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Induced mappings on hyperspaces F¥(X)

ENRIQUE CASTANEDA-ALVARADO,
ROBERTO C. MONDRAGON-ALVAREZ, NORBERTO ORDONEZ

Abstract. Given a metric continuum X and a positive integer n, Fy, (X) denotes
the hyperspace of all nonempty subsets of X with at most n points endowed
with the Hausdorff metric. For K € Fp(X), Fnp(K, X) denotes the set of ele-
ments of Fy,(X) containing K and F}X(X) denotes the quotient space obtained
from Fy(X) by shrinking F, (K, X) to one point set. Given a map f: X — Y
between continua, frn: Fn(X) — Fn(Y) denotes the induced map defined by
fn(A) = f(A). Let K € F,(X), we shall consider the induced map in the nat-

ural way fn K : FE(X) - F,{(K) (V). In this paper we consider the maps f,
fn, fn,x for some K € Fp(X) and f, g for each K € F,(X); and we study
relationship between them for the following classes of maps: homeomorphisms,
monotone, confluent, light and open maps.

Keywords: continuum; symmetric product; quotient space; hyperspace; induced
mapping

Classification: 54B15, 54B20, 54C05, 54C10

1. Introduction

A continuum is a nondegenerate compact connected metric space. A sub-
continuum of a space X is a nonempty closed connected subset of X. Given
a continuum X and a positive integer n, we denote by F,,(X) the collection of
all nonempty subsets of X with at most n points which is called the n-fold
symmetric product of X and it is endowed with the Hausdorff metric, see [10,
Theorem 0.48, page 23].

Hyperspaces associated with a specific continuum X help to study properties
of X from a different point of view. Moreover, given a hyperspace, the topological
structure of some quotient spaces obtained from it, also help to study properties of
the original space. Many such quotients of hyperspaces have been studied. In par-
ticular, given K € F,,(X), we consider F,,(K, X) the collection of all elements in
F,,(X) containing K. In [2], we introduce the hyperspace FX(X) as the quotient
space FE(X) = F,(X)/F,(K, X), which is obtained from F,(X) by shrinking
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F, (K, X) to one point set, endowed with the quotient topology. Observe that
for n = 1, we have that K is a one point set and therefore, the space FX(X)
is homeomorphic to X. In [2], we study some topological properties of FX(X)
as local connectedness, arcwise connectedness, unicoherence and cut points. In
particular, we know that for each continuum X, n > 1, and every K € F,(X),
F,f( (X) is a continuum, see [2, page 660], also, for each continuum X, n > 2, and
K € F,(X), FX(X) is unicoherent, see [2, Theorem 7.5, page 675]. In addition,
some topological properties of the continuum X are determined by FX(X) but
not by F,(X). For example, it is well known that F,,(X) has no cut points, see
[7, Corollary 5, page 289]. However, in [2, Theorem 4.10, page 668], there is
a characterization of cut points of X through the cut points of FX(X).

A map is a continuous function and a mapping means a surjective map. For
the purpose of this paper, given a continuum X, n > 1, and K € F,(X)

T gt Fu(X) = FX(X)
denotes the quotient mapping. If A € F,(X), [A] denotes 7, ;(A), for conve-
nience, if A € F,,(K,X), [A] will be denoted by Fj{K. With this notation, we
have
. { [A]  if Ae Fy(X) - F(K,X),
7Tn,K(A) = x .
Fre if Ae Fp(K, X).

Given a map f: X — Y between continua and an integer n > 1, the function
fn: Fr(X) = Fo(Y) given by f,(A) = f(A) is called the induced map between
the n-fold symmetric products of X and Y. By [8, Corollary 1.8.23, page 65],
fn is amap. For n > 1 and K € F,(X), we define the natural induced function
Farc: FE(X) — F{O(Y) given by

Wif(}()(fn(A)) if [A] # Fera

Y
Fo rx)

o i ([A]) = {

By [3, Theorem 4.3, page 126], f, x is a mapping and the following diagram
is commutative.

x y
Trn,Kl T, £(K)

FE(x) 5 p{ ()

If K = {p}, we will write FF(X), F,(p, X), ﬂ,{p, Frfp and f,, instead of

jasd (X), F.({p}, X), ﬂi{p}, Ff{p} and f, (p}, respectively.
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In the theory of induced maps it is important to know which properties are
preserved between the spaces in which these maps are defined. In this way, we
are interested in the following general problem.

Problem 1.1. Let M be a class of maps between continua. Determine the
relationships between the following statements:

(1) feM;
(2) foeM;
(3) fnx € M for some K € F,(X);
(4) fo,x € M for each K € F,(X).

Related to the above problem, we have that condition (4) always implies (3) and
the relations between (1) and (2) have been extensively studied, see for example
[1], [4] and [8].

