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On the set function p
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Abstract. Inspired by the work that Professor Janusz R. Prajs did on homo-
geneous metric continua in his paper (2010) and the version of his work for
Hausdorff continua with the uniform property of Effros done by this author, we
introduce a new set function, p, and present properties of it.
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1. Introduction

Inspired by the work that Professor Janusz R. Prajs did on homogeneous metric
continua [20] and the version of his work for Hausdorff continua with the uniform
property of Effros done by this author [12], see also [15, Section 3.4], we introduce
the set function g and present properties of it. Our main motivation is [12,
Lemma 5.7] or [15, Lemma 3.4.7].

The paper is divided in nine sections. After this introduction, we provide def-
initions in Section 2. In Section 3, we present properties of p. For example,
in Theorem 3.8, we show that if X is a continuum such that the image of each
singleton under g is X, then X is indecomposable, and in Example 3.10, we
present a decomposable metric continuum showing that the converse implication
of Theorem 3.8 is not true. In Theorem 3.13, we extend the additivity property
to families of nonempty closed subsets whose union is closed. In Theorem 3.19,
we give a sufficient condition to have that ¢ is idempotent on closed sets. As-
suming the continuity of Professor Jones’ set function 7, if A is a subcontinuum
of X, then we show that the continua W in the definition of p(A) may be taken
with connected interior (Theorem 3.28). We present a sufficient condition for the
aposyndesis of a continuum (Theorem 3.30), we observe that Example 3.10 also
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shows that the converse of this result is not true. We give a sufficient condi-
tion for the colocal connectedness of a continuum (Theorem 3.33) and present an
example of a continuum proving the converse of this theorem is not true (Exam-
ple 3.34). We prove that, for the class of locally connected continua, p coincides
with Professor Jones’ set function K (Theorem 3.38). In Section 4, we present
relationships between maps and . In Theorem 4.1, we show that a homeomor-
phism and p commute. In Theorem 4.2, we give a formula for the image of
a nonempty closed subset of a continuum X under p in terms of an atomic open
map. We prove that if we have an atomic open map between continua X and Y,
then the cardinality of the family of g-closed sets of X is equal to the cardinality
of the family of p-closed sets of Y (Corollary 4.12). We also mention that the
set function g may be used to define upper semicontinuous functions @y and
do dynamical systems as it is done in [2], (Remark 4.13). In Section 5, we show
that g is always upper semicontinuous (Theorem 5.1) and that p is continuous
for the class of locally connected metric continua (Theorem 5.2). In Section 6, we
work with the class of continua with the property of Kelley. We show that for
the class of T-symmetric continua with the property of Kelley, g is idempotent
on closed sets (Theorem 6.2). In Theorem 6.5, we prove that the family of images
of singletons under g forms a decomposition of a continuum with the property of
Kelley. We present a proof of Professor Janusz J. Prajs’ mutual aposyndesis de-
composition theorem for the class of continua with the uniform property of Effros
using the set function p (Theorem 6.10). We give a sufficient condition on a ho-
mogeneous continuum with the uniform property of Effros to have that Professor
F. Burton Jones’ aposyndetic decomposition coincides with Prajs’ decomposition
(Theorem 6.11). We end this section with a theorem about the dimension of the
images of the singletons under p for homogeneous metric continua that are not
aposyndetic (Corollary 6.13). In Section 7, we consider generalized inverse limits
of metric homogeneous continua to exhibit an infinite dimensional homogeneous
compact metric space having a continuous decomposition whose quotient space is
a mutually aposyndetic metric continuum, the homogeneous compact metric space
also contains an infinite dimensional homogeneous continuum (Theorem 7.5). In
Section 8, we work with the class of metric continua. We show that the fam-
ily of g-closed sets of a metric continuum X is a G subset of the hyperspace of
nonempty closed subsets, 2%, of X (Theorem 8.1). We also prove that, for a met-
ric continuum X, ©(2%) is an analytic set (Theorem 8.2). Section 9 contains
a result of independent interest, we show that every continuum with the uniform
property of Effros is an Effros continuum (Theorem 9.6), the reverse implication
is already known.
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2. Definitions

If Z is a Hausdorff topological space, given a subset A of Z, the interior of
A is denoted by Int(A), the boundary of A is denoted by Bd(A), and the closure
of A by CI(A).

A compactum is a compact Hausdorff space with more than one point. A sub-
compactum of a Hausdorff topological space Z is a compactum contained in Z.
A continuum is a connected compactum. A subcontinuum of a Hausdorff topo-
logical space Z is a continuum contained in Z. A subcontinuum W of a contin-
uum X is a strong continuum domain of X provided that Int(W) is a nonempty
connected open subset of X and W = Cl(Int(W)). A continuum is decomposable
if it is the union of two of its proper subcontinua. A continuum is indecompos-
able if it is not decomposable. A subcontinuum K of a continuum X is terminal
provided that for every subcontinuum L of X such that L N K # ), we have
that either L C K or K C L. A continuum X is almost connected im kleinen
at a point p if for each open subset U of X, having p, there exists a subcontin-
uum W of X such that Int(W) # 0 and W C U. A continuum X is colocally
connected provided that each point x of X has a local basis of open subsets
whose complements are connected.

A continuum X is semi-aposyndetic if for each pair of distinct points p and
q of X, there exists a subcontinuum W of X such that {p,q} NInt(W) # @ and
{p,q} N (X \ W) # 0. Let X be a continuum and let p and g be two distinct
points of X. Then X is aposyndetic at p with respect to q provided that there
exists a subcontinuum W of X such that p € Int(W) C W C X \ {¢}. We say
that X is aposyndetic at p if X is aposyndetic at p with respect to each point
q € X\ {p}. Also, we have that X is aposyndetic if it is aposyndetic at each of
its points. A continuum X is mutually aposyndetic provided that for each pair p
and ¢ of distinct points of X, there exist two disjoint subcontinua W7 and Ws
of X such that p € Int(W1) and ¢ € Int(Ws).

A map is a continuous function. A surjectivemap f: X — Y between continua
is monotone provided that f~!(C) is connected for every connected subset C
of Y. The map f is atomic if for each subcontinuum L of X such that f(L) is
nondegenerate, then L = f~(f(L)).

Remark 2.1. Note that atomic maps between continua are monotone [14, The-
orem 8.1.24]. Observe that the proof given in [14, Theorem 8.1.24] is valid for
Hausdorff continua since it only uses the boundary bumping theorem which is
true for Hausdorff continua, a proof of it may be found in [15, Theorem 1.4.36].

Let X be a compactum and let F be a family of nonempty subsets of X.
We say that the group of homeomorphisms H (X)) respects F, provided that for
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each pair of elements F' and F’ of F and every h € H(X), either h(F) = F’ or
h(F)NF =0.

F. Burton Jones defined what are now known as the set functions 7 and IC,
see [10]. He used them to study aposyndesis on metric continua. These functions
have been used to study continua, 7 has been used more that IC, see [15]. The
set functions 7 and K are considered “dual” functions. Next, we present their
definition.

Given a continuum X, we define the set function T as follows: If A is a subset
of X, then

T(A) = X\ {zx € X: there exists a subcontinuum W of X such that
zeInt(W)CcW C X\ A}

Observe that for any subset A of X, T(A) is a closed subset of X and A C T(A).
Note that, if W is a subcontinuum of X, then 7 (W) is a subcontinuum of X
[15, Theorem 2.1.27]. Also, by [15, Corollary 2.1.14], 7 (0) = 0.

For the continuum X, the set function K is defined as follows: If A is a subset
of X, then

K(A) = n{W W is a subcontinuum of X such that A C Int(W)}.

We also have that for any nonempty subset A of X, K(A) is a closed subset of X,
A C K(A) and K(0) = 0. It is not necessarily true that if L is a subcontinuum
of X, then K(L) is connected, see [8, Example 4].

Next, we introduce the set function that is the objective of our study, which is
inspired by [12, Lemma 5.7], see also [15, Lemma 3.4.7].

Given a continuum X, we define the set function p as follows: If A is a subset
of X, then

p(4) = ﬂ{T(W) W is a subcontinuum of X and A C Int(W)}.

Note that it is not necessarily true that p(@)) = @), see Theorem 3.8 and Exam-
ple 3.11.

Let X be a continuum and let R € {T,K, p}. Then X is point R-symmetric
provided that for each pair of points p and ¢ of X, we have that p € R({q}) if
and only if ¢ € R({p}). Also, X is R-symmetric if given two nonempty closed
subsets A and B of X, ANR(B) = § if and only if R(A) N B = 0. We say
that X is R-additive provided that given two nonempty closed subsets A and B
of X, R(AUB) = R(A) UR(B). The set function R is idempotent if R*(A) =
R(A) for all subsets A of X. Now, R is idempotent on closed sets (idempotent
on continua, idempotent on singletons, respectively) if for each nonempty closed
subset (continuum, singleton, respectively) A of X, R?(A) = R(A).
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Let X be a continuum. We consider the following hyperspaces of X:

2X = {A C X: A is closed and nonempty},
Ci1(X)={Ae€2¥: A is connected},
Fi(X)={{z}: =z € X},

with the Vietoris topology, defined below. If Kj,..., K,, are nonempty subsets
of X, let

(Kl,...,Km>:{AE 2X: A UKj and ANK,; #0 forallje{l,...,m}}.

Jj=1

A base for the Vietoris topology for 2% is given by the sets of the form
(Uy,...,Upn), where Uy,...,Uy,, are open subsets of X, see [19, Theorem (0.11)].

