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Abstract. Let j > 2 be a given integer. Let Hj, be the set of all normalized primitive
holomorphic cusp forms of even integral weight k > 2 for the full modulo group SL(2, 7).
For f € Hy, denote by gy (n) the nth normalized Fourier coefficient of jth symmetric

power L-function (L(s, sym’ f)) attached to f. We are interested in the average behaviour

of the sum )
Z )‘sme f (’I’L),

—a24a24a24a2+a24a2<a
n=a?+aZ+a2+a2+a2+al<e
(a1,a2,a3,a4,a5,a6)€20

where z is sufficiently large, which improves the recent work of A.Sharma and A.Sankara-
narayanan (2023).
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1. INTRODUCTION

Let H} be the set of all normalized primitive holomorphic cusp forms of even
integral weight k > 2 for the full modulo group I' = SLy(Z). Then for each f € Hj,
let Ay(n) be the normalized nth Fourier coefficient of the Fourier expansion of f(z)
at the cusp oo, i.e.,

)
f(z) = Z )\f(n)n(kfl)/QeQKinz7
n=1
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where ¥(z) > 0. Then the L-function attached to A¢(n) is defined as

o0
A

for R(s) > 1, where A¢(n) are the eigenvalues of all the Hecke operators. It is well
known that A;(1) = 1 and Ay(n) is real and satisfies the multiplicative property

M) = 3 (),

d|(m,n)

where m > 1 and n > 1 are positive integers. Moreover, in 1974, Deligne in [2]
proved the Ramanujan-Petersson conjecture

[As(n)] < d(n),

where d(n) is the divisor function. In other words, Deligne proved that for any
prime p there exist complex numbers a(p) and S(p) such that

a(p) + B(p) = Ar(p), a(p)B(p) = |alp)| = B(p)| = 1.

Therefore, L(s, f) can be written as

L(s, f) = H(1 - @)_1 (1 - @)_1 (R(s) > 1).

p b b
The jth symmetric power L-function attached to f € H* is defined as
J a] mﬁm
L(s,sym? f) : H H ( ) (R(s) > 1),
p m=0

which can also be expressed as the Dirichlet series

oo
i )‘sme f (n) Asymjf (pm)
e | (B oE )]
n=1 p m>1
Note that Agymif(n) is a real multiplicative function, and
L(s,sym’f) = ((s), L(s,sym'f) = L(s, f).
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The average behaviour of Fourier coefficients attached to cusp forms is an interesting
and important topic in modern number theory, and has been considered by a number
of authors in various aspects. In 2006, Fomenko in [3] established that

Z Asym2f(n) < /2 1og? z.

n<e

Later, the related sums have been paid more attention by many scholars. Fur-
thermore, Lau and Lii in [10] and Tang and Wu in [16] studied the sums related to
symmetric power L-functions of higher degrees. On the other hand, Fomenko in [4]

studied the sum of )\gymz s(n). In fact, he showed that

> Amep(n) =cx+0(°), <1

n<x

Later, Tang in [15] improved the error term of the above sum to O(z'%/13 log” z).
In 2013, Zhai in [17] considered the sum

> N

n:a2+b2§z
a,beZ

for z > 1, 3 < I < 8. This provided more interesting result to the average sum of
Fourier coefficients. In 2022, Sharma and Sankaranarayanan in [13] proved that

Z )\gymzf(n) =1z + Of(m9/5+€)

n:a2+b2+c2+d2 Lz
a,b,c,de’

for any € > 0 and sufficiently large x > xo, where ¢y > 0 is a suitable constant
depending on f. Later, Hua in [6] improved the error term. In addition, in [14],
Sharma and Sankaranarayanan established the asymptotic formula of the sum

— 2
Sj T Z Asyrnﬂf(n)'
n=a%+a3+a3+ai+aitai<a

6
(a1,a2,a3,a4,a5,a6)EZ

Indeed, they got
(1.1) S; = Cf,jx?’ 4 O(x3*6/(3(j+1)2+1)+6)

for 7 > 2 and any € > 0, where cy ; is an effective constant depending on f and j.
Our purpose is to improve the error term of (1.1). We have the following result.