In this paper, we present results for Problem 1.1, when M is one of the fol-
lowing class: homeomorphisms, open, monotone, confluent and light. For this
purpose after preliminaries, Section 3 is devoted to the class of homeomorphisms
and we prove that all the statements of Problem 1.1 are equivalent, Corollary 3.3.
In Section 4, we study the class of monotone mappings, in particular we show that
f is monotone if and only if f,, x is monotone for every K € F,,(X), Corollary 4.2.
In Section 5, we consider confluent mappings and we show that for n > 2, f,, i is
confluent for each K € F,(X) if and only if f is monotone (Corollary 5.2). In
Section 6, we focus on light mappings and we show that if f, g is light for some
K € F,(X), then f is light, see Theorem 6.2. In Section 7, for n > 2, we give
properties of f implied by f, ik being open for some K € F,,(X), see Theorem 7.1
and Corollary 7.3.

Finally, in Section 8, we present some examples that help us to complete the
relations of Problem 1.1 in almost all previous sections, however these examples
are at the end because some results proved through the paper are used in the
examples. At the end of Sections 4 to 7, we include a table which summarizes
the results obtained there.

2. Preliminaries

Let X be a continuum with metric d. Let € > 0 and A a subset of X, we
define
VX(A) = {x € X: there exists y € A such that d(z,y) < ¢}

and we use the symbol bdx(A4), clx(A) and intx(A) to denote the boundary,
closure and the interior of A in X, respectively. In this paper, H denotes the
Hausdorff metric.
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Given a collection Uy, ..., Uy, of subsets of X with 1 <m <mn, (Uy,...,Un)n
denotes the following subset of F,,(X):

{A eF,(X):AC U U; and ANU; # () for each i € {1,...,m}}.
i=1

It is known that the family of all subsets of F,,(X) of the form (Uy,...,Upn)n,

where each Uj; is an open subset of X, forms a basis for a topology of F,,(X), see

[10, Theorem 0.11, page 9], called the Vietoris topology. The Vietoris topology

and the topology induced by the Hausdorff metric coincide, see [10, Theorem 0.13,

page 10].

A map f: X — Y between continua is said to be:

o confluent if for each subcontinuum B of Y and for each component C' of
F71B), £(C) = B;

o light if f~1(y) is totally disconnected for each y € Y;

o monotone if f~1(y) is connected in X for each y € Y;

o open if f is surjetive and f(U) is open in Y for each open subset U
of X.

These kinds of maps have been studied in the literature, the reader interested in
this topic can consult [9], where the author studied some of the types of maps
already mentioned. In [2, page 662|, we show that for every n > 1 and each
K € F,(X), ﬂ'ff’K is a monotone mapping. Also, note that if K has cardi-
nality n then F,(K,X) is a singleton and hence, WT{ x 1s a homeomorphism.
However, in general WT{ F(K) is not a homeomorphism, even under assumption
that f~1(f(K)) = K. For example, if f:[-1,1] — [0,1] given by f(z) = |z|
and Ko = {—1/2,1/2}, it is easy to see that ﬂ'go,}l(]KU) is not injective. On the
other hand, if f(K) has cardinality n, then K has cardinality n, thus Fi  and
WZ, F(K) are homeomorphisms and so f, k is essentially just fy,.

Finally, if n = 1, then the map fi x is essentially the same map as f and
hence, Problem 1.1 is trivial. Also, observe that if L is a subset in Y with n
elements, under assumption that f is onto, we can find K € F,(X) such that
f(K) = L and so, the map f, x is essentially the same as f,. Therefore, the
implications (4) = (2) = (3) in Problem 1.1 are true.

By the above, in this paper we consider K € F,(X) such that f(K) has
cardinality less than n. Directly from the definitions we have:

Remark 2.1. Every monotone mapping is confluent, see [6, page 123].

Proposition 2.2. If X is a continuum, n > 1, and K € F,(X), then FX(X) —
{ijK} is homeomorphic to F,,(X) — F, (K, X).
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Proposition 2.3. If X is a continuum, n > 1, and K € F,,(X), then

1ntFn(X) (FH(K, X)) = @

3. Homeomorphisms

This section is dedicated to homeomorphisms and it is shown that the state-
ments of Problem 1.1 are equivalent.

Theorem 3.1. Let f: X — Y be a map between continua and n > 1. Then the
following statements are equivalent:

(1) f is injective;

(2) fn,x is injective for some K € F,(X);

(3) fu,i Is injective for each K € F,(X).

PRrROOF: First we show [(1) = (3)]. For this let K € F,(X) and let [A],[B] €
FX(X) be two different elements. We consider two cases:
Case (1). Let [A],[B] € FX(X) — {FfK .

In this case, A,B ¢ F,(K,X) and A # B. Since f is injective, we conclude
that [(K) ¢ f(A), f(K) ¢ f(B) and f(4) # f(B). Hence, fa(A) # fu(B) and
fn(A), fu(B) ¢ Fu(f(K),Y), which implies that fy x([A]) # fn,x ([B])-

Case (2). Without loss of generality, suppose that [A] = Ff K-

In this case K C A and K ¢ B. Since f is injective, we have that f(K) ¢

f(B), and thus
Furx([B)) # Fy i) = faxc ([A]).
Cases (1) and (2) show that f, x is injective.

Note that [(3) = (2)] is immediate.