Let X be a continuum and let R € {T,K,p}. A nonempty closed subset A
of X is an R-closed set provided that R(A) = A. The family of p-closed sets
is denoted by P(X). Note that we may restrict R to 2% to have a function
R: 2% — 2% (for p see Proposition 3.1). Since 2% has the Vietoris topology, we
may consider the continuity of R. We say that X is a continuum for which R s
continuous if R: 2% — 2% is continuous.

In order to present the definition of the uniform property of Effros, we need
to recall the definition of a uniformity.

Let Z be a Hausdorff space. If V and W are subsets of Z x Z, then

—V=A(2)eZxZ: (2,2') eV}
and

V4+W ={(z,2"): there exists z’ € Z such that (z,2') € V and (2/,2") € W}.

We write 1V =V and for each positive integer n, (n + 1)V =nV 4+ 1V.

The diagonal of Z is the set Az = {(2,2): z € Z}. An entourage of Az is
asubset V of ZxZ suchthat Az CV and V = —V. The family of all entourages
of the diagonal of Z is denoted by ©z. If V € Dz and (z,2') € V, then we write
0z(2,2) < V. If VeDyand z € Z, then B(z,V) ={2' € Z: 0z(2,2') <V}
We have that if z, 2z’ and 2z are points of Z, and V and W belong to Dz then
the following hold, see [4, page 426]:

() 02(x2) < V.
(i) 0z(z,2") <V if and only if pz(2',2) < V.
(iii) If oz(z,2") <V and pz(2',2") < W, then gz(z,2") <V 4+ W.
Let Z be a Tychonoff space. A uniformity on Z is a subfamily i of Dz\{Az}
such that:
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(HUEVeld WeDy and V C W, then W € 4L
(2) If V and W belong to i, then VN W € 4.
(3) For every V € {l, there exists W € 4 such that 2W C V.
(4) N{V: Veu}=Az

A uniform space is a pair (Z,4) consisting of a nonempty set Z and a uni-
formity on the set Z. For any uniformity 4 on a set Z, the family O = {G C Z:
for every z € G, there exists V' € Y such that B(z,V) C G} is a topology on
the set Z, see [4, 8.1.1]. The topology O is called the topology induced by the
uniformity L.

Remark 2.2. Note that by [4, 8.3.13], for every compactum Z, there exists
a unique uniformity {7 on Z that induces the original topology of Z.

Let Z; and Z5 be Tychonoff spaces, let & and 4’ be uniformities inducing the
topology of Z; and Zs, respectively. Let g: Z; — Z5 be a surjective uniformly
continuous function. Then g is uniformly completely regular with respect to 4
and Y provided that for each U € 4, there exists V € ' such that if 25 and
zh are two points of Zs with gz, (22,25) < V, there exists a homeomorphism
h: g7 (22) — g~ 1(24) such that oz, (z,h(z)) < U for all points z € g~!(z2).
Information about this class of maps may be found in [15, Section 1.5].

Many of the properties presented in the paper are similar to the ones that the
set functions I and 7 have. We include the details for the convenience of the
reader.

3. General properties

We present properties of the set function . Note that from the definition
of p, we have:

Proposition 3.1. Let X be a continuum. If A is a nonempty subset of X, then
©(A) is a closed subset of X and A C p(A).

As a consequence of the definition of the set functions K and g, we obtain:
Proposition 3.2. Let X be a continuum. If A is a nonempty subset of X, then
K(A) C p(A).

Proposition 3.3. If X is a hereditarily unicoherent continuum, then p(A) is

a subcontinuum of X for every nonempty subset A of X.

PROOF: Let A be a nonempty subset of X. By [15, Theorem 2.1.27], if W is
a subcontinuum of X, then 7 (W) is a subcontinuum of X. Hence, since X is

hereditarily unicoherent, ©(A) is connected. Therefore, p(A) is a subcontinuum
of X (Proposition 3.1). O
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Lemma 3.4. If X is a continuum and A and B are nonempty subsets of X
such that A C B, then p(A) C p(B).

PROOF: Let x be an element of X \ p(B). Then there exists a subcontinuum W
of X such that B C Int(W) and x € X \ T(W). Since A C B, A C Int(W) and
x € X\ T(W). Hence, = belongs to X \ p(A). O

Corollary 3.5. If X is a continuum and A and B are nonempty subsets of X,
then p(A)Up(B) C p(AU B).

Theorem 3.6. Let X be a continuum and let A be a nonempty subset of X. If
B is a nonempty subset of X and B C Int(p(A)), then o(B) C p(A).

PROOF: Let B be a nonempty subset of X such that B C Int(p(A)). Let z be
a point of X \ p(A). Then there exists a subcontinuum W of X such that A C
Int(W) and z € X\ T(W). Note that ©(A) C W. Since B C Int(p(A4)), we have
that B C Int(W). Thus, z belongs to X \ p(B). Therefore, p(B) C p(4). O

Example 3.7. Let X be the cone over the Cantor set. Note that, since every
subcontinuum of X with nonempty interior contains the vertex of the cone, we
have that p({z}) = X for all points = of X, see [15, Example 2.1.15]. Thus,
p(A) = X for each nonempty subset A of X.

Theorem 3.8. If X is an indecomposable continuum, then p({z}) = X for all
points x in X. In particular, p(A) = X for every nonempty subset A of X. We
also have that p(0) = X.

Proor: If X is an indecomposable continuum, then for each proper subcontin-
uum W of X, Int(W) = 0, see [15, Corollary 1.4.35]. Hence, p({z}) = X for
each point  of X. If A is a nonempty subset of X, by Lemma 3.4, p(A) = X.
To prove that () = X, note that, since @ is a subset of the interior for every
proper subcontinuum W of X, which is empty, see [15, Corollary 1.4.35], and
T(W) = X, see [15, Theorem 2.1.44], we obtain that @() = X. O

Note that Example 3.7 is a hereditarily decomposable and hereditarily unico-
herent metric continuum that proves that the converse implication of Theorem 3.8
is not true. In the following example we present a family of decomposable metric
continua for which the converse implication of Theorem 3.8 is not valid. This
family also shows that the converse implication of Theorems 3.29 and 3.30 are
not true either. Next lemma is used in Example 3.10.

Lemma 3.9. If X and Y are continua, then X XY is a decomposable continuum.
PROOF: It is clear that X X Y is a continuum. Let U be an open subset of X
such that Cl(U) # X. Let y; be a point of Y, and let

L=(ClU) x Y)U (X x {y1}).
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Then L is a proper subcontinuum of X x Y such that Int(L) # (. Hence, by [15,
Lemma 1.4.34], X xY is a decomposable continuum. (|

Example 3.10. A metric continuum X is chainable provided that for each £ > 0,
there exists a finite open cover U = {Uy, ..., Uy} of X such that U; N Uy # 0 if
and only if |j — k| <1 and diam(U;) < ¢ for all j € {1,...,m}. C.L. Hagopian
proved that if X is an indecomposable chainable metric continuum, then for every
pair of subcontinua W7 and Wy of X x X such that Int(W;) # 0, j € {1,2}
(Lemma 3.9), we have that W1 N W5 # 0, see [7, Theorem 10]. Hence, if X is an
indecomposable chainable metric continuum and W is a subcontinuum of X x X
such that Int(W) # 0, then Txxx(W) = X x X. Let X be an indecomposable
chainable metric continuum. Then X x X is a decomposable continuum and for
each point (z1,22) of X x X, we have that pxxx({(z1,22)}) = X x X.

In the next example, we give a decomposable continuum Z for which the image
of the empty set under g is nonempty.

Example 3.11. Let Z = Z; U Z5 be a continuum, where Z; and Z, are in-
decomposable continua such that Z; N Z2 = {p}. Let W be a subcontinuum. If
WNZy =10, then T(W) = Zy, see [15, Theorem 2.1.44]. Similarly, if WNZ; = 0,
then T(W) = Z5. Note that if WNZ; #0 and W N Zy # 0, then T(W) = Z.
Hence, p(0) = {p}.

Theorem 3.12. Let X be a continuum and let I" be a filterbase of nonempty
closed subsets of X. Then p((\I') = {p(G): G € T}.

PROOF: Note that, by Lemma 3.4, we have that p((T) C N{p(G): G € I'}.
Let € X \ p((NTI). By definition, there exists a subcontinuum W of X such
that T C Int(W) and 2 € X \ T(W). Since X \ Int(WW) is compact, there exist
Gi,...,Gp in T such that X\Int(W) C U2, X\G;. Hence, L, G; C Int(W).
Since I' is a filterbase, there exists Gg in I' such that Gy C ﬂ;nzl G;. Hence,
Go CInt(W) and z € X \ T(W). Thus, z € X \ p(Go) and z € X \ N {p(G):
G € T'}. Therefore, p(NT) = N{p(G): G €T} O

The following theorem extends the definition of g-additivity to certain families
of nonempty closed sets.

Theorem 3.13. Let X be a continuum. Then X is gp-additive if and only if for

each collection T' of nonempty closed subsets of X whose union is a closed subset
of X, we have that p(UT) = U{p(G): G €T}.

PROOF: Suppose X is g-additive and let T" be a collection of nonempty closed
subsets of X whose union is a closed subset of X. By Lemma 3.4, we have
that J{p(G): G € T} C p(UT). Suppose z € X \ U{p(G): G € T'}. Then
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for each G € T, let F(G) = {A C X: A isclosed and G C Int(A)}. Then
F(G) is a filterbase of closed subsets of X. Since ({4: A € F(G)} = G, by
Theorem 3.12, p(G) ={p(4): A € F(G)}.