625



Theorem 1.1. Let j > 2 be any fixed integer. For a sufficiently large x and any
small constant € > 0 we have

S = cg 2% + O(x8~6/BUTD —Dtey

where '
16 ’
crj = EL(?; X) H L(1,sym?" f)L(3,sym*" f @ x)H;(3),

n=1
and x is the nonprincipal Dirichlet character modulo 4 and H;(s) is a convergent
Dirichlet series in Lemma 2.2.

Remark 1.1. Obviously, the error term in our theorem is better than (1.1). In
our proof, we give one different way to move the integral line, which can be used in
more suins.

Notation. Throughout this paper, the letter £ represents a sufficiently small
positive constant, not necessarily the same at each occurrences. The constants, both
explicit and implicit, in Vinogradov symbols may depend on f and €.

2. PRELIMINARY LEMMAS

In this section, we introduce some important lemmas for our proof. Let ry(n) :=
#{(n1,n2,...,ng) € Z¥: n?+n%+...+n? = n}. Then we have the following lemma.

Lemma 2.1. Let x be the nonprincipal Dirichlet character modulo 4. Then we

have

S - Z Asmef =16 Z )‘smef —4 Z Asmef )

n<w n<x n<x
where I(n) = Y x(d)n?/d? and v(n) = > x(d)d?
dln d|n

Proof. For the details, we refer to [14], Section 2. O

Lemma 2.2. Let f be a normalized primitive holomorphic cusp form of weight k
for SL(2,7Z), and let Agymif(n) be the nth normalized Fourier coefficient of the
jth symmetric power L-function associated to f. If

> N2 (n)l(n
) = 5 S 010

ns
n=1
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for R(s) > 3, then
Li(s) = Gj(s)H;(s),

where _
J
Gi(s) = ((s = 2)L(s,x) [ L(s — 2,sym® f)L(s,sym>" f @ x),
n=1

and  is the nonprincipal character modulo 4. The function H;(s) admits a Dirichlet
5

series which converges uniformly and absolutely in the half plane R(s) > 3, and
Hj(s) #0 on R(s) =3.
Proof. The author refers the reader to [14], Lemma 2.2. O

Lemma 2.3 ([14], Lemma 2.3). Let f be a normalized primitive holomorphic
cusp form of weight k for SL(2, Z), and let Ayy,jr(n) be the nth normalized Fourier
coefficient of the jth symmetric power L-function associated to f. If

° /\5 i (1)
Vi) =32 =i
n=1

for R(s) > 3, then

where

Gj(s) == C(s)L(s = 2,%) ] L(s,sym®" f)L(s — 2,sym*" f ® x),

n=1

and x is the nonprincipal character modulo 4. Here H;(s) admits a Dirichlet series
which converges uniformly and absolutely in the half plane R(s) > 2, and H;(s) # 0
on R(s) = 3.

Lemma 2.4. For % <o < % we have

@) [ ot s e i) > 2

. 1 = Srn nd0 0
L o\ 92 859 — 0480

uniformly for T > 1, and

(2.2) C(o +it) < (1 + [¢]ymaxt13(1=0)/42,0}+¢

uniformly for % <o<1l+4ceandlt > 1.

Proof. The first result is given by Ivi¢ (see [8]), and the second result is due to
Bourgain, see [1]. O
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Lemma 2.5. Let f € H}} and L(s, f) be the L-function associated to f. Then
for % < 0 < 1+¢, it holds uniformly

(2.3) Lo +it, f) < (1 + [t|)1=)/3+¢

for |t| > to, where tq is sufficiently large.
Proof. The result follows from Good (see [5]) and Phragmén-Lindelof convexity

principle for a strip. (I

Lemma 2.6. Let f € H}, and let L(s,sym?f) be the symmetric square L-function
attached to f. Then for o = 21133

383167
T
(2.4) / |L(o + it, symzf)|12772/5251 dt <« T'*
1
uniformly for T > 1, and
(2.5) Lo +it,sym?f) < (1 + [¢|)mex{6(=0)/5,0}+e

uniformly for % <o<landl|t| >1.

