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Abstract. Let G be a finite group and construct a graph ∆(G) by taking G \ {1} as the
vertex set of ∆(G) and by drawing an edge between two vertices x and y if 〈x, y〉 is cyclic.
Let K(G) be the set consisting of the universal vertices of ∆(G) along the identity element.
For a solvable group G, we present a necessary and sufficient condition for K(G) to be
nontrivial. We also develop a connection between ∆(G) and K(G) when |G| is divisible by
two distinct primes and the diameter of ∆(G) is 2.
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1. Introduction

In this paper, all groups are finite. Let G be a finite group. The enhanced power

graph of G is the graph whose vertex set is G \ {1} and there is an edge between

x, y ∈ G \ {1} if 〈x, y〉 is cyclic. The enhanced power graph of G will be denoted

by ∆(G). This graph was first studied in 2008 under the name “cyclic graph”

in [9]. That paper was motivated by paper [2], where they essentially considered the

complement graph: in particular, they considered the graph, which they called the

noncyclic graph, where the vertices of this graph is the set G and there is an edge

between x and y whenever 〈x, y〉 is noncyclic.

It appears that the name enhanced power graph was introduced in paper [1].

Apparently, the authors of that paper were unaware that the graph had been pre-

viously studied under the name cyclic graph in [9] and the followup paper [10]. We
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recommend the reader consulting the excellent expository paper [7] for an account

of graphs and groups. Since that paper has been published, there has been an

explosion in the number of papers published on the enhanced power graph, and

we are not going to try to reference all of those papers. Also, there has been an

expository paper that focuses just on enhanced power graphs of groups and it is

worth consulting this paper, see [12].

In graph theory, a universal vertex is a vertex that is adjacent to all the other

vertices in the graph. Said differently, if a graph has n vertices, then a universal

vertex is a vertex of degree n− 1. We note that we have seen a number of different

names used for such vertices in the literature. In particular, we have seen these

vertices called complete vertices, cone vertices, and dominating vertices. We note

that dominating vertex seems to be favored among the literature for enhanced power

graph papers and in fact was the term we use in [8]. However, universal vertex seems

to be the term favored in graph theory, and so, we have decided to use that term here.

We define K(G) to be the set of all universal vertices in the enhanced power graph

of G, along with the identity of G. We discuss the background for K(G) in Section 2.

In this paper, we will characterize the groups, where K(G) > 1 and then we will see

that when G is a {p, q}-group, we will be able to determine that K(G) > 1 if and

only if the diameter of ∆(G) is 2. We note that we are not able to say much when p

is odd or when p = 2 and a Sylow 2-subgroup is cyclic. We see that when p = 2 and

a Sylow 2-subgroup is not cyclic, the structure of G is rather limited. Our first main

theorem characterizes the situation, where K(G) > 1. We will define the notation

used in this theorem in Section 2.

Theorem A. Let G be a solvable group, let p be a prime, and let P be a Sylow

p-subgroup of G. Then p is a prime divisor of |K(G)| if and only if one of the

following situations occurs:

(1) P is cyclic and (Z(G) ∩ P ) 6= 1.

(2) The prime p = 2 and one of the following situations occurs.

(a) P is a generalized quaternion, G has a normal 2-complement Q, and

Z(P ) 6 CP (Q).

(b) Z(P ) 6 CP (O2′(G)) and G/O2′(G) is isomorphic to either SL2(3) or

G̃L2(3). If in addition 3 divides |K(G)|, then G/O2′(G) ∼= SL2(3).

If conclusion (2) occurs, then |K(G)|2 = 2.

We now turn to the case, where G is a {p, q}-group for distinct primes p and q.

We prove the following theorem:

Theorem B. Let p and q be distinct primes, and let G be a {p, q}-group. Then

diam(∆(G)) = 2 if and only if |K(G)| > 1.
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We would like to conclude this introduction with an open question. In particular,

we wonder how much Theorem B can be extended beyond groups whose orders are

divisible by two primes. While it seems too much to hope that for a general group G

or even a general solvable groupG that the enhanced power graph ofG has diameter 2

if and only if K(G) > 1. Recall that K(G) 6 Z(G). We wonder if it might be true

that diam(∆(G)) = 2 if and only if |Z(G)| > 1. The meager evidence that we have

been able to gather suggests that this should be true at least when |G| is divisible

by three primes.