Hence, for each G € T, z € X \ [[{p(4): A € F(G)}. Thus, for ev-
ery G € T, there exists A¢ € F(G) such that x € X \ p(Ag). Note that
{Int(Ag): G € T'} is an open cover of (J{G: G € T'}. Since this set is com-
pact, there exist Gi,...,Gp in T such that U{G: G € T'} ¢ UL, Int(Ag,).
Since, by hypothesis and mathematical induction, p( Uiz, Ag,) = Uiz, 9(4c;,),
we obtain that p(|J{G: G €T}) C Ujz1 9(Ag,). Now, since we have that for
every j € {1,...,m}, v € X \ p(Ag,), it follows that = € X \ p(UU{G: G €T}).
Thus, we obtain that p(|U{G: G € T}) C U{p(G): G € T'}. Therefore,
p(UT) = U{p(G): G € T}. The other implication is clear. O

Theorem 3.14. Let X be a continuum and let A be a nonempty closed subset
of X. If x € X\ p(A), then there exists an open subset U of X such that A C U
and z € X \ p(ClU)).

PRrROOF: Let z € X \ p(A). Then, by definition, there exists a subcontinuum W
of X such that A C Int(W) and =z € X\ T(W). Since X is a normal space, there
exists an open subset U of X such that A C U C Cl(U) C Int(W). Hence, U is
an open subset of X containing A, C1I(U) C Int(W) and x € X \ T(W). Thus,
x € X\ p(Cl(T)). O

Observe that the next theorem is a consequence of Theorem 3.13. We present
a proof using the definition of p-additivity and Theorem 3.14.

Theorem 3.15. If X is a p-additive continuum and A is a nonempty closed
subset of X, then p(A) = J{p({a}): a € A}.

PROOF: Let A be a closed subset of X. We know that (J{p({a}): a € A} C
©(A) (Lemma 3.4). Let z € X \ U{p({a}): a € A}. Then for each point a
of A, by Theorem 3.14, there exists an open subset U, of X such that a € U,
and z € X \ p(Cl(U,)). Since A is a compact set, there exist ai,...,a, in A
such that A C |Jj_, U,;. Note that this implies that p(A) C o Ui Cl(Uy,)) =
Uj—1 ©(CI(Uy;)) € X \{z} (the equality is true by p-additivity and mathematical
induction). Hence, z € X \ p(A4) and p(A) = U{p({a}): a € A}. O

Theorem 3.16. Let X be a gp-additive continuum. If g is idempotent on sin-
gletons, then p is idempotent on closed sets.

PROOF: Let A be a nonempty closed subset of X. Since X is p-additive, by The-
orem 3.15, we have that p(A4) = J{p({a}): a € A}. Thus, p*(A) = p(U{p({a}):
a € A}) = U{p*({a}): a € A} = U{p({a}): a € A} = p(A). The second
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equality is true by p-additivity (Theorem 3.13) and the third one holds by the
idempotency on singletons of . O

Corollary 3.17. Let X be a gp-additive continuum. If @ is idempotent on
continua, then p is idempotent on closed sets.

Theorem 3.18. If X is a T-additive continuum and W is a subcontinuum of X,

then p(W) = Ufp({w)): w e W},

ProOF: We know that J{p({w}): w € W} C p(W) (Lemma 3.4). Let = €
X\ WHp({w}): w e W}. Then z € ([{X \ p({w}): w € W}. For each point
w € W, by definition, there exists a subcontinuum M, of X such that w €
Int(M,) and € X \ T(My). Then the family {Int(M,,): w € W} is an open
cover of W. Since W is compact, there exist wi,...,w, in W such that W C
Uj=) Int(My,;). Let M = Jj_; My,;. Thus, M is a subcontinuum of X, W C
Int(M) and = € X \ T(M) (since X is T-additive, T(M) = T (U}~ Muw,) =
Uj=y T (M., )). Hence, x € X \ p(W). Therefore, p(W) = U{p({w}): we W}

(I

The next theorem gives us a sufficient condition for the idempotency of g on
closed sets.

Theorem 3.19. Let X be a continuum. If for each nonempty closed subset K
of X and every subcontinuum L of X such that Int(L) # () and KN L = (), there
exists a subcontinuum W of X such that L C Int(W) and K N'T (W) = 0, then
p is idempotent on closed sets.

PROOF: Let A be a nonempty closed subset of X. By Proposition 3.1, p(A) C
©%(A). Let = be a point in X \ p(A). Then there exists a subcontinuum L of X
such that x € X \ 7(L) and A C Int(L). Note that p(A) C L. By hypothesis,
there exists a subcontinuum W of X such that x € X\ T(W) and L C Int(W).
Hence, W is a subcontinuum of X such that p(A) C Int(W) and z € X\ T(W).
Thus, x € X \ p?(A). Therefore, p(A) = p*(A), and p is idempotent on closed
sets. ]

Theorem 3.20. If X is a p-symmetric continuum, then X is gp-additive.

PROOF: Suppose X isa p-symmetric continuum. Let A and B be two nonempty
closed subsets of X. We know that p(A) U p(B) C p(A U B) (Lemma 3.4). Let
p € p(AUB). Since X is p-symmetric, we have that p({p})N(AUB) # (. Hence,
either p({p})NA#0 or p({p})NB # (. Thus, by p-symmetry, either p € p(A)
or p € p(B). Hence, p € p(A)Up(B). Therefore, p(A) U p(B) = p(AU B), and
X is p-additive. U
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Theorem 3.21. A continuum X is p-symmetric if and only if X is point -
symmetric and gp-additive.

PROOF: Suppose X is g-symmetric. Then, by Theorem 3.20, X is gp-additive.
It is clear that each gp-symmetric continuum is point g-symmetric.

Now, assume that X is a point p-symmetric and g-additive continuum. Let
A and B be two nonempty closed subsets of X such that AN p(B) = 0 and
p(A)NB # 0. Let z € p(A) N B. Then z € p(A) and =z € B. Note that
x € X\ A, otherwise,  would be an element of ANB C ANp(B), a contradiction.
Since X is p-additive, by Theorem 3.15, p(A) = [U{p({a}): a € A}. Thus, there
exists a point a € A such that z € p({a}). Hence, since X is point p-symmetric,
a € p({z}). Consequently, since z € B, we have that a € p({z}) C p(B). Thus,
a € AN p(B), a contradiction to our assumption. Therefore, p(A) N B = (), and
X is p-symmetric. (]

Theorem 3.22. Let X be a continuum and let p and q be two points of X. If
q € T({p}), then p € p({q}).

PROOF: Suppose that p € X\p({q}). Then there exists a subcontinuum W of X
such that ¢ € Int(W) and pe X\ T(W) C X \W. Hence, ¢ € X\ T({p}). O

Theorem 3.23. If X is a point p-symmetric continuum, then T ({z}) C p({z})
for all elements = of X.

PROOF: Let z be a point of X. If ¢ € T({z}), by Theorem 3.22, we have that
x € p({q}). Since X is point p-symmetric, we obtain that ¢ € p({x}). Therefore,

T({z}) C p({z}). O
Theorem 3.24. If X is a point T-symmetric continuum, then T ({z}) C p({z})
for each point x of X.

PROOF: Let x be a point of X. If ¢ € T({z}), then z € T({¢q}) (X is point
T-symmetric). Hence, by Theorem 3.22, we have that ¢ € p({z}). Therefore,

T({z}) C p({z}). 0

Theorem 3.25. If X is a T-symmetric continuum, then
p(A) = m{IC(W) W is a subcontinuum of X and A C Int(W)}.

PROOF: Let X be a T-symmetric continuum. Let W be a subcontinuum of X.
Then, by [15, Theorem 7.7.1], we have that (W) = [J{L({w}): w € W}. Since
X is T-symmetric, X is point T-symmetric. Hence, by [15, Corollary 7.7.4], we
know that K({z}) = T ({z}) for all points z of X. Thus, K(W) = U{T {w}):
w € W}. By [15, Theorem 2.2.11], X is T-additive. Hence, by [15, Corol-
lary 2.2.13], we have that T(W) = [J{T({w}): w € W}. Therefore, T(W) =
K(W). Now, the theorem follows from the definition of . O



110

S. Macias

Corollary 3.26. Let X be a continuum for which T is continuous. Then
p(A) = ﬂ{lC(W) W is a subcontinuum of X and A C Int(W)}.

PROOF: Since X is a continuum for which 7 is continuous, by [15, Corol-
lary 5.1.16], X is 7T-symmetric. Now the corollary follows from Theorem 3.25.
O

Theorem 3.27. Let X be a continuum for which T is continuous. Then T (A) C
p(A) for each nonempty closed subset A of X.

PrROOF: Let X be a continuum or which 7 is continuous. Then X is 7T-additive
[15, Theorem 5.1.10] and point T-symmetric [15, Corollary 5.1.16]. Since X is
point T-symmetric, by Theorem 3.24, we have that T({z}) C p({z}) for every
element x of X. Thus, if A is a nonempty closed subset of X, then, by T-
additivity and [15, Corollary 2.2.13], we have that T(A) = {7 ({a}): a € A} C
U{p({a}): a € A} C p(A) (Lemma 3.4). O

Theorem 3.28. Let X be a continuum for which T is continuous and let A be
a subcontinuum of X. If © € X \ p(A), then there exists a strong continuum
domain W of X such that x € X \ T(W) and A C Int(W).