Proof. The proof of the first result will be given in Section 4, and the second
result is due to Lin, Nunes and Qi, see [11]. |

Lemma 2.7. Let x be a primitive charater modulo q and 37%7"(8, X) be a general
L-function of degree 2A. For any ¢ > 0,

2T
(2.6) / 128 (o +it, x)|? dt < (qT)*A )+
T

uniformly for % < o< 1+4¢,and T > 1. Furthermore,
(2.7) L (o +it,x) < (qft] + 1ymex A=)+

uniformly fore <o < 1+¢.

Proof. For the proof, see [9]. O
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3. PrOOF OF THEOREM 1.1

We are now in a position to prove Theorem 1.1. Firstly, we note that

S; =163 A2 i (m)l(n) =43 A2 (n)v(n)

n<e n<e

by Lemma 2.1. Thus, we can first estimate the sum 16 Z )\Sme s(m)l(n). By apply-

ing Perron’s formula (see [12], Theorem 2.1) for £;(s) of Lemma 2.2, we have

16 n+iT 5 x3+6
(3.1) 16522, (n) 2_711/4 L)% ds +0( ),
n<e n—t
where 7 = 3+ ¢ and 10 < T < z is a parameter to be chosen later. Note that there

is only one simple pole at s = 3 for £;(s)x®/s coming from the factor {(s — 2) by
Lemma 2.2 in order to use Cauchy’s residue theorem, we shift the contour of the
integration in (3.1) to the line Rs = x := 2 4+ 27133/38316. Then we obtain

16 KAi1T 8 n+iT 78
165 A2 - = Li(s)d Li(s)-d
n§<:z sym! f ijil,' + 2]11{/ T ](S) s S+~/n+iT ](S) s S
k—iT s 3+e
X X
£5(s) % ds ¢+ 0(“)
+/niT J(S)S 5}"’ T
. 16 34¢
= Cf’j$3+2—m(J1+J2+J3)+O<xT ),

where cy ; is a suitable constant depending on f and various associated L-functions.
More precisely,
Li(s) 16 !

= 5 LG3.x) [] L1 sym™ [)L(3, sym®" f @ x)H;(3).

¢r; = 16lim(s — 3)

n=1

For Ji, by (2.1), (2.4), (2.6) and (2.7), along with Holder’s inequality, we have

J1<</T [C(k — 2+ it) zL:lL(/i—2+it,sym2"f)|
7 It]

" dt

1 T 1135/12772
< 2 4 2" log T max  — / |C(/@—2+it)|12772/1135 dt
1< <T T T /2

. 5251/12772
X </ |L(k — 2+ it, sym2f)|12772/5251 dt>

Ty /2

i) 2 1/2

“( ")}
Ti/21),

< 2 4 xn+eT<<<j+1>2f4>/2><3fn>71/2+e < e (((+1)2=4)/2)(3—r)—1 /24

J
HL K — 24 it, sym?" f)
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For the integrals over the horizontal segments Jo and Js, by (2.2), (2.5) and (2.7),
we have

(o —2+iT L(o — 2 +iT, sym?"
Jo+ 3K ) [Ty L€ Sl f)x" do
¢(o +iT) || L L(o +iT, sym®" f
- (o +iTs )a:“2da

/lJrE
_2 20 T(13/4246/5+((j+1)?~4)/2) (1-0) +e
T <0’<1+6

2

< max T T((jJrl) /2—103/210)(1—0)+e

T k— 2<o< 1+

x3te 2 . .
< 4+ grtep((+1)?/2-103/210)(3—r)—14e
T

<

By comparing the bound J, + J3 with the bound J;, we get
(3.2) 162 A2 340(x e p(((+1)°—4)/2)(3—r)— 1/2+5)+0 e
mef =Cfix T

n<e

On taking x3+s/T:xﬁ+eT(((j+1)2—4)/2)(3—@)—1/24—57 ie., T:x22366/(11183(j+1)2—6416)7

we have

(3.3) 162 )\Smef _ cf]x +0(z 3— 22366/(11183(j+1)276416)+5).