2. Solvable groups with K(G) nontrivial

Let G be a group, and define

K(G) = {x ∈ G : 〈x, g〉 is cyclic for all g ∈ G}.

Hence, K(G) is the set of universal vertices for the enhanced power graph of G

along with the identity element of G. This set seems to have been originally studied

independently of the cyclic graph in [15]. In Theorem 1 of [15], the authors prove

that K(G) is a subgroup of G, and they note that it is contained in the center

of G. In Theorem 2 of that paper, they prove that K(G) is the intersection of the

maximal cyclic subgroups of G, and in Theorem 4 of that paper, they prove that

K(G/K(G)) = 1. The intersection of the maximal cyclic subgroups of G is also

considered in the dissertation (see [17]), and he also proves that K(G) 6 Z(G) and

K(G/K(G)) = 1, see Definition 5.1.7 and Lemma 5.1.8 in that dissertation.

The set K(G) was considered for several special cases in [3]. They consider the

cases of a group G × Zn, where gcd(|G|, n) = 1 (see Theorem 3.1 of [3]), when G is

abelian (see Theorem 3.2 of [3]), and when G is a non-abelian p-group for a prime p,

see Theorem 3.3 of [3]. In addition, they showed that if G is a nonabelian simple

group, then K(G) = 1, see Theorem 3.4 of [3]. The set K(G) is considered for

nilpotent groups in Proposition 4.5 of [13].

We need a reformulation of a result in our previous paper, see Theorem 1.4 of [8].

We note that a result similar to Theorem 1.4 of [8] has been proved by Cameron in

Theorem 9.1 (b) of [7] and by Mahmoudifar and Babai in the Main Theorem of [14].

We note that [14] was submitted in 2018, two years before [8] was submitted, even

though it appeared after it. Also, Cameron’s paper was submitted in April 2021

which was before [8] appeared in print (although [8] did appear electronically in

December 2020.) In addition, we remark that Lemma 2.7 of [5] proves a version of

this next lemma. For completeness and to keep this paper somewhat self contained,

we provide a proof of the reformulation for the reader’s convenience.
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Lemma 2.1. Let G be a group and let p be a prime. Then G has a unique

subgroup of order p and that subgroup is central in G if and only if p divides |K(G)|.

P r o o f. Assume that G has a unique subgroup of order p, say Z, and Z 6 Z(G).

Of course, Z is cyclic, and so we can write Z = 〈z〉 for some z ∈ G. If g ∈ G is

a p′-element, then 〈z, g〉 is cyclic since g and z commute and have coprime orders.

If g ∈ G has order divisible by p, then 〈g〉 has a subgroup of order p, and so Z 6 〈g〉

by the uniqueness of Z. Hence, 〈g, z〉 = 〈g〉 is cyclic. We conclude that z ∈ K(G).

Conversely, assume that p divides |K(G)|. As we mentioned previously, the

set K(G) is actually a subgroup of G, and so, under the hypothesis that p di-

vides |K(G)|, we know that K(G) has a subgroup Z of order p. As K(G) 6 Z(G),

the subgroup Z is central. Let X be a subgroup of G such that |X | = p. Write

X = 〈x〉 and Z = 〈z〉. As z ∈ K(G), we know that 〈x, z〉 is cyclic. Hence, 〈x, z〉 has

exactly one subgroup of order p. Since X and Z are subgroups of 〈x, z〉 such that

|X | = |Z| = p, we deduce that X = Z. Since X was an arbitrary subgroup of G of

order p, we conclude that Z is the only subgroup of G with order p. �

We close the discussion on the background of universal vertices by mentioning

that [4] used Theorem 1.8 of [8] in Corollary 4.2 of [4] to explicitly determine K(G)

when G is a nilpotent group.

We now work to characterize solvable groups G with K(G) > 1. In Lemma 2.3,

we shall write G̃L2(3) for the group that is isoclinic to GL2(3) of order 48 that has

a generalized quaternion group of order 16 as a Sylow 2-subgroup. We note that the

solvability hypothesis on Lemma 2.3 is necessary since, for example, SL2(5) would

be a nonsolvable counterexample.