PROOF: Let x € X \ p(A). Then, by definition, there exists a subcontinuum L
of X such that = € X \ T(L) and A C Int(L). Hence, T({z}) N A = (. Since
T is continuous, by [15, Theorem 5.1.6], 7 is idempotent. Thus, since T ({z})N
A = for each point a of A, there exists a strong continuum domain W, of X
such that @ € ITnt(W,) € W, C X \ {z}, see [15, Corollary 2.3.7]. Observe
that {Int(W,): a € A} is an open cover of A. Since A is compact, there exist
ai,...,am in A such that A C JjL, Int(W,,). Let U = |Jj_, Int(W,,). Since A
and each Int(Wy,), j € {1,...,m}, are connected, we have that U is an open
connected subset of X. Hence, W = Cl(U) is a strong continuum domain of X
such that A C Int(W) and =z € X \ W. Note that, by [15, Theorem 5.1.13],
W =T (W). Therefore A C Int(W) and z € X \ T(W). O

Theorem 3.29. Let X be a continuum. If for each pair of distinct points 1
and xo of X, we have that either 1 € X \ p({z2}) or x2 € X \ p({x1}), then X
is semi-aposyndetic.

PROOF: Let x; and x2 be two distinct points of X and assume that xo €
X\ p({x1}). Then, by definition, there exists a subcontinuum W of X such that
xe € X\T(W) and z1 € Int(W). Hence, T (W) is a subcontinuum of X [15, The-
orem 2.1.27] such that {z1,z2} N Int(T(W)) # 0 and {z1,2} N X\ T (W) # 0.
Therefore, X is semi-aposyndetic. ([l
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Theorem 3.30. Let X be a continuum. If p({z}) = {«} for all points = of X,
then X is aposyndetic.

PROOF: Let = and z’ be two distinct points of X. Since p({z}) = {z}, by
definition, there exists a subcontinuum W of X such that x € Int(W) and 2’ €
X \ T(W). In particular, 2’ € X \ W. Hence, X is aposyndetic at z with
respect to z’. Since x and 2’ are arbitrary points of X, we have that X is
aposyndetic. O

Remark 3.31. Note that Example 3.10 presents a family of metric aposyndetic
continua for which the converse of Theorems 3.29 and 3.30 are not true. Recall
that, by [15, Corollary 4.1.6], the product of two continua is aposyndetic. Hence,
the product of two continua is semi-aposyndetic.

Theorem 3.32. Let X be a continuum and let A be a nonempty closed subset
of X. If p belongs to X \ p(A), then there exists a nonempty closed subset M
of X, a subcontinuum W of X and a nonempty open subset Q) of X such that
X\M =Int(T(W)), pisin (MNQ)\T (W), p(A)NBd(Q) =0 and MNQNA = (.

PROOF: Let p be an element of X \ p(A). By definition, there exists a subcon-
tinuum W of X such that A C Int(WW) and p belongs to X \ 7(W). Since X is
a regular space, there exists an open subset @ of X such that p € Q C Cl(Q) C
X\T(W). Let M = X \ Int(T(W)). Then p isin M NQ, p(4) N Bd(Q) =10
and MNQNA=(. O

Theorem 3.33. Let X be a continuum. If p(A) = A for each nonempty closed
subset A of X, then X is colocally connected.

PROOF: Let x be a point of X and let U be an open subset of X containing x.
Then = does not belong to X \ U and, by hypothesis, p(X \ U) = X \ U. Thus,
by definition, there exists a subcontinuum W of X such that X \ U C Int(W) C
W cCT(W),and z isin X \ T(W). Let V = X\ T(W). Then V is an open
subset of X, x belongs to V, V C U and X \V = T(W) is connected [15,
Theorem 2.1.27]. Therefore, X is colocally connected. O

The next example shows that the converse implication of Theorem 3.33 is not
true.

Example 3.34. Let X be the suspension over the Cantor set with verteces v+
and v~. Then X is a colocally connected metric continuum. Note that if W is
a subcontinuum of X that contains {v*,v~} in its interior, then 7(W) = X.
Hence, p({v*,r }) = X.

Corollary 3.35. Let X be a continuum. If p(A) = A for each nonempty closed
subset A of X, then p(A) = K(A) for all nonempty closed subsets A of X.
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PROOF: Suppose that p(A) = A for each nonempty closed subset A of X. Then,
by Theorem 3.33, X is colocally connected. Hence, by [6, Theorem 26|, K(A) = A
for every nonempty closed subset A of X. Therefore, p(A) = K(A) for all
nonempty closed subsets A of X. ([

Theorem 3.36. Let X be a hereditarily unicoherent continuum. If A is a non-
empty closed subset of X and U is an open subset of X such that o(A) C U, then
there exists a subcontinuum W of X such that AC Int(W)Cc W Cc T(W) CU.

PROOF: Let A be a nonempty closed subset of X and let U be an open subset
of X such that p(A4) C U. Let

W ={T(W): W is a subcontinuum of X and A C Int(W)}.

Since p(A) C U, by definition, W is a family of subcontinua, see [15, Theo-
rem 2.1.27] of X such that {X \ T(W): T(W) € W} is an open cover of the
compact subset X \ U of X. Hence, there exists 7 (W1),...,T(W;) in W such
that X \ U C Ué-:l(X \ 7(W;)). Thus, ﬂé-:l T(W;) C U. Observe that, by
definition, A C Int(W;) for all j € {1,...,i{}. Let W = ﬂé‘:1 W;. Since X is
hereditarily unicoherent, W is a subcontinuum of X. Hence, A C Int(W) C
W CT(W) N,y T(W;) CU. O

Theorem 3.37. Let X be a hereditarily unicoherent continuum. If A is a non-
empty closed subset of X, then p(A) =T o K(A).

PROOF: Let A be a nonempty closed subset of X. Let
W={T(W): W is a subcontinuum of X and A C Int(W)}

and let W7 and W be two subcontinua of X such that A C Int(Wj), j € {1,2}.
Hence, 7(Wj;) belongs to W, j € {1,2}. Since X is hereditarily unicoherent,
W1 N Wy is a subcontinuum of X and A C Int(W;y N Ws). Thus, 7 (W1 N Wa)
belongs to W. Since T (W1 NWs) C T(W1)NT(Wa), we have that the family W
is a filter base of closed subsets of X. Hence, by [15, Lemma 2.2.9], we have that

p(A) = ﬂ{’T(W) W is a subcontinuum of X and A C Int(W)}

— T(ﬂ{W: W is a subcontinuum of X and A C Int(W)})

=T oK(A). 0

Theorem 3.38. If X is a locally connected continuum, then p(A) = K(A) for
all nonempty subsets A of X.
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PRrROOF: Suppose X is a locally connected continuum and let A be a nonempty
subset of X. By [15, Theorem 2.1.37], we have that 7 (B) = B for each nonempty
closed subset of X. Hence,

p(A) = ﬂ{T(W) W is a subcontinuum of X and A C Int(W)}

= ﬂ{W W is a subcontinuum of X and A C Int(W)} = K(A).
O

4. Set function p and maps
We present relationships between the images of @ and the images of maps.

Theorem 4.1. Let X and Y be continua, and let f: X — Y be a homeomor-
phism. Then fpx(A) = pyf(A) for all nonempty subsets A of X.

PROOF: Let A be a nonempty subset of X. Note that, since f is a homeomor-
phism, we have that by [15, Lemma 3.3.1]:

{Ty (M): M is a subcontinuum of Y such that f(A4) C Int(M)}
= {fTx(W): W is a subcontinuum of X such that A C Int(WW)}.

Hence,
fox(A) = f(ﬂ{TX(W): W is a subcontinuum of X such that A C Int(W)})
= ﬂ{fTX (W): W is a subcontinuum of X such that A C Int(W)}

= n{’ﬁx(M) M is a subcontinuum of Y such that f(A) C Int(M)}

= py f(A).
Il
Theorem 4.2. Let X and Y be continua, and let f: X — Y be an atomic
open map. Then px(A) = f~1py f(A) for all nonempty closed subsets A of X.

PROOF: Let A be a nonempty closed subset of X. Let = € X \ f tpy f(A).
Then f(z) € Y \ py f(A). Thus, by definition, there exists a subcontinuum W
of Y such that f(z) € Y\ Ty (W) and f(A) C Inty (W). Hence, since each
atomic map is monotone (Remark 2.1), f~1(W) is a subcontinuum of X. Also,
by the monotoneity of f, we have that f~1Ty (W) = Tx f~1(W), see [15, The-
orem 2.1.51 (e)]. Thus, z € f~'f(z) C X\ f'Ty(W) = X \ Tx f~H(W) and
AC f7Hf(A) C Intx(f~1(W)). Therefore, z € X \ px(4).

Now, let € X \ px(A). Then, by definition, there exists a subcontinuum W
of X such that z is in X \ Tx(W) and A C Intx(W). Note that, since f
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is an atomic map, f is monotone (Remark 2.1), and by [14, Theorem 8.1.25]!
f~1f(x) is a terminal subcontinuum of X. Observe that, by [15, Lemma 1.4.51],
f71f(x) is nowhere dense. Thus, f~1f(z) N Tx (W) = 0. Since f is an open
map and Inty (W) # 0, f(W) is nondegenerate. Hence, W = f~1f(W). We
claim that f(z) € Y \ Ty f(W). Suppose that f(z) € Ty f(W). Then z €
7 (@) C [T f(W) = Tx f1 (W) = Tx (W) (the first equality is true by [15,
Theorem 2.1.51 (e)], because f is monotone and open), a contradiction. Thus,
f(z) € Y\ Ty f(W). Hence, Ty f(W) is a subcontinuum of Y such that f(z) €
Y\ Ty f(W) and f(A) C Inty(f(W)). This implies that f(z) € Y \ py f(A).
Thus, = € f~1f(z) C X\ f~lpy f(A). Therefore, px(A) = f~tpy f(A). O

Theorem 4.3. Let X and Y be continua and let f: X — Y be an atomic map.
Then for each element z in X, f~1f(x) C p({z}).