For [(2) = (1)], let K € F,(X) be such that f, i is injective. Let z,y € X
be two different points. We consider two cases:

Case (1). Without loss of generality suppose that {z} € F,,(K, X).

In this case K = {z}, {y} ¢ F.(K,X) and [{z}] = FfK # [{y}]. By

definition of f;, k, we obtain that

fRz}) = f(K) & foa{y}) = F({w}),

which implies that f(z) # f(y).
Case (2). Let {z},{y} ¢ Fn(K, X).

In this case [{x}] and [{y}] are two different elements in FX(X). By definition
of fn,K?

f{z}) = fal{z}) # f{u}) = F({y}).
Thus, f(z) # f(y). Cases (1) and (2) show that f is injective. O
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Similar arguments as in Theorem 3.1 can be used to prove the following result.

Theorem 3.2. Let f: X — Y be a map between continua and n > 1. Then the
following statements are equivalent:

(1) f is surjective;

(2) fn, i is surjective for some K € F,(X);

(3) fu,K Is surjective for each K € F,(X).

By [4, Theorem 3.1, page 369], we know that f is a homeomorphism if and
only if f, is a homeomorphism, since FX(X) and Fl (K)(Y) are compact spaces,
by Theorems 3.1 and 3.2, we obtain the following result.

Corollary 3.3. Let f: X — Y be a map between continua and n > 1. Then the
following statements are equivalent:
(1) f is a homeomorphism;
(2) fn is a homeomorphism;
(3) fn,Kx Is a homeomorphism for some K € F,(X);
(4) fn,x is a homeomorphism for each K € F,,(X).

4. Monotone mappings
From now, we will assume that all the functions are mappings, see Theorem 3.2.

Theorem 4.1. Let f: X — Y be a mapping between continua and n > 1. Then
frn is monotone if and only if f, x is monotone for every K € F,(X).

PROOF: Suppose that f, is monotone and let K € F,(X). Since W}L/,f(K) is
monotone, by [9, Theorem 5.1, page 29], 7T3;’ F(K) © fn is monotone. Now, from
the fact that Wif(K) ofn=fnko FiK, we obtain that f, ko ﬂ'ff’K is monotone.
Finally, by [9, Theorem 5.15, page 32], we conclude that f,, x is monotone.

Now, suppose that f, x is monotone for every K € F,,(X). If B € F,,(Y), then
there exists Ko € F,,(X) such that f(Ky) ¢ B. This implies that [B] # FT{f(KO).
Hence, fg,}(o([B]) is connected. Since Ff}(o ¢ f;’}(O([B]), by Proposition 2.2, we
have that

(Mo i)™ (Foreo ([B]) = £ 1(B)

is a connected subset of X. Therefore, f,, is monotone. O

By [4, Theorem 3.3, page 370], f is monotone if and only if f, is monotone.
Hence, by Theorem 4.1 we obtain the following result.

Corollary 4.2. Let f: X — Y be a mapping between continua and n > 1. Then
f is monotone if and only if f, r is monotone for every K € F,(X).
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In order to give an answer to Problem 1.1 for monotone mappings, note that
Example 8.2 shows the existence of continua X and Y and a non monotone
mapping f: X — Y such that for every n > 1, f, is not monotone but, there
exist K1, K2 € F,(X) for which f, k, is monotone and f, k, is not. Hence, for
every n > 1 we have the following table.

= f monotone fn monotone fn, Kk monotone for fn, Kk monotone for
some K each K
f monotone Yes, [4, Thm. 3.3] Yes, Corollary 4.2 Yes, Corollary 4.2
fn monotone | Yes, [4, Thm. 3.3] Yes, Theorem 4.1 Yes, Theorem 4.1
I, K
monotone No, Example 8.2 No, Example 8.2 No, Example 8.2
for some K
In, K
monotone Yes, Corollary 4.2 Yes, Theorem 4.1 Yes
for each K

5. Confluent mappings

In order to answer Problem 1.1 for confluent mappings, first of all we will
present some results for the case n > 2.

Theorem 5.1. Let f: X — Y be a mapping between continua, n > 2, and
K € F,(X). If fax is confluent, then f~'(y) is a connected subset of X for
each y €Y — f(K).

PROOF: Let y € Y — f(K). Suppose that f~!(y) is not connected. Let z €
Y — ({y} U f(K)) and let R be a subcontinuum of Y such that

{z} S RCY - ({y} U f(K)).

Following the ideas of the proof of [1, Theorem 6.4, page 1197], applied to the set
K = {{y}, R)n, it is possible to show the existence of a component C of f,(K)
such that f,(C) € K. Note that CN F,(K,X) =0 and KN F,(f(K),Y) = 0.
By Proposition 2.2, ﬂ';/,f(K)(lC) is a subcontinuum of FT{(K)(Y) and 7, (C) is
a component of f;}((wif(K)(lC)). Then,

fn,K(W'r)z(,K(C)) = Trzj,f(K)(fn(C)) = ﬂ-'}z/,f(K) (K),

which implies that f,(C) = K, this is a contradiction. Therefore, f~1(y) is a con-
nected subset of X. O

Corollary 5.2. Let f: X — Y be a mapping between continua and n > 2. Then
fn.i Is confluent for each K € F,(X) if and only if f is monotone.
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PROOF: Suppose that f, g is confluent for each K € F,(X). Let y € Y and
choose Ky € F,,(X) such that y ¢ f(Ko). By Theorem 5.1 (applied to fn x,), we
have that f~1(y) is a connected subset of X. Hence, f is monotone.