In Lemma 2.2, we will use some structural properties of the automorphism group

of a generalized quaternion group of order at least 16. More specifically, we need the

fact that if Q is a generalized quaternion group of order at least 16, then Aut(Q)

is a 2-group. This fact is mentioned briefly on page 321 in [6], but we include the

elementary proof here for completeness. Of course, we shall use a few basic properties

of a generalized quaternion group; these properties can be found in Theorems 4.1

and 4.2 in [16].

Lemma 2.2. If Q is a generalized quaternion group of order 2n, where 2n > 16,

then A = Aut(Q) is a 2-group.

P r o o f. We know thatQ has a cyclic maximal subgroupM such that |Q : M | = 2.

Clearly Q′ 6 M , and so M 6 CQ(Q
′). As Q has nilpotence class n− 1 > 3, we know

thatQ′ is noncentral, and so CQ(Q
′) = M by the maximality ofM . The centralizer of

a characteristic subgroup is characteristic, and soM is a characteristic subgroup ofQ.
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For each a ∈ A, let â be the automorphism of M obtained by restricting a to M .

(This restriction makes sense as M is characteristic in Q.) The map a 7→ â is

a homomorphism fromA intoAut(M) with kernelCA(M). Hence, A/CA(M) embeds

into Aut(M) by the N/C-theorem. The automorphism group of a cyclic 2-group is

a 2-group, and so A/CA(M) is a 2-group.

Let p be a prime divisor of |CA(M)|, and let a ∈ CA(M) with o(a) = p. As

a ∈ CA(M), we know that M 6 CQ(a). If CQ(a) = Q, then a = 1, contrary to our

choice of a. Hence, M = CQ(a). If Ω = Q \M , then a permutes the elements of Ω.

In fact, a has no fixed points on Ω, as M = CQ(a). So, a partitions Ω into orbits of

length p. As |Ω| = 2n − 2n−1 = 2n−1, the prime p must divide 2n−1, which forces

p = 2. We deduce that CA(M) is also a 2-group. Indeed, A is a 2-group. �

We now prove a critical lemma concerning solvable groups that have a generalized

quaternion Sylow 2-subgroup.

Lemma 2.3. If G is a solvable group and a Sylow 2-subgroup of G is a generalized

quaternion, then one of the following situations occurs:

(1) G has a normal 2-complement,

(2) G/O2′(G) ∼= SL2(3),

(3) G/O2′(G) ∼= G̃L2(3).

P r o o f. We start by making a reduction. Let U = O2′(G). Since G is solvable,

the factor group G/U is solvable. If T is a Sylow 2-subgroup of G, then TU/U ∼= T

is a Sylow 2-subgroup of G/U ; thus, a Sylow 2-subgroup of G/U is a generalized

quaternion. In particular, G/U satisfies the same hypotheses as G. As O2′(G/U) is

trivial, we may assume without loss of generality that U = 1. Note that under the

assumption that U is trivial, (1) occurs if and only if G is a 2-group.

Set Q = O2(G). Since Q is a subgroup of a generalized quaternion group, Q has

a unique subgroup of order 2 and is therefore either cyclic or a generalized quaternion.

If Q is cyclic, then Aut(Q) is a 2-group. If Q is a generalized quaternion of order

at least 16, then Aut(Q) is a 2-group. By the N/C-theorem, G/CG(Q) embeds

in Aut(Q). So, if Q is either cyclic or a generalized quaternion of order at least 16,

then G/CG(Q) is a 2-group. The group G is solvable and U = 1; thus, CG(Q) 6 Q

by the Hall-Higman Lemma 1.2.3, see [11], Theorem 3.21. Hence, G is a 2-group and

we have conclusion (1).

Assume now that Q is a quaternion of order 8. As mentioned in the previous

paragraph, the Hall-Higman Lemma 1.2.3 applies and tells us that CG(Q) 6 Q. In

particular, CG(Q) = Z(Q) and so |CG(Q)| = 2. We note that Q/CG(Q) is isomor-

phic to the Klein 4-group. If G = Q, then we are done. Assume that Q < G. The

section G/CG(Q) embeds in Aut(Q) by the N/C-theorem. As Q is a quaternion
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of order 8, Aut(Q) ∼= S4. The only subgroups of S4 that properly contain a sub-

group isomorphic to the Klein 4-group are A4 and S4. Thus, G/CG(Q) ∼= A4 or

G/CG(Q) ∼= S4. If G/CG(Q) ∼= A4, then G ∼= SL2(3). If G/CG(Q) ∼= S4, then since

the only central extension of S4 that has a generalized quaternion Sylow 2-subgroup

is G̃L2(3), we conclude that G ∼= G̃L2(3). �

We now are ready to prove Theorem A.