n<e

Similarly, we apply Perron’s formula to V;(s) with n = 3+¢ and 10 < T < . Thus,

n+iT s

4Z>‘sym1f (n) = i/T7 Vj(s)x—ds+0<

2m : S
n<e —iT

3+e

)

We move the line of integration to R(s) = %. Note that there is no singularity in the
rectangle for the L-function Vj(s) obtained by Lemma 2.3 and for V;(s)z®/s also is.
Consequently, by Cauchy’s theorem, we get

4 Z )‘smef )

n<x

4 8/3+iT o n+HiT 25 8/3—iT 25
=—.{/ volat [ veDas [ vt )
2mi 8/3—iT S 8/3+iT S n—iT S

x3+6
(=)
+ T

4
=: 2—]_[1(11 +12+I3)+0<

x3+6
)
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The contribution of I; in absolute value (by using Lemma 2.3, 2.5, 2.6, 2.7 and
Cauchy’s inequality) is

T . j 2
< / |L(2/3 4 it,00) Ty L(2/3 + it sym® f © X)| gs
-T

|t|
<<x8/3+6 + x8/3+6 10gT

1 n
X max —
IST<T T { </T /2
(TG s 4
Ty /2
1

n=2
<a®/3te 4 283 1og T max —

1<Ti<T T4
X max
Ty /2<t§T1

+1tx‘/
J

Ty 2 ] . 2 1/2
() ) )

< gB/3He o g8 3ep((1/3)(1/3)241) /24 ((+1)2~4)/3) /2 1+

L(% + it X)L(; + it, sym2f> ‘2 dt)l/2

)}

5 \1/2
+1t sym f)‘ dt)

<<x8/3+sT(j+1)2/6—19/18.

Here we have used
2T 9 9
/ ‘L<§ + it,smef)‘ dt < T,
T

which follows from [7], Thoerem 1.

The contribution of horizontal line integrals Iy + I3 in absolute value (by using
Lemma 2.3, 2.5, 2.6 and 2.7) is

" Lioc — 2+ iT I L(o — 2 41T, sym?"
I2+13 <</ ‘ (U +1 7X) n=1 (U +1 , Sy f®X)(EU do
8/3 T
1+4e . i : n
o [T o o L™ o,
2/3 T
SC2

max 20 T(1/3+6/5+((i+1)%~4)/2)(1~0)+e
T 2/3<o<1+e

2
max o T(@+D)?/2=7/15)(1~0)+e
T 2/3<o<14¢

(E?’Jr . . 2 .
< - 4+ g8/3+ep((G+1)7/2=7/15) /3= 1+¢
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Comparing two bounds, we get

8/3+em(j+1)2/6—19/18 zote
43" Ny (n)o(n) = O@*/*+T )+0(=).

n<x

We choose T such that x8/3+e7(+1)?/6-19/18 _ 2B+ T e, T = 26/ B+’ 1)
thus

(3.4) 4 N2 (m)(n) = Oz 8/ BUTD ey

n<e

Combining (3.3) and (3.4), we have
S; = crim 340 6/(3(j+1)*— 1)+5)

This proves the theorem. O

4. PROOF OF (2.4)

It is necessary to mention that Huang, Liu and Zhang in [7] considered the moment
of Maass forms for SL(3,7) in 2021. In fact, denote m(o) as the supremum of all
numbers m such that

T
/ |L(o + it,sym? f)|™ dt < ;T e,
1

They got

4(3 — 20) 2
Z o 3 < 1-

mo) 2 s -0y 3S°SiTE

Unfortunately, their result is not suitable to our purpose. In this section, we

prove (2.4), which improves the above result at o = 27133/38316. In addition, we

need some lemmas to prove it.