The other implication follows from the fact that every monotone mapping is
confluent and Corollary 4.2. O

Now, in order to present solutions of Problem 1.1, for n = 2, we have the
following result.

Theorem 5.3. Let f: X — Y be a mapping between continua, n > 1, and
K € F,(X). If f, is confluent, then f, i is confluent.

PROOF: Since Wif(K) is monotone, by Remark 2.1, F};,f(K) is confluent. Thus,
by [9, Theorem 5.4, page 29], WZ, 1) © frn is confluent and from the fact that
wif(K) O fn = fu,ko© 7rff’K, we obtain that f, x o 7rff’K is also confluent. Hence,
by [9, Theorem 5.16, page 32|, f, k is confluent. O

Theorem 5.4. Let f: X — Y be a mapping between continua. If for each
p € X, fap is confluent, then f is confluent.

PROOF: Let B be a subcontinuum of Y, we may assume that B is a proper
subcontinuum of Y. Let p € X be such that f(p) ¢ B and let C' be a component
of f~1(B). By [1, Lemma 6.1, page 1197], F5(C) is a component of f; !(Fy(B)).
Since Fy(p, X) N F>(C) = 0 and Fa(f(p),Y) N F»(B) = 0, by Proposition 2.2,
w%/’f(p) (F>(B)) is a subcontinuum of FQf(p) (Y) and 73, (F2(C)) is a component, of

f2_,; (Tr;/,f(p) (F2(B))). Hence,

anP(ﬂ-gfp(FQ(C))) = 7Tgf,f(p) (FQ(B))a

and again by Proposition 2.2, we have that fo(F2(C)) = Fy(B). Now, we will
prove that f(C) = B. For this purpose, it suffices to prove that B C f(C). If
b € B, then {b} € F»(B), and so there exists A € F»(C) such that fa(A) =
f(A) = {b}. Hence, b € {b} = f(A) C f(C). Therefore, f(C) = B. This shows
that f is confluent. (I

By [1, Theorem 6.10, page 1199], if f: X — Y is a mapping between continua
such that Y islocally connected, then f is confluent if and only if f5 is confluent.
Hence, by Theorem 5.3 and Theorem 5.4, we obtain the following result.

Corollary 5.5. Let f: X — Y be a mapping between continua such that Y is
locally connected. Then fo is confluent if and only if fo, is confluent for each
peX.

Question 5.6. Let f: X — Y be a mapping between continua such that Y is
not locally connected. If for each p € X, fo,, is confluent, then f5 is confluent?
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In order to present solutions to Problem 1.1 for the class of confluent mappings,

we consider the following:

(1) Example 8.1 shows the existence of a mapping between continua f :
X — Y such that f is confluent but for every n > 2 and every K €

F.(X), fn,x is not.

(2) Example 8.2 shows the existence of a mapping between continua f :
X — Y such that for every n > 1 there exist Ko, K1 € F,(X) with
the properties that f, g, is monotone and hence confluent, but f and
fn,Kx, are not confluent.

(3) Example 8.4 shows the existence of a mapping between continua f :
X — Y such that f is confluent for which there exists p € X such
that fo is not confluent and f3, is not confluent.

Hence, for n > 2, we have:

=

f confluent

fn confluent

fn, K confluent for
some K

fn, K confluent for
each K

f confluent

No, [1, Thm. 6.4]

No, Example 8.1

No, Corollary 5.2

fn confluent

Yes, [4, Thm. 3.19]

Yes, Theorem 5.3

Yes, Theorem 5.3

fn, K
confluent
for some K

No, Example 8.2

No, Example 8.2
and
[4, Thm. 3.19]

No, Example 8.2

frn, K
confluent
for each K

No, Corollary 5.2

Yes, Corollary 5.2
and
[4, Thm. 3.3]

For n = 2, we have:

=

f confluent

f2 confluent

f2,p confluent for
some p

f2,p confluent for
each p

f confluent

No, [4, Ex. 3.18]

7, Question 8.5

No, Example 8.4

f2 confluent

Yes, [4, Thm. 3.19]

Yes, Theorem 5.3

Yes, Theorem 5.3

fo,p

confluent
for some p

No, Example 8.2

No, Example 8.2
and
[4, Thm. 3.19]

No, Example 8.2

fo,p

confluent
for each p

Yes, Theorem 5.4

?, Question 5.6

6. Light mappings

In this section we present the solution of Problem 1.1 for the class of light

mappings.