P r o o f of Theorem A. Suppose that p divides |K(G)|. If p is odd, then, using

Lemma 2.1, we immediately deduce that we have conclusion (1). So assume that

p = 2. A Sylow 2-subgroup of G is either cyclic or a generalized quaternion. If

a Sylow 2-subgroup of G is cyclic, then we again obtain conclusion (1). Assume

that a Sylow 2-subgroup of G is a generalized quaternion. The subgroup K(G) is

cyclic, and so if |K(G)|2 > 2, then K(G) has an element of order 4, say u. Now

U = 〈u〉 is a normal 2-subgroup of G and so U 6 P . Since U 6 K(G) 6 Z(G),

we have that U 6 Z(P ). But |Z(P )| = 2, and so we have a contradiction. We

conclude that |K(G)|2 = 2. In particular, K(G) ∩ P = Z(P ). If G has a normal

2-complement Q, then we have (2a) as Z(P ) 6 CP (Q). Assume that G does not have

a normal 2-complement. Using Lemma 2.3, we have that G/O2′(G) is isomorphic to

either SL2(3) or G̃L2(3). If 3 divides |K(G)|, then G has a cyclic Sylow 3-subgroup

and G is 3-nilpotent by Lemma 2.1 and Corollary 5.30 in [11]. Because G̃L2(3) does

not have a normal Sylow 2-subgroup, G/O3(G) ∼= SL2(3).

If (1) occurs, then p divides |K(G)| by Lemma 2.1. Assume (2). Let U = O2′(G)

and let Z = Z(P ). Because G/U ∼= X ∈ {Q, SL2(3), G̃L2(3)}, where Q is a gener-

alized quaternion group, we deduce that ZU/U = Z(G/U), and so ZU/U is normal

in G/U . By the correspondence theorem (see [11], X.21), ZU is normal in G. As Z

is a Sylow 2-subgroup of ZU , we have that G = ZUNG(Z) = UNG(Z) by the

Frattini argument, see Lemma 1.13 in [11]. By our hypothesis, Z 6 CP (U), and

so U 6 CG(Z). Hence, G = NG(Z) and Z is normal in G. Since Z is a normal

subgroup of G such that |Z| = 2, we have that Z 6 Z(G).

If T is a subgroup of G such that |T | = 2, then 〈Z, T 〉 = ZT is a 2-subgroup of G.

Because the Sylow 2-subgroups of G are generalized quaternions, we deduce that

T = Z. We therefore appeal to Lemma 2.1 and conclude that 2 divides |K(G)|. �

3. {p, q}-groups

Let p and q be distinct prime numbers, and let G be a {p, q}-group. In this section,

we present a necessary and sufficient condition for diam(∆(G)) = 2. It turns out that

diam(∆(G)) = 2 precisely when a universal vertex exists. We use the notation ∼ to

denote an edge between x and y in ∆(G), and G# = G \ {1}.
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We start with an easy lemma concerning elements of prime order in a {p, q}-

group G with diam(∆(G)) = 2.

Lemma 3.1. Let p and q be distinct primes. If G is a {p, q}-group such that

diam(∆(G)) = 2, then x ∼ y for every element x of order p and for every element y

of order q.

P r o o f. Let x ∈ G# be an arbitrary element of order p and let y ∈ G# be an arbi-

trary element of order q. If x ∼ y, then the result holds. Since diam(∆(G)) = 2, there

exists some z ∈ G# such that x ∼ z ∼ y. Of course, at least one of primes p, q di-

vides o(z). Without loss of generality, we may assume that p divides o(z). Since 〈x, z〉

is cyclic, 〈x〉 = 〈zn〉 for an integer n. Now, x, y ∈ 〈z, y〉. As 〈z, y〉 is cyclic, we con-

clude that x ∼ y. �

We now prove our main result. Notice that sufficiency is essentially a group-

theoretic formulation of the existence of a universal vertex in the corresponding

enhanced power graph. Hence, this result yields Theorem B.

Theorem 3.1. Let p and q be distinct primes, and let G be a {p, q}-group. Then

diam(∆(G)) = 2 if and only if G has a unique subgroup of order p or a unique

subgroup of order q and that subgroup is central in G.