PROOF: Let z € X and let z € X \ p({z}). Then, by definition, there exists
a subcontinuum W of X such that z € Intx(W) and z € X \ Tx(W). Since
f is an atomic map, f~!f(z) is a terminal subcontinuum of X, see [14, Theo-
rem 8.1.25] and footnote 1 on this page below. Hence, by [15, Lemma 1.4.51],
Intx (f~'f(z)) = 0. Thus, f~'f(z) € W. Therefore, 2 € X \ f~!f(z), and
(@) C p({a}). O

Theorem 4.4. Let X and Y be continua, where Y is mutually aposyndetic, and
let f: X — Y be a monotone map. Then for each element = in X, p({z}) C

(@)

PROOF: Let x be a point of X and let 2’ € X \ f~1(f(x)). Then f(x) # f(a').
Hence, since Y is mutually aposyndetic, there exist two disjoint subcontinua W
and W’ of Y such that f(z) € Inty (W) and f(2’) € Inty(W’'). Since f is
monotone, f~1(W) and f~1(W’) are two disjoint subcontinua of X such that
r € Intx(f~*(W)) and 2’ € Intx(f~'(W’)). Thus, 2’ € X \ T(W) and 2’ €
X\ p({z}). Therefore, p({z}) C f~1f(x). O

Corollary 4.5. Let X and Y be continua, where Y is mutually aposyndetic. If
f: X — Y be an atomic map, then for each element x in X, f~!f(z) = p({z}).

PROOF: Let = be an element of X. By Theorem 4.3, we have that f~1f(z) C
p({z}). Since atomic maps are monotone (Remark 2.1) and Y is mutually
aposyndetic, by Theorem 4.4, we obtain that p({z}) C f~'f(z). Therefore,

(@) = p({z}). U
Theorem 4.6. Let X and Y be continua. If f: X —» Y is a monotone and

open map, then fpx(A) C py f(A) for every nonempty closed subset A of X.

1The proof of [14, Theorem 8.1.25] only uses [14, Theorem 8.1.24] (Remark 2.1).
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PROOF: Let A be a nonempty closed subset of X and let
B={Tyf(M): M is a subcontinuum of X such that A C Intx (M)},

and
C={Ty(L): L is a subcontinuum of Y such that f(A) C Inty(L)}.

We show that B =C. Let M be a subcontinuum of X such that A C Intx(M).
Then Ty f(M) € B. Since f is open, f(A) C Inty (f(M)). Hence, Ty f(M) € C.
Next, let Ty (L) € C. Then L is a subcontinuum of Y and f(A) C Inty(L).
Since f is monotone, f~!(L) is a subcontinuum of X and A C f~1f(4) C
Intx (f~Y(L)). Thus, Ty (L) = Ty ff~Y(L) € B. Therefore, B = C. Now, we
have that

fox(A) :f(m{TX (M): M is a subcontinuum of X such that A C Intx (M)})
C ﬂ{f’TX(M): M is a subcontinuum of X such that A C Intx(M)}
C ﬂ{Tyf(M): M is a subcontinuum of X such that A C Intx (M)}
= ﬂ{Ty(L): L is a subcontinuum of Y such that f(A) C Inty (L)}
= py f(A).

The second inclusion follows from [15, Theorem 2.1.51 (b)]. O

Theorem 4.7. Let X and Y be continua and let f: X — Y be a monotone
map. Then pxf~Y(B) C f~tpy(B) for all nonempty closed subsets B of Y.

PROOF: Let B be a nonempty closed subset of Y. Note that if W is a subcon-
tinnum of Y and B C Inty (W), then, since f is a monotone map, f~1(W) is
a subcontinuum of X, and f~(B) C Intx (f~'(W)). Hence,

oxfYB) = ﬂ{TX(W): W is a subcontinuum of X and f~'(B) C Intx (W)}
C ﬂ{fﬁlTy(L): L is subcontinuum of Y and B C Inty (L)}
- f‘l(ﬂ{Ty(L): L is subcontinuum of Y and B C Inty(L)})

= f'ov(B).
O

Since atomic maps are monotone (Remark 2.1), from Theorems 4.6 and 4.7,
we obtain:

Corollary 4.8. Let X and Y be continua and let f: X — Y be an atomic
map. Then the following hold:

(1) pxf~Y(B) C f~tpy(B) for all nonempty closed subsets B of Y.



116

S. Macias

(2) If f is also open, then fpx(A) C py f(A) for every nonempty closed
subset A of X.

The following three results relate p-closed sets with monotone and atomic open
maps.

Theorem 4.9. Let X and Y be continua and let f: X — Y be a monotone
map. If B € B(Y), then f~1(B) € P(X).

PROOF: Let B € B(Y). By Theorem 4.7, we have that px f~1(B) C f~'py(B).
Since B € P(Y), gy (B) = B. Thus, pxf *(B) C f~(B). Hence, by Proposi-
tion 3.1, pxf~Y(B) = f~Y(B). Therefore, f~1(B) € Px. O

Theorem 4.10. Let X and Y be continua and let f: X —» Y be an atomic
open map. If A € P(X), then f(A) € B(Y).

Proor: Note that, by Remark 2.1, f is a monotone map and, by [14, Theo-
rem 8.1.25], see footnote 1, f~1f(x) is a terminal subcontinuum of X for all
elements z of X. Let A € (X). Then, by Theorem 4.2, px(A) = f~Lpy f(A).
Since A € P(X), px(A) = A. Hence, A = f~tpyf(A). Thus, f(A) =
11 oy F(4) = py (4). Therefore, f(4) € B(Y). 0

Corollary 4.11. Let X and Y be continua and let f: X — Y be an atomic
open map. Then A € B(X) if and only if f(A) € P(Y).

If A is a nonempty set, then |A| denotes the cardinality of A.

Corollary 4.12. Let X and Y be continua. If f: X —» Y is an atomic open
map, then |P(X)[ = [P(Y)].

Remark 4.13. By Theorem 5.1, p is an upper semicontinuous function. Hence,
we can do dynamical systems involving the set function g, on metric continua, in
the way it is done in [2]. To this end, we define the appropriate upper semi-
continous functions: If f: X — X is a map, let py: X — 2% be given by
pf(z) = p({f(x)}). When f is the identity map 1x of X, p1, becomes a cose-
lection; i.e., © € p1,(z) for all points z of X. For a general map f, py is called
p-f-coselection. Thus, the results of [2, Sections 3 and 4] are true for the coselec-
tion 1, and the results of [2, Sections 3 and 5] are valid for p-f-coselections py.
By Theorem 4.1, the results of [2, Section 6] are true for - f-coselections ey,
when f is a homeomorphism.

5. Continuity of p
We start with showing g is always upper semicontinuous.

Theorem 5.1. If X is a continuum, then ¢ is upper semicontinuous.
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PROOF: Let U be an open subset of X, and let U = {A € 2%X: p(A) € (U)}.
We show that U is an open subset of 2X. Let B € Clyx (2% \ &). Then there
exists a net {By}xea of elements of 2% \U converging to B, see [4, 1.6.3] and [18,
Theorem 4]. Note that for each A € A, p(Bx)\U # 0. Let z) € p(By)\U. With-
out loss of generality, we assume that the net {x)}rea converges to an element
of X, see[4,3.1.23 and 1.6.1]. Observe that x € X \U. We assert that = € p(B).
Suppose that € X \ p(B). Then, by definition, there exists a subcontinuum W
of X such that B C Int(W) and = € X \ T(W). Since {Bx}rea converges to B
and {x)}aca converges to x, there exists Ag € A such that if A > A\, we have
that By C Int(W) and ) € X \ T(W). Let A > Ag. Then By C Int(W) and
xx € X \ T(W). Hence, z) € X \ p(B,), a contradiction. Thus, z € p(B) \ U.
Hence, B € 2% \ U. Therefore, 2% \ U is a closed subset of 2% and U an open
subset of 2X. O

Theorem 5.2. If X is a locally connected metric continuum, then g Is contin-
uous.

PRrROOF: Let X be alocally connected metric continuum. Then, by Theorem 3.38,
p(A) = K(A) for all nonempty closed subsets A of X. Now, by [6, Theorem 36],
K is continuous. Therefore, @ is continuous. O

Theorem 5.3. Let X be a hereditarily unicoherent continuum. If T is continu-
ous and K is continuous at each {x} for all points x of X, then p is continuous.

PROOF: Let X be a hereditarily unicoherent continuum such that C is con-
tinuous at each {x} for every element 2 of X. Thus, by [5, Theorem 7], K is
continuous. Now, suppose 7T is continuous also. Hence, we have that, by Theo-
rem 3.37, p = T o K. Thus, p is the composition of two continuous functions.
Therefore, p is continuous. 0

6. Property of Kelley

We present properties of the set function g for continua with the property of
Kelley. Then we introduce the uniform property of Effros and prove Professor
Janusz R. Prajs’ mutually aposyndetic decomposition theorem for this class of
continua.