Lemma 6.1. Let f: X — Y be a mapping between continua, n > 1, and let
K € F,,(X) be such that f(K) has cardinality less than n. If f, k is light, then
K = f~H(f(K)).
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PROOF: Suppose that there exists kg € f~'(f(K)) — K. Let k € K such that
f(k) = f(ko) and we consider Ko = (K —{k})U{ko}. By [2, page 660], F), (Ko, X)
is a continuum and since ﬂ'fi % 1s continuous, WT{ x (Fn (Ko, X)) is a nondegenerate
subcontinuum of FX(X) such that

Tow i (Fn (K0, X)) € L3 (B pirc) )
which implies that f, g is not light. Therefore K = f~1(f(K)). O

Theorem 6.2. Let f: X — Y be a mapping between continua and n > 1. If
there exists K € F,(X) such that f, x is light and f(K) has cardinality less
than n, then f is light.

PrOOF: Let K € F,(X) be such that f, i is light. Let y € ¥ and we shall
prove that f~1(y) is totally disconnected. We consider two cases:

Case 1. Let {y} € F,(f(K),Y).

In this case f(K) = {y}. By Lemma 6.1, f~*({y}) = f~(f(K)) = K. Thus,
f~1(y) is totally disconnected.

Case 2. Let {y} ¢ F.(f(K),Y).

Observe that, in this case f(K) ¢ {y} and [{y}] # F{’f(K). Since fp i is
light, fn_}(([{y}]) = 7 i (fn *({y})) is totally disconnected. Moreover, note that
I {y}) N Fy (K, X) = (), and by Proposition 2.2, we obtain that f,'({y}) is
totally disconnected. Therefore, f~1(y) is totally disconnected. (I

In order to present solutions to Problem 1.1 for the class of light mappings,
we consider the following: Example 8.3 shows the existence of a light mapping
between continua f: X — Y such that for every n > 1, f, is light and for
each K € F,,(X) such that f(K) has cardinality less than n, f, x is not. Also,
Example 8.2 shows a light mapping between continua f: X — Y such that there
exist Ko and K, in F,(X) for which f, g, is light but f, &, is not.

. } fn. i light fn. i light
= light light , n,
‘ f lig fn lig for some K for each K
f light Yes, [4, Thm. 3.26] No, Example 8.3 No, Example 8.3
fn light Yes, [4, Thm. 3.26] No, Example 8.3 No, Example 8.3
light Yes, Theorem 6.2
fr i lig Yes, Theorem 6.2 and No, Example 8.2

for some K [4, Thm. 3.26]

light Yes, Theorem 6.2
{"’*K ;gK Yes, Theorem 6.2 and Yes
or eac , Thm. 3.26]

S
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7. Open mappings

In order to answer Problem 1.1 for open mappings, we will present the following
results.

Theorem 7.1. Let f: X — Y be a mapping between continua and n > 1. If
K € F,(X) is such that f, i is open and f(K) has cardinality less than n, then

K = f7H(f(K)).

Proor: Let K = {ki,...,kn} € F,,(X) be such that f, x is open. Without
loss of generality, suppose that there exists a € X — K such that f(a) = f(k1).
Let A= (K — {k1})U{a} and choose zp € Y — f(K). Let f(K) = {l1,...,1ls}.
Note that f(K) = f(4) and s <n.

Claim A: There exists an open subset U in F,(X) such that A € U,
UNF,(K,X) =0, follly N F,(f(K),Y) # 0, moreover f,(U)U F,(f(K),Y)
is not open in F,(Y).

We shall prove Claim A. Let W,, be an open subset of Y and for each
i€ {1,...,s}, let V; be open subsets of Y such that zg € W, l; € V;, cly(V;) N
cly (V, ) = for each 7,5 € {1,...,s} with ¢ # j and cly (W,,) Ncly(V;) =0 for
each i € {1,...,s}. Since [ is continuous, there exist open subsets U,, Us, ..., Up,
of X such that a € U,, k; € U; for each j = 2,...,m, k1 & clx(Ug U
UyU---UUpy) and (U, Usy ..., Up)n C {(f71(V1), ..o, fH(Vi))n. Hence, U =
(Ua,Us, ..., Un)y is an open subset of F,(X) such that A e U, UNF,(K,X) =10
and f,(U) N F,(f(K),Y) #0.

Now, we will prove that f,(U) U F,(f(K),Y) is not open in F,(Y). Let
D = {2} U f(K). Since (Ur,...,Un)n C (f72(V4),..., f1(V5)), and by the
election of W, and Vs, we have that D € F,(F(K),Y) — fo(U). Let {y.}52,
be a sequence in Y — {l3} such that limy, = l;. For each r € N, let D, =
{20, Yryl2,...,1s}. Note that lim D, = D and for each r € N, we have that
D, ¢ fn( YUF,(f(K),Y). This shows that D does not belong to the interior of
fan)UF,(f(K),Y) in F,(Y) and we finish the proof of the claim.