P r o o f. Assume that the group G has a unique subgroup Z of prime order and

that Z 6 Z(G). Write Z = 〈z〉 and, without loss of generality, we may assume that

|Z| = p. Now, let g ∈ G#. If p does not divide o(g), then g ∼ z since commuting

elements with coprime orders generate a cyclic subgroup. If p does divides o(g), then,

since Z is the unique subgroup of order p, we have that 〈gn〉 = Z for an integer n.

So, again, g ∼ z. Hence, z is a universal vertex in ∆(G), which yields the bound

diam(∆(G)) 6 2. As G is non-cyclic, we conclude that diam(∆(G)) = 2.

Next, assume that diam(∆(G)) = 2. We start by establishing the existence of

a unique subgroup of prime order. If G has a unique subgroup of order p, then we

are done. So, suppose that P1 = 〈x1〉 and P2 = 〈x2〉 are distinct subgroups of order p.

Note that d(x1, x2) = 2. Write x1 ∼ y ∼ x2 for y ∈ G#. Replacing y if necessary, we

may assume that o(y) = q. Let w be an element of order q. Consider the products x1y

and x2w. The elements x1 and y have coprime orders. The elements x2 and w have

coprime orders. These elements are commuting pairs of elements by Lemma 3.1.

So, 〈x1, y〉 = 〈x1y〉 and 〈x2, w〉 = 〈x2w〉. Now, if x1y ∼ x2w, then 〈x1〉 = 〈x2〉,

a contradiction. Hence, d(x1y, x2w) = 2. Write x1y ∼ z ∼ x2w for z ∈ G#. Observe

that this situation forces z to be a q-element, and so we may assume that o(z) = q.

Now, 〈y〉 = 〈z〉 = 〈w〉. In particular, 〈y〉 is the unique subgroup of G of order q.
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In the previous paragraph, we established that G has a unique subgroup of prime

order. Without loss of generality, we proceed by assuming that G has a unique

subgroup of order p, say P = 〈x〉. If P 6 Z(G), then we are done. Assume that

P 66 Z(G), and so there exists some g ∈ G such that P 66 CG(g). If p divides o(g),

then P = 〈x〉 6 〈g〉 since P is the unique subgroup of order p. But then, P 6 CG(g),

a contradiction. Hence, g must be a q-element. As we proved in Lemma 3.1, an

element of order p is adjacent to an element of order q in ∆(G). Hence, o(g) = ql,

where l > 2. For a positive integer n, the subgroup Q = 〈gn〉 has order q. We

claim that Q is the unique subgroup of G with order q and that Q 6 Z(G). Let

Q0 = 〈y〉 be a subgroup of order q. Note that 〈x, y〉 = 〈xy〉 and, by our hypothesis,

d(xy, g) 6 2. If xy ∼ g, then P = 〈x〉 6 CG(g), a contradiction. Hence, d(xy, g) = 2.

Write xy ∼ h ∼ g for h ∈ G#. If p divides o(h), then 〈x〉 = 〈ht〉 6 CG(g) for

an integer t. But then we have arrived at another contradiction. The element h is

therefore a q-element, and so Q0 = 〈y〉 = 〈hs〉 = 〈gn〉 = Q for a positive integer s.

Since Q0 was an arbitrary subgroup of G of order q, we conclude that Q is the unique

subgroup of G with order q, as wanted. Finally, observe that the section G/CG(P )

embeds in Aut(P ) and the section G/CG(Q) embeds in Aut(Q). By arithmetical

considerations, one of these sections is trivial. Since P is non-central, we must have

that G = CG(Q), and so Q 6 Z(G). �

We now prove Theorem B.

P r o o f of Theorem B. Assume that diam(∆(G)) = 2. By Theorem 3.2, we know

that G either has a unique subgroup of order p or a unique subgroup of order q and

that subgroup is central. By Lemma 2.1, we know that either p or q divides |K(G)|,

and so K(G) > 1.

Conversely, suppose K(G) > 1. Then either p or q divides |K(G)|. In light of

Lemma 2.1, we see that G has either a unique subgroup of order p or a unique

subgroup of order q that is central. Applying Theorem 3.2, we see that ∆(G) has

diameter 2, as desired. �
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