3.3 of [9], we have
F(z) = ax + bd(x), G(z) = cx + bd(z) for all z € R and a,b,c € Q,, where d, J are
two skew derivations on R.

Any skew derivations on R can be extended uniquely to @, and R and @, satisfy
the same GPIs with a single skew derivation, see [4], Theorem 2. Hence, by our
hypothesis, Q, satisfies

la[z1, zo] + bd([z1, 22]), [x1, 22]](c[z1, 22] + bO([21, 22])) = 0
for all z1,z2 € @Q,.. Using the definition of d as well as J, we get

(3.14) [afor, 23] + b(d(z )22 + ale)d(w) — d(@2)o1 — alz2)d(@r)), 11, 22]]
X (c[x1, x2] + b(0(z1)x2 + ax1)d(z2) — 6(x2)21 — (w2)0(21))) =0
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for all z1,29 € Q.. If b = 0, then F and G would be generalized derivations
on R and so the conclusion easily follows from [1], Theorem 2 and also if d and §
both are simultaneously inner skew derivations on R, then the result follows from
Proposition 2.8. Therefore, we are going to analyze the situation considering d and §
both are not inner simultaneously on R along with b # 0.

Case (i): d and ¢ are linearly C-independent modulo SDjy¢. Since none of d and &
are Q) -inner, so by Theorem 1 of [4], (3.14) yields

[a[xl, 332] + b(t1$2 + Oé(J,‘l)tQ — tox1 — Oé(xg)tl), [1‘1, J)Q]]

x (c[z1, w2] + b(wims + a(z1)we — wazy — a(w2)wr)) =0

for all 1, xo,t1,t2, w1, ws € Q..
In particular, @), satisfies blended component

[b(t122 + (1)t — toxr — a(x2)tr), [x1, 22]]b(wize + ax1)we — wexy — a(x2)wr) =0

for all x1,x0,t1,t2, w1, wy € Q,. Assuming w; = t; and wy = t2 and then applying
Lemma 3.1, we conclude that R is commutative, a contradiction.

Case (ii): d and 0 are linearly C-dependent modulo SD;y¢. In this situation, there
exist 7,7 € C, h € Q, and ¢ € Aut(R) such that vd(y) + nd(y) = hy — 1 (y)h for all
y € R. If vy =0, then 1 # 0. So we have §(y) = a’y — ¥ (y)a’, where a’ = n~1h and
for all y € R. As each inner skew derivation is associated with an automorphism
uniquely, so ¥ = « in this scenario. Since J is inner, so d must be an outer skew
derivation on R. In this case, from (3.14) we get

lalz1, z2] + b(d(z1)72 + a(x1)d(z2) — d(x2)71 — 32)d(21)), [771, 22]]

X (c[xy, o] + ba'[z1, 22] — a[x1, 22])a’)) = 0
for all x1, x5 € @,. Since d is an outer skew derivation on R, we have

[a[xl, 332] + b(t1$2 + Oé(J,‘l)tQ —tox1 — Oé(xg)tl), [1‘1, J)Q]]

X (c[xy, o] + ba'[z1, 22] — a[x1,22])a’)) = 0
for all z1, x5 € Q,. In particular, @), satisfies blended component
[b(t1z2+a(z1)te —taxy —a(z2)t), [T1, 2] (c[x1, T2 +b(a [T1, 2] — ([71, 2] )a")) = 0.

By applying Lemma 3.2, either R is commutative or G = 0. In all the cases, we have
contradiction.
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Next assume that v # 0. Then d(z) = pd(z) + a1z — o(x)ay for all x € R, where
0= —~"'nand a; =y~ 'h. In this case, from (3.14) we get

00(x1)z2 + ax1)0d(x2) — 06(x2)x1 — a(2)00(21))
ai[z1, 2] — o([z1, 22])ar), [x1, 22]]

clxy, xa] + b(0(z1)xe + ax1)d(z2) — 6(x2)z1 — (w2)d(21))) =0

for all x1,z2 € @Q,.. Since § is outer, we have

(3.15) [a[z1, 2] + b(ot1x2 + (1) 0ts — otaz — a(x2)0ty)
+ b(a‘l[xla xQ] - J([xla x2])a‘1)7 [xlv xQH
X (clxy, xa] + b(t12a + az1)te — taxy — ax2)t1)) =0

for all x1,x9 € Q... In particular, @, satisfies blended component
[b(ot1xeta(z)ots—potozr —a(xz2)0t1), [21, 2]](b(t1x2+ (21 )ta —toxs —a(x2)t1)) = 0.
If o # 0, then by Lemma 3.1, R is commutative, a contradiction. Thus, assume that

o0 = 0 and then d must be inner skew derivation. In this case, by the same argument
o = o. Thus, by (3.15)

lalz1, z2] + b(a1[z1, z2] — a([z1, 22])ar), [21, 22]]

X (C[l‘l, 1‘2] + b(f,ll‘g + Oé(lil)lfg —tox1 — Oé(l‘g)tl)) =0
for all z1, x5 € Q,. In particular, R satisfies blended component
[a[z1, z2]+b(ar [21, z2] —a([z1, 22])ar), [21, 22]](b(t1 22+ (1 )t2 —t2z1 —a(z2)t1)) = 0

for all x1,z2 € @,. Then by Lemma 3.3, F(z) = ax for all x € R, with a € C. Thus,
the proof is completed. O
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