We begin with the pointwise version of the property of Kelley given by
W.J. Charatonik, see [3], and W. Makuchowski, see [17]. A global definition
of the property of Kelley may be found in [15, Definition 1.6.17].

A continuum X has the property of Kelley at a point xq if for every subcon-
tinuum L of X containing zp and each open subset U of C;(X) containing L,
there exists an open subset K (zq, L,U) of X such that z¢ € K(zo,L,U) and if
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x € K(xg, L,U), then there exists a subcontinuum M of X such that z € M and
M € U. The open set K(xzo,L,U) is called a Kelley set for U, L and xo. The
continuum X has the property of Kelley if it has this property at each of its
points.

Lemma 6.1. Let X be a continuum and let A be a nonempty subset of X. Then
the following hold:

(1) If z € X\ p(A), then AN T({z}) =0.

(2) If X is T-symmetric, B is a nonempty closed subset of X, X has the
property of Kelley and BN T(A) =0, then AN p(B) = 0.

(3) If X is T-symmetric, B is a nonempty closed subset of X and A N
©(B) =0, then AN T(B) = 0.

PROOF: Suppose = € X \ p(A). Then there exists a subcontinuum W of X
such that A C Int(W) and z € X \ T(W) C X \ W. Therefore, AN T ({z}) = 0.
Assume X has the property of Kelley and BN T(A) = 0. Then there exists
a subcontinuum W of X such that B € Int(W) € W C X \ A. Since X has
the property of Kelley, by [15, Corollary 1.6.21], there exists a subcontinuum L
of X such that W C Int(L) and LN A = (. Hence, WNT(A) = 0. Since X is
T-symmetric, we have that AN 7 (W) = (). Therefore, AN p(B) = 0.

Suppose X is a T-symmetric continuum and A N p(B) = 0. Let a be a point
of A. Then a € X \ p(B). Hence, by part (1) of this lemma, we have that
BN T({a})=0. Since X is T-symmetric, {a} N T(B) = (). Thus, since a is an
arbitrary element of A, we obtain that AN T(B) = 0. O

Theorem 6.2. If X is a T-symmetric continuum with the property of Kelley,
then @ is idempotent on closed sets.

ProoOF: If X isanindecomposable continuum, then p(A) = X for each nonemp-
ty closed subset A of X (Theorem 3.8). Hence, p(p(4)) = p(X) = X = p(A)
for all nonempty closed subsets A of X.

Let X be a decomposable continuum with the property of Kelley and let K
be a nonempty closed subset of X and let L be a subcontinuum of X such
that Int(L) #  and LN K = (. Since X has the property of Kelley, by [15,
Corollary 1.6.21], there exists a subcontinuum W of X such that L C Int(1W) and
WNK = 0. Applying [15, Corollary 1.6.21] again, there exists a subcontinuum M
of X such that W C Int(M) and M N K = (. Hence, W NT(K) = (. Since X
is T-symmetric, K N T(W) = (). Therefore, by Theorem 3.19, ¢ is idempotent
on closed sets. (I

Theorem 6.3. Let X be a continuum with the property of Kelley and let W,
and Wy be disjoint subcontinua of X with nonempty interior. Then p(W7) N
p(Wg) = @
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Proor: By [15, Corollary 1.6.21], there exists a subcontinuum M; of X such that
Wi C Int(M;) and Wy N M7 = (). This implies that T (W2) N T(M1) = 0, see
[15, Theorem 2.1.67]. Since p(W7) C T (M), we have that (W) N T(Ws) = 0.
Similarly, by [15, Corollary 1.6.21], there exists a subcontinuum My of X such
that W C Int(Ms) and p(W71) N T(Ms) = 0. Therefore, p(W1) N p(Ws) = 0.

[l

Theorem 6.4. Let X be a decomposable continuum with the property of
Kelley. If z; and x5 are two points of X such that p({z1}) N p({x2}) # 0,
then {xy, 22} C p({z1}) N p({x2}).

PROOF: Let x; and x2 be two points of X such that o({z1})N p({z2}) # 0. We
show that z1 € p({x2}). Let 3 € p({x1})N p({z2}). Suppose z1 € X\ p({z2}).
Then there exists a subcontinuum W3 of X such that 7 € X \ T(Ws) and
xo € Int(W3). Since z1 € X \ T(W2), there exists a subcontinuum W; of X such
that z; € Int(Wy) € Wy C X \ Wa. Thus, Wi N W, = (). Hence, since X has the
property of Kelley, 7 (W1) N T(Ws) = 0, see [15, Theorem 2.1.67]. Now, since
x3 € p({z1}) N p({z2}), we have that x5 € T(Wy) N T(Ws), a contradiction.
Thus, z1 € p({x2}). Similarly, 22 € p({z1}). Therefore, {z1,22} C p({z1}) N
p({w2}). 0

Theorem 6.5. If X is a decomposable continuum with the property of Kelley,
then Q = {p({z}): = € X} is a decomposition of X.

PROOF: Let x; and z2 be two points of X such that p({z1}) N p({z2}) # 0.
We show that p({z1}) C p({z2}). Suppose there exists x5 € p({z1}) \ p({z2}).
Then there exists a subcontinuum Ws of X such that zy € Int(W3) and z3 €
X\ T(W3). Note that, since X has the property of Kelley T2(Ws) = T (W>) [15,
Theorem 2.3.18]. Since z3 € X \ T?(Wa2), there exists a subcontinuum W5 of X
such that z3 € Int(W3) and W3 N T (Ws) = 0. Hence, by [15, Theorem 2.1.67], we
have that @ = T(W3) N T2(W2) = T(W3) N T(W2). Now, observe that, by Theo-
rem 6.4, we have that x; € T(Ws). Hence, W3 is a subcontinuum of X such that
xg € Int(W3) and 1 € X \ T(W3). Thus, z1 € X \ p({z3}). A contradiction
to the fact that, by Theorem 6.4, 1 € p({x3}). Therefore, p({z1}) C p({z2}).
Similarly, p({z2}) C p({x1}). Therefore, p({z1}) = p({z2}) and Q is a decom-
position of X. (I

Corollary 6.6. If X is a continuum with the property of Kelley, then X is point
p-symmetric.

The following is [12, Lemma 5.8], see also [15, Lemma 3.4.8], it is used in the
proof of Theorem 6.10. We include the modifications to the original proof for
completeness.
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Lemma 6.7. Let X be a decomposable continuum with the property of Kelley.
If W is a subcontinuum of X with nonempty interior and Q = {p({z}): = € X},
then T(W) = q 1qT (W), where q: X — X/Q is the quotient map.

PROOF: Observe that, by Theorem 6.5, Q is a decomposition of X. Note that,
for every point z of X, p({z}) = ¢ 'q(z). Let W be a subcontinuum of X
with nonempty interior [15, Theorem 1.4.34]. Clearly, T(W) C ¢ 'qT(W). Let
x € X\ T(W). Since X has the property of Kelley, T is idempotent on closed
sets [15, Theorem 2.3.18]. Hence, z € X \ T2(W). Thus, there exists a subcon-
tinuum W, of X such that z € Int(W,) C W, C X \ T(W). By [15, Corol-
lary 1.6.21], there exists a subcontinuum Ky of X such that 7 (W) C Int(Kw )
and W, N Ky = (. By [15, Theorem 2.1.67], T(W,)N T (Kw) = (. This implies
that ({z}) N T(W) = 0. Therefore, {q(z)} N ¢T (W) = 0. Thus, ¢ 'q(z) N
g qT(W) =0, and = € X \ ¢ LqT(W). Therefore, T(W) = ¢~ 1qT (W). O

Let Z be a Tychonoff space and let I be a uniformity that induces the topology
of Z. Then Z has the uniform property of Effros with respect to 3, provided that
for each U € §l, there exists V' € 4l such that if z; and 2z, are two points of Z with
0z(z1,22) < V, there exists a homeomorphism h: Z — Z such that h(z1) = 22
and pz(z,h(z)) < U for all z € Z. The entourage V is called an Effros entourage
for U. A homeomorphism h: Z —» Z satisfying oz (z,h(z)) < U for all z € Z,
is called a U-homeomorphism.

The following theorem is [12, Theorem 4.1], see also [15, Theorem 1.4.59].

Theorem 6.8. Let Z be a connected Tychonoff space and let I be a uniformity
that induces the topology of Z. If Z has the uniform property of Effros with
respect to U, then Z is a homogeneous space.

The next result is [13, Theorem 5.11], see also [15, Theorem 1.6.22].

Theorem 6.9. If X is a continuum with the uniform property of Effros, then X
has the property of Kelley.

We are ready to state and prove Professor Janusz R. Prajs’ mutual aposyndesis
decomposition theorem from [12, Theorem 5.9], see also [15, Theorem 3.4.9], in
terms of the set function p. The fact that X/Q has the uniform property of Effros
follows from [16, Theorem 4.6]. We include all the details for the convenience of
the reader.

Theorem 6.10. Let X be a decomposable continuum with the uniform property
of Effros. If @ = {p({x}): = € X}, then the following hold:
(1) Q is a continuous decomposition of X.

(2) The elements of Q are homogeneous and mutually homeomorphic closed
subsets of X.
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(3) The quotient map q: X — X/Q is uniformly completely regular.
(4) The quotient space X/Q is a mutually aposyndetic homogeneous contin-
uum with the uniform property of Effros.