Since U N F,,(K, X) =
FE(X), thus

(), by Proposition 2.2, FiK(U) is an open subset of

fn,K(Wq)z(,K(u)) = 7Tzzl,f(lr()(fn(u))
is an open subset of I (K)(Y). This implies that
(sz,f(k))il (ﬂr};f(K)(fn(u))) = F’I’L(f(K)ﬂ Y) U fn(u)

is an open subset of F,(Y’), which contradicts Claim A. This finishes the proof
of this result. O
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Theorem 7.2. Let f: X — Y be a mapping between continua and n > 2. If
K € F,(X) is such that f, x is open, then f is a homeomorphism.

PROOF: Suppose that K € F,(X) is such that f, x is open. If f(K) has car-
dinality n, then f, x is essentially f,. Hence, the result follows from [4, The-
orem 3.6, page 371]. Therefore, we may assume that f(K) has cardinality less
than n. It is enough to show that f is injective. Let x,y € X be such that = # y
and suppose that z = f(z) = f(y).

Claim I. Let {x,y} N K # 0.

Suppose that z,y € X—K. Let y1,...,yn—2 € Y—(f(K)U{z}) such that y; #
if j#1 and j,l € {1,...,n—2} and let V,V;,...,V,,_o be open subsets of YV
such that z € V, 5, € V;, VNV, =0 foreach i € {1,...,n—2} and V; NV, =0
if j#1 and 4,0 €{1,...,n—2}. Now, let Uy, Uy, Un,...,Up—2 be open subsets
of X such that z €U, C f'(V)-K,yeU,C fY(V)-K,U,NU, =0 and
x; € U; € f~YV;) — K such that f(x;) = y; for each i € {1,...,n —2}. Note
that Uy, Uy, Un, ..., U,—_2 are pairwise disjoint. Let U = (U, Uy, Ux,...,Up—2)n.
Then, U is an open subset of F,,(X) such that U N F, (K, X) = (), thus FiK(U)
is an open subset of F.X(X). Let € > 0, there exist s,¢ € V; such that d(s,y;) < ¢
and d(t,y1) < €. Hence,

H({Zayla .. wyn*Q}a {Z, Sat7y25 e 7yn72}) <§g,

also {z,8,t,y2,...,Yn—2} & fn(U), this shows that f,, (i) is not an open subset of
F,(Y). On the other hand, since f, i is open, fn,K(Wf;K(U)) is an open subset
of F,{(K)(Y). By Theorem 7.1, it is easy to see that f,(U) N F,(f(K),Y) = 0,
thus

(7Y ) (fnr (T @) = fulUh)

is an open subset of F),(Y"), which is impossible. Therefore {z,y} N K # 0.

By Theorem 7.1 and Claim I, we have that {z,y} C K. Assume that K =
{z,y,ks,...,km}, f(K) = {l1,...,ls} and choose zp € Y — f(K). Note that
F(K—{z}) = f(K—{y}) = f(K) and s < n. By Claim A of Theorem 7.1, we can
find an open subset W in F,,(X) such that K — {z} € W, WN F, (K, X) = 0,
W) N F,(f(K),Y) # 0 and f,(W) U F,(f(K),Y) is not an open subset of
F,(Y). Hence, by the last part of Theorem 7.1, we obtain that ' (W) is an
open subset in FX(X) but f, i (m, (W)) is not in F,{(K)(Y). This contradicts
the fact that f, x is open and we conclude that f is injective. O

By Corollary 3.3 and Theorem 7.2, we obtain the following result.

Corollary 7.3. Let f: X — Y be a mapping between continua and n > 2. Then
fn,i Is open for some K € F,(X) if and only if f is a homeomorphism.
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Now, we will present some results related with the case n = 2.

Theorem 7.4. Let f: X — Y be a mapping between continua. If p € X is such
that fa, is open, then f is open.

Proor: Let p € X be such that fy, is open. Let U be an open subset of X.
We consider two cases:

Case I. Let p¢ U.

Note that (U)a is an open subset of F»(X) such that Fa(p, X) N (U)g = 0. By
Theorem 7.1, it is easy to see that (f(U))2 N Fa(f(p),Y) = 0. Thus m5,((U)2)

an open subset of F¥(X) and

Frp(m3p (U)2)) = 73 ) ((F(U))2)

is an open subset of FQf(p) (Y). Hence, (f(U))2 is an open subset of F5(Y). By
[1, Corollary 5.2, page 1195], | J(f(U))2 = f(U) is an open subset of Y.

Case II. Let pe U.

Suppose that f(U) is not an open subset of Y. By Theorem 7.1, we have that
fU) #{f(p)}. Note that, if y € f(U) — {f(p)}, then there exists z € U — {p}
be such that f(z) = y and we can obtain an open subset W of X such that
x € Wand W C U — {p}. By Case I, f(IW) is an open subset of ¥ such
that y € f(W) C f(U) — {f(p)}. Therefore, we obtain that y € inty (f(U)).
The above shows that f(p) € bdy (f(U)). Then there exists a sequence {y,}52
contained in Y — f(U) such that lim, o yn = f(p). For each n € N, there
exists x, € X — U such that f(x,) = y, and, without loss of generality, we may
assume that lim, oo , = 29 € X. Hence, lim, o yn = f(z0), which implies
that f(xo) = f(p). Finally, by Theorem 7.1, we obtain that p = xy. Then p €
bdx (U), this is a contradiction. Therefore, f(U) is an open subset of Y. O

Corollary 7.5. Let f: X — Y be a mapping between continua. If fs, is open
for each p € X, then f is a homeomorphism.

PROOF: From Theorem 7.1, we obtain that f is injective and therefore, f is
a homeomorphism. O

In order to present solutions to Problem 1.1 for the class of open mappings,
note that Example 8.1 shows the existence of an open mapping between continua
f+ X — Y and points p,q € X such that f, is open but f, is not, and
also, Example 8.3 shows the existence of an open mapping between continua
f: X =Y such that for each p € X, f5, is not open.
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For n > 2, we have the following:

fn,K open fn,K open
= JIn, Jn,
§ open fn open for some K for each K
f open No, [4, Thm. 3.6] No, Theorem 7.2 No, Theorem 7.2
fn open Yes, [4, Thm. 3.6] Yes, [4, Thm. 3.6] Yes, [4, Thm. 3.6]

and Corollary 3.3

and Corollary 3.3

fn 5 oDen
for some K

Yes, Corollary 7.3

Yes, Corollary 7.3
and Corollary 3.3

Yes, Corollary 7.3
and Corollary 3.3

fn, K open

Yes, Corollary 7.3

Yes, Corollary 7.3

for each K and Corollary 3.3
For n = 2, we have the following;:
f2,p open f2,p open
= f open f2 open for some p for each p
f open Yes, [4, Thm. 3.5] No, Example 8.3 No, Example 8.3
fo open Yes, [4, Thm. 3.5] No, Example 8.3 No, Example 8.3
f2,p open Yes, Theorem 7.4

for some p

Yes, Theorem 7.4

and [4, Thm. 3.5]

No, Example 8.1

f2,p open
for each p

Yes, Corollary 7.5

Yes, Corollary 7.5
and Corollary 3.3

8. Examples

In this section we present some examples which help us to understand the
induced mappings studied in this paper from the geometrical point of view, also
they show that the converse of some results enunciated in previous sections are
not true, and therefore complete the study of induced mappings related with
Problem 1.1.

Example 8.1. There exist continua X and Y and a mapping f: X — Y, such
that:

(1) f is confluent, light and open;

(2) for each n > 2, f,, is not confluent;
(3) for each n > 1, f, is light;

(4) for each n > 2 and for each K € F,,(X), fn i is not confluent;
(5) there exists p € X such that fs, is not open;

(6) there exists ¢ € X such that f2, is open.

PrOOF: Let X =[-1,1],Y =[0,1] and let f: X — Y be defined by f(x) = |z|.
It is clear that f is continuous and surjective.

Condition (1) follows immediately from the definition of f.

Condition (2) follows from the fact that f is not monotone and [1, Theorem 6.4,
page 1197].

Condition (3) follows from the fact that f is light and [4, Theorem 3.26,
page 380].
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We shall prove condition (4). Let n > 2 and K € F,(X). Note that there
exists y € Y — f(K) such that f~!(y) is not connected. Hence, by Theorem 5.1,
we obtain that f,, x is not confluent.

We shall prove (5). Suppose that for each p € X, f2 , is open. By Corollary 7.5,
we have that f is a homeomorfism, which is a contradiction since f is not injective.

In order to prove condition (6), we will see that fa¢ is open. Let I' be an open
subset of F§(X). Then U = (m3,)~*(T') is an open subset of F>(X). Since f is
open, by [4, Theorem 3.5, page 370], f2 is open and thus, f2({/) is an open subset
of Fr(Y). If FQ)fO €T, then F5(0,X) C U and F2(f(0),Y) = F5(0,Y) C fa(UU).
Hence, w3 (f2(U)) = f2,0(T) is an open subset of FJ(Y). On the other hand,
assume that F5%, ¢ I'. Since F5(0,Y) N fo(U) = 0, we have that Fyy & fa,0(I).
By Proposition 2.2, we have that fs o(I') is an open subset of Fy(Y). Hence, fa
is open. Il

Example 8.2. There exist continua X and Y and a mapping f: X — Y such
that:

(1) f is light but not confluent and hence, it is not monotone;

(2) for each n > 1, f,, is not confluent and hence, for each n > 1, f,, is not
monotone;

(3) there exists p € X such that for each n > 1, f,, is monotone and
confluent, but f, , is not light;

(4) there exists K € F,(X) such that for each n > 1, f,, x is light but not
confluent and hence, for each n > 1, f,, x is not monotone.

PROOF: Let X = [0,1] and let Y = {(x,y) € R?: 2°4+y?> =1} andlet f: X =Y
be defined by f(t) = (cos(27t), sin(27t)). It is clear that f is continuous and
surjective.

Condition (1) follows from the definition of f.

Condition (2) holds, from the fact that f is not confluent and [4, Theorem 3.19,
page 377].