Lemma 4.1 ([7], Lemma 2.2). For & <o <1,

T
/ |L(o + it, sym? f)|™(?) dt <« T ¢
1

is equivalent to

> |L(o + ity sym® )| ™) < TV,
r<R

where

(41) T<t,<2T forr=1,...,R; |t,—ts|>10gT for1<r+#s<R.
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Lemma 4.2 ([7], Lemma 2.3). Suppose that + < o < 1 is fixed. Then
R < T1+€V7m(o')
is equivalent to

ST Lo + ity sym? )™ < T,
r<R

where t, is defined by (4.1) and
|L(o + it,,sym?f)| >V > T°.

Lemma 4.3 ([8], Lemma 8.2). Let t; < ... < tr be real numbers such that
T<t <2T forr=1,2,...,R and |t, — t4| >log4Tfor1<r7és<R. If

Z a(n)nafit,,.

M<n<2M

T° <V <

Y

where a(n) < M for M <n <2M,1 < M < T¢ (C > 0), then
R« Te(M*2y=2 L Ty =),

Here

flo) = for

Now it is time to prove (2.4), indeed, it suffices to prove
(4.2) R « Tty —12772/5251

for o = 27133/38316 =: ¢. Standardly, Mellin’s transform implies that

1
3 Agmep(m)e ™™ Y0 = — [ Y*T(w)L(s + w,sym?*f) duw,

m
n>1 (2)

where Y is a parameter which will be chosen later and s = ¢ + it,. with ¢, satisfying
condition (4.1). Moving the integral line to Rw = % — ¢, by the Cauchy’s residue
theorem, we get

1
3" Agmz(n)e ™Y n = = L(s, sym?f) + — / YT (w)L(s + w,sym?f) duw.
n<yY 2m (1/2—c)
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For T — oo, Stirling’s formula implies that

L(s,sym*f) <

Z )\Symzf(n)e*”/ynfs

nlY

log2 T . 1 1
/ Y(1/2*C+W)I‘<<_ _ C) i iv)L<— Fit, + v, sym2f) dv
—log?T 2 2

+

)

which implies that either

V < logT max
M<

Y20 éngom
or 1
V < Y(/279) pg? T‘L(E +it!, smef) }
Here

1 1
‘L(——I—it;,smef)‘ = max ‘L(——I—it,«—i—iv,smef)‘.
2 —log? T<v<log? T 2

We divide the set {¢, } into two subsets S1, S2 according to whether V' < T36757/127720
or not. For S; we get

)

- 1
Ry =8| < T5(Y2 2V 2 4 TV 10/(T=80)) p yl2mep—1 3~ ‘L(5 +it], symzf)

TgRl

which follows from Lemma 4.3. Cauchy’s inequality implies that
R < TE(Y12_20V72 +TV710/(7780)) + Y1172CV72T3/2+6.

Here we have used

2T+log? T

(4.3) Z‘L(% + it;,sym2f) ‘2 < RT® + logT/ ‘L(% + it,smef) ‘th

r<R T
< T3/2+6.
Taking Y1 = T3/ and in view of V < T30757/127720 " \e have
Rl < T3—3C+6v—2 +T1+€v—10/(7—80) < T1+€V_12772/5251.
To bound Rs, Holder’s inequality implies that
Ry < TE(}/’2272CV72 +TV710/(778C))

3 1 4 1/4
+y? CVU%S“(Z‘L(E +it;,sym2f)‘ ) :
r<R
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where we have used the subconvex bound of L(s,sym?f) and (4.3). Simplifying it,

we have

R2 < TE(Y2272(;V_2 +TV_1O/(7_8C)) +}/’2274cv—4T27/10+8.

Choosing Y, = T27/20cyy—1/c,

Ry < T(27/10)(17C)/c+5V72/c +T1+5V710/(778c) < rIIIJr.EV'712772/52517

provided that

V> T36757/127720
> .

Hence,

R = Rl + RQ < T1+6V712772/5251.

This completes the proof of (2.4). O
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