Proor: By Theorem 6.8, X is a homogeneous continuum. By Theorem 6.9,
X has the property of Kelley. Note that, by Theorem 6.5, Q is a decomposi-
tion of X, and by Theorem 4.1, the group of homeomorphisms of X respects Q.
Hence, by [12, Theorem 4.2], or [15, Theorem 3.3.6], Q is a continuous decom-
position of X, the elements of Q are homogeneous and mutually homeomorphic
closed subsets of X, the quotient map is uniformly completely regular and the
quotient space is a homogeneous continuum.

We show that X/Q has the uniform property of Effros. Let U € Ux,q
(Remark 2.2). Since the quotient map ¢ is continuous, we have that (¢ x
q)~1(U) € Ux. Since X has the uniform property of Effros, there exists an
Effros entourage V' for (¢ x ¢q)~1(U). Since ¢ is an open map, see [15, Corol-
lary 1.1.24], we have that (¢ x ¢)(V) € ix/o. We prove that (¢ x q)(V) is
an Effros entourage for . Let x1 and x2 be two elements of X/Q such that
ox/0(x1,x2) < (¢ x ¢)(V). Then there exist two elements x; and 29 in X such
that g(z1) = x1, ¢(x2) = x2 and ox(x1,22) < V. Since V is an Effros entourage
for (gxq)~'(U), there exists a (¢x¢)~*(U)-homeomorphism h: X — X such that
h(x1) = x2. As in the proof of [12, Theorem 4.2], or [15, Theorem 3.3.6], it can
be seen that the map ¢: X/Q —» X/Q given by ((x) = q(h(qil(x))) is a home-
omorphism and {(x1) = x2. We prove that ¢ is a Y-homeomorphism. Let x be
a point of X/Q and let x € ¢~ 1(x). Since h is a (¢ x ¢)~*(U)-homeomorphism,
we have that ox(z,h(z)) < (¢ x )~ U); i.e., (z,h(x)) € (¢ x ¢)~ (). Hence,
(g x q)(z,h(x)) € U. Thus, since q(x) = x, we obtain that ox/0(x,{(x)) < U.
Therefore, ¢ is U-homeomorphism. Hence, (¢ x ¢)(V) is an Effros entourage
for U and X/Q has the uniform property of Effros.

We need to prove that X/Q is mutually aposyndetic. To this end, let x3
and x2 be two distinct elements of X/Q. Let x1 and x5 be points of X such that
q(z1) = x1 and q(xz2) = x2. Note that, p({z1}) N p({z2}) =0 (Theorem 6.5).
Hence, there exist two subcontinua Wi and W> of X such that x; € Intx (W),
Jj € {1,2}, and T(W7) N T (W) = 0. Since Q is a continuous decomposition,
q is open [15, Corollary 1.1.24]. Thus, by Lemma 6.7, ¢7Tx(W1) N qTx (W2) = 0,
X1 € Intx/o(qTx(W1)) and x2 € Intx/o(qTx(W2)). Therefore, X/Q is mutu-
ally aposyndetic. O

The following result is [12, Theorem 5.10], see also [15, Theorem 3.4.11]. Tt
gives us a sufficient condition to have that Jones’ decomposition coincides with
Prajs’ decomposition. We include the modifications to the original proof for the
convenience of the reader.

121



122

S. Macias

Theorem 6.11. Let X be a continuum with the uniform property of Effros.
If G = {Tx({z}): x € X} is Jones’ decomposition [15, Theorem 3.3.8], Q =
{px({z}): = € X} is Prajs’ decomposition (Theorem 6.10), and X/G is a mu-
tually aposyndetic continuum, then Tx({z}) = px({z}) for each x € X. In
particular, G = Q.

PROOF: By Theorem 6.8, X is a homogeneous continuum. By [15, Theorem 3.3.8],
G is a continuous decomposition of X. Let x; be a point of X. Let x5 €
X \ Tx({z1}). Then, since G is a decomposition, we have that Tx({z1}) N
Tx({z2}) = 0. Let ¢: X —» X/G be the quotient map. Note that q(x1) # q(z2).
Since X/G is mutually aposyndetic, there exist two disjoint subcontinua Wi
and W of X/G such that q(z1) € Intx,g(W1) and q(z2) € Intx;g(W2). Then,
since ¢ is monotone, ¢~1(W;) and ¢~ 1(Ws) are two disjoint subcontinua of X
such that =1 € Intx (¢ '(W1)) and zo € Intx(¢~*(W2)). Since X has the
uniform property of Effros, by Theorem 6.9, X has the property of Kelley.
Hence, since ¢~ 1(W1) N ¢~ (Ws) = 0, by [15, Theorem 2.1.67], Tx (¢~ 1(W1)) N
Tx (g t(Wa)) = 0. Thus, 21 € X \ px({z2}) and 22 € X \ px({x1}). This
implies that px({z1}) C Tx({z1}). Since G is a decomposition of X, X is
point T-symmetric. Hence, by Theorem 3.24, Tx({z1}) C p({z1}). Therefore,
Tx(mr}) = p({a1}). O

We end this section with a theorem about the dimension of the images of the
singletons under p for homogeneous metric continua that are not aposyndetic.

Theorem 6.12. Let X be a metric homogeneous continuum that is not aposyn-
detic and let xo be an element of X. If K is a component of p({zo}), then
dim(K) = dim(X).

PROOF: Let X be a metric homogeneous continuum that is not aposyndetic.
Then, by [15, Theorem 2.1.34], there exists an element z’ in X such that
T({z'}) # {2'}. Hence, by homogeneity, T ({z}) # {z} for any z € X, see
[15, Lemma 3.3.1]. Let K be a component of p({zo}) and let z € K. Since
Q = {px({z}): x € X} is a decomposition of X (Theorem 6.10), we have that
o({z0}) = 9({z}). By Theorem 3.23, we have that T({z}) C p({z}). Since
T ({#}) is connected, we obtain that 7 ({z}) C K. Now, by [21, Corollary 9],
dim(7({z})) = dim(X). Therefore, dim(K) = dim(X). O

Corollary 6.13. If X is a metric homogeneous continuum that is not aposyn-
detic, then for each point x of X, dim(p({z})) = dim(X).

Remark 6.14. Note that if X is a homogeneous metric continuum and G is Jo-
nes’ aposyndetic decomposition of X, then dim(X/G) = 1, see [22, Theorem 3.

Hence, we have the following:
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Question 6.15. If X is a homogeneous metric continuum and Q is Prajs’ mutual
aposyndetic decomposition of X, then is dim(X/Q) =17

7. Generalized inverse limits

Let X and Y be compacta and let f: X — 2 be a function. Then f is
upper semicontinuous at a point x of X provided that for each open subset U
of Y with f(z) C U, there exists an open subset V' of X such that if 2’ € V, then
f(@') Cc U. We say that f is upper semicontinuous if f is upper semicontinuous
at each point of X.

Let X,Y and Z be compacta and let f: X — 2¥ and g: Y — 2% be upper
semicontinuous functions. Then the composition of f and g, denoted g o f, is
defined by

(go f)(x) ={z € Z: there exists y € Y such that y € f(z) and z € g(y)}.

Let X be a compactum. Then X“ denotes the product of countably many
copies of X with the product topology. The symbol A% denotes the diagonal
of X¥; ie., AY ={(z,z,z,...): x € X}.

Let X be a compactum. If f: X — 2% is an upper semicontinuous function,
then its generalized inverse limit is

lim f = {(zn)8_ € X¥: z, € f(xny1) for each positive integer n}.
—

The function f is called the bonding function. For each positive integer n,
T, lim f — X is the projection map.

Le;( be a compactum and let G be an upper semicontinuous decomposition
of X. Then fg: X — 2% is given by fg(x) = G, where G, is the unique
element of G such that x € G,.

The following two results are [15, Lemmas 1.2.26 and 1.2.27].

Lemma 7.1. If X is a compactum and G is an upper semicontinuous decompo-
sition of X, then fg is an upper semicontinuous function.

Lemma 7.2. If X is a compactum and G = {G,: = € X} is an upper semi-

continuous decomposition of X, then lim fg = U{G‘;’: x € X}. Moreover,
—

A5 C {Elfg

Remark 7.3. Let X be a metric continuum and let G be an upper semicon-
tinuous decomposition of X. If G* = {K: K is a component of G for some
G € G}, then G* is an upper semicontinuous decomposition of X, see [15,
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Theorem 1.1.35] and lim fg« is a metric subcontinuum of lim fg, see [15, The-
— —
orem 1.4.76].

The next result is [15, Theorem 1.4.78].

Theorem 7.4. If X is a metric continuum and G = {G,: x € X} is a continu-
ous decomposition of X, then G* = {G¥: x € X} is a continuous decomposition
of lim fg. Moreover, lim fg/G* is homeomorphic to X/G.

— —

Let X be a decomposable homogeneous nonmutualy aposyndetic metric con-
tinuum and let £ = {p1,(x): = € X} (Remark 4.13). Let £* = {P,: P, is
a component of p({x}) for some z € X}.

Theorem 7.5. Let X be a decomposable homogeneous nonmutualy aposyn-
detic metric continuum and let £ = {p1,(x): z € X}. If p1,: X — 2%

is given by 1, (z) = p({z}), then {iin(plx)ﬁ = U{p({x})‘” x € X} is an

infinite-dimensional homogeneous compact metric space. Moreover, if £ = {P¥:

P, € £*} (Remark 7.3), then £ is a continuous decomposition of lim(p1 )¢,
«—

lim(p1, )z+ is an infinite dimensional homogeneous subcontinuum of lim(p;, )z

— —

and lim(p1,)z/L is homeomorphic to X /L. In particular, lim(p;, )z/£ is mu-
— —

tually aposyndetic metric continuum.