In order to show condition (3), let n > 1 and p = 0. We shall prove that
fn,0 satisfies the required conditions. Let [B] € FJ(O)(Y). If [B] # ngff(o)v then
B ¢ F,(f(0),Y). In this case f, }(B) is only one point set and thus, fn_é([B]) is
only one point set. On the other hand, if [B] = ngff(o)v then
f_l(Fn(f(O)v Y)) = Fn(o’ X) U Fn(LX)a

n

since Fy,(0,X)N F,(1,X) # 0, we have that

fn_,é(ngl,f(O)) = Wﬁo(Fn(LX))
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is connected. This shows that f,, ¢ is monotone and hence, it is confluent. Finally,
since

f;é(Fg,f(o)) = WT)L{O(FH(L X))
is a nondegenerate continuum, we have that f, o is not light.

We will show (4). Let K € F,,(X) be such that {0,1} N K = () and let n > 1.
We shall show that f, x is light. Let [B] € FE) (Y) and recall that since f
is light, by [4, Theorem 3.26, page 380], we have that f,, is light. Suppose that
[B] = F};f(K), since

fo {E(f(K),Y)) = Fo(K, X),

fr i (EY ) = FiXi On the other hand, if [B] # F) ., since f, is light, by
Proposition 2.2, fn_}(([B]) is totally disconnected. Hence, f, k is light.

Now, let K = {z,y} be such that z,y € X — {0} and x # y. By the above,
fn,x is light. In order to prove that f, x is not monotone, note that f(x) # f(y)
and f(K) = {f(x), f(y)}. Hence, fax is essentially fo. We will see that fo is
not confluent. Let M = f([0,1/3])U f([2/3,1]). Note that M is a subcontinuum
of Y and Ny = F»([0,1/3]) is a component of f; *(Fy(M)) in Fp(X) such that
f2(N1) is a proper subcontinuum of Fy(M). Therefore, fo is not confluent. This
proves that f g is not confluent and hence, it is not monotone. For n > 2, since
f(0) € Y — f(K) is such that f~1(f(0)) = {0,1}, by Theorem 5.1, we have that
fn,Kx is not confluent and hence, it is not monotone. O

Example 8.3. There exist continua X and Y and a mapping f: X — Y such
that:

(1) f is light and open;

(2) for each n > 1, f, is light;

(3) for each n > 1 and for each K € F,(X) such that f(K) has cardinality

less than n, f, k is not light;
(4) fo is open;
(5) for each p € X, fo, is not open.

PROOF: Let
X = {(z,sin (i)) eER*: 0<x< %} U ({0} x [~1,1]),

Y =[-1,1] and let f: X — Y be defined by f((z,y)) = y. It is clear that f is
continuous and surjective.

Condition (1) follows from the definition of f.

Condition (2) holds from condition (1) and [4, Theorem 3.26, page 380].

We shall show (3). Let n > 1 and K € F,(X). Since f~}(f(K)) # K, by
Lemma 6.1, we obtain that f, x is not light.
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Conditions (4) follows from condition (1) and [4, Theorem 3.5, page 370].
In order to prove condition (5), let p € X, since f~1(f(p)) # {p}, by Theo-
rem 7.1, we conclude that fa, is not open. [l

It is important to mention that the properties of the next example are a con-
sequence of the results and the main ideas used in the proof of [4, Example 3.18,
page 376].

Example 8.4. There exist continua X and Y and a mapping f: X — Y such
that:

(1) f is confluent;
(2) f2 is not confluent;
(3) there exists p € X such that fs, is not confluent.

PRrROOF: In the complex plane, let S! be the unit circle centered at the origin.
Let X = S'U I U J, where I and J are two rays converging each one to one half
of S! as it is shown in Figure 1 (see also Figure 1 of [4, Example 3.18, page 376]
and compare with [5, Example 5.1]). Let f be the restriction of the complex
function z — 22 to X and let Y = f(X).

By [4, Example 3.18, page 376], conditions (1) and (2) hold.

In order to proof condition (3), let p € I U J. Without loss of generality,
suppose that p € I. Let a: [0,00) — f(I) and 3: [0,00) — f(J) be parametriza-
tions of f(I) and f(J) by arc length respectively. Let ¢y € [0,00) be such that
a(ty) = f(p) and we define o': [tog + 1/16,00) — f(I) by &'(t) = a(t). Let

w= (o 2 e o o)

- {{o0.3(0+ %)) <t}

]C/ = Cle(Y) (.A/) U CIFQ(Y) (B)

Compare A’ and K’ with A and K defined in the proof of [4, Example 3.18,
page 376]. Similar arguments as in the proof of [4, Example 3.18, page 376],

and

can be used to show K’ is a subcontinuum of F5(Y') and that no component of
f5 H(K') goes onto K’ under fo.

By Proposition 2.2 and the fact that X' N F2(f(p),Y) = 0, we obtain that no
component of fi;(ﬂgfp(lC’)) goes onto w3, (K') under fa,. Hence, fy, is not
confluent. d

Related to (4) of Problem 1.1, we do not know if f>, is confluent when p € S*
in the last example. In this way, we have the following question.
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FIGURE 1.

Question 8.5. Let f: X — Y be a mapping between continua. If f is confluent,
does there exist p € X such that fo, is confluent?
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