ProoFr: By [14, Theorem 4.2.31], X has the property of Effros. By Theo-
rem 6.10, £ is a continuous decomposition of X. Note that by [9, Theorem 3.2],
{iin(pl « )z is a nonempty compact metric space. Also, by Lemma 7.2, we have
that {iﬂl(plx)g = U{p({x})w x € X}. Hence, {iﬂl(plx)g is infinite-dimen-
sional. We prove that lim(p;, )z is a homogeneous space. Let (z,)%_; and
(zn)%_4 be two elementsa {El(pl «)c. Since X is homogeneous for each pos-
itive integer mn, there exists a homeomorphism h,: X — X satisfying that
hn(zn) = zn. Let h: {iin(plx)g —» {El(plx ) be given by h((wn)%_,) =
(hn(wy))¥_;. By Theorem 4.1, h is a well defined homeomorphism and holds
h((xn)¥_1) = (2n)¥_;. Therefore, {igl(@lx)ﬁ is homogeneous. By Theorem 7.4,
£ is a continuous decomposition of {iﬂl(plx )z By [9, Theorem 4.7], {iﬂl(plx Vo
is a subcontinuum of {iﬁl(plx )z The proof of the homogeneity of ljﬁl(@lx o+ is
similar to the one already given for lim(p;, ). Since given a point z of X, we
have that Py’ C {iLn(plX )+, we obtair:hat 1<i£1(plx )+ is infinite dimensional. By
Theorem 7.4, {iLn(plx)[;/E is homeomorphic to X/L. Therefore, 1<iLn(p1X )e/L is

a mutually aposyndetic metric continuum. O
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8. Two topological properties

In this section, we work with metric continua. We prove a couple of results,
one regarding the family of g-closed sets and the other regarding the family of
images of nonempty closed sets under .

If (X,d) is a metric continuum, A is nonempty closed subset of X, and ¢ > 0,
then let VI(A) = {z € X: there exists a € A such that d(z,a) < e}. If B is
another nonempty closed subset of X, then

H(A,B) =inf{e >0: ACV.(B) and B C V.(4)}.

H is called the Hausdorff metric induced by d, see [14, Theorem 1.8.3]. Recall
that if V is an open subset of X, then (X,V) = {A € 2X: ANV # 0} is an
open subset of 2% see [19, Theorem (0.11)].

The next theorem tells us that the family of g-closed sets of a metric contin-
uum X is a G5 subset of 2% (compare with [15, Theorem 4.1.11]). Recall that
the family of p-closed sets of a continuum X is denoted by FB(X).

Theorem 8.1. If X is a metric continuum, then 3(X) is a Gs subset of 2.
Hence, B(X) is completely metrizable.

PROOF: Given € > 0 define
0. ={Ae2%: p(A) cV.(A)}.
Note that if A € O, then H(A, p(A)) <e. If A € O, then define

M) = | (VEWDN{Be2Y: p(B) C Vi (4)}).

0<s<1

Note that A € M.(A) and M_(A) is an open subset of 2% (the second set is
open in 2% since g is upper semicontinuous by Theorem 5.1).

We show that M (A) C ©.. Let B € M.(A). Then there exists s € (0,1)
such that H(B, A) < se and p(B) C V(1_4):(A). We need to prove that o(B) C
Ve(B). Let x € p(B). Then, since p(B) C V(1—_4):(A), there exists a € A such
that d(z,a) < (1 — s)e. Hence, since H(B, A) < se, there exists b € B such that
d(b,a) < se. By the triangle inequality, we obtain that d(z,b) < d(x,a)+d(a,b) <
(1 —s)e + se = e. Thus, = € V4(B), and p(B) C V4(B). Hence, A is an interior
point of ©.. Thus, O, is open.

Observe that -

B(X) =) Or/n-

n=1



126

S. Macias

Therefore, P(X) is a G5 subset of 2X. Since 2% is a compact metric space
[19, Theorem (0.8)], we have that, by [23, Theorem 24.12], PB(X) is completely
metrizable. (I

A Polish space is a separable completely metrizable space. Let Z be a topo-
logical space. A subset A of Z is an analytic set provided that there exist a polish
space Y and amap f: ¥ — Z such that f(Y) = A.

The following theorem shows that for each metric continuum X, (2%) is an
analytic set in 2% (compare with [15, Theorem 6.1.3]).

Theorem 8.2. If X is a metric continuum, then ©(2%) is an analytic set.

PRrOOF: Let F = {(A4, B) € 2X x2X: p(A) = B}. We prove that F is a Gs-set.
To this end, let M = {(A,B) € 2X¥ x2X: B C p(A)} and let N = {(A,B) €
2% x 2%: p(A) C B}. We claim that M is a closed subset of 2% x 2%X. To see
this, let (C,D) € (2% x 2%X)\ M. Then there exists = in D\ p(C). Since X
is a regular space, there exist two disjoint open subsets U and V of X such that
x belongs to U and p(C') C V. Since p is upper semicontinuous (Theorem 5.1),
there exists an open subset U of 2% such that C € U and p(E) € (V); ie.,
p(F) C V for each E € U. Let W =U x (X,V). Note that (C,D) € W and
W is an open subset of 2% x 2X. Also, if (E,F) is in W, then p(E) C V and
FNV #0. Thus, F\ p(E) # 0 and (E, F) belongs to (2% x 2X)\ M. Therefore,
W C (2% x 2%)\ M, and M is a closed subset of 2% x 2X.
Now, we show that A is a Gs set. For each n € N, let

Ly, = Clax yox ({(4,B) € 2% % 2% Vi/n(a) N B =0 for some a € p(A)}).

We claim that N = (2% x 2%)\ |72, £,,. To prove this, let (A, B) be an element
of (2% x 2X)\ V. Then there exists z € p(A) \ B. Let ng € N be such that
Vi/no(x) N B = 0. Hence, (A,B) € Ln, C U,—; Ln. Therefore, (2% x 2%)\
Uo_i Ln CN.

Next, assume that (4, B) € L,, for some n € N. Let {(A,, Bm)}o_; be a se-
quence in {(C, D) € 2%X x2%: Vy,,(¢)ND = for some ¢ € p(C)} converging to
(A,B). For each m € N, let ap € p(An,) be such that Vy/,(an) N B = 0.
Since X is a compact metric space, there exists a subsequence {aml}}ﬁl of
{am}3_, converging to an element ag of X. Since p is upper semicontinu-
ous (Theorem 5.1), limsup p(A,,,) C p(A). Hence, ap € p(A4). We claim that
Vi/(2n)(a0) N B = 0. Suppose that Vi (2, (a0) N B # (. Since {anm, }§2, converges
to ap and {Bml}}ﬁl converges to B, there exists £ € N such that a,,, belongs
to Vi/(2n)(a0), and Vi y2n)(a0) N By, # 0. Let z be a point of Vi (2,)(a0) N B, -
Note that d(am,,z) < d(am,,a0) + d(ag,z) < 1/(2n) + 1/(2n) = 1/n. Thus,
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Vi/n(@m,) N B, # 0, a contradiction. Hence, Vy/2n)(a0) N B = 0, and ag €
©(A) \ B. Therefore, (A, B) € (2% x 2X)\ N, and N is a Gs-set.

Observe that F = MN N. Thus, F is a Gs-set. By [11, Theorem 3.11], F is
a polish space. Also, note that p(2%) = ma(F), where ma: 2% x 2% — 2% is
given by m((A, B)) = B for every element (A, B) of 2% x 2X. Therefore, p(2%)
is an analytic set. O

9. Effros continua

We prove that every continuum with the uniform property of Effros is an Effros
continuum (see definition below).

Notation 9.1. Let X be a homogeneous continuum, let H(X) be its group of
homeomorphisms with the compact-open topology. If x € X, then define the
evaluation map v,: H(X) = X by ~,(h) = h(x).

Remark 9.2. Tt is known that if X is a compactum and H(X) is the group of
homeomorphisms of X, then H(X) is a topological group with the compact-open
topology [4, page 441].

Let X be a continuum and let H(X) be the family of homeomorphisms of X
with the compact-open topology. In [1], D. P. Bellamy and K. F. Porter defined an
Effros continuum as a homogeneous continuum X such that for each element x
of X, the evaluation map ~v,: H(X) —» X is open (Notation 9.1). Observe
that they constructed a homogeneous continuum that is not an Effros continuum,
see [1].

Notation 9.3. Let X be a compactum. For every U € {x (Remark 2.2), let U
be the entourage of the diagonal Ay (x) C H(X) x H(X) defined by:

~

U={(g1,92) € H(X) x H(X): ox(g91(),92(x)) < U for all z € X}.

It is known that the family ¢/ = {U: U € $x} is a base for a uniformity on #(X);
the uniformity generated by this family is called the uniformity of uniform con-
vergence induced by ix and is denoted by iy, see [4, page 440].

We need a special case of [4, 8.2.7]:

Theorem 9.4. Let X be a compactum. Then the topology on H(X) induced
by the uniformity LALX of uniform convergence coincides with the compact-open
topology on H(X), and depends only on the topology induced on X by the
uniformity Ux (Remark 2.2).
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Theorem 9.5. Let Z be a Tychonoff space and let 31 be a uniformity that
induces the topology of Z. If Z has the uniform property of Effros with respect
to A, then for each element z of Z and every U € i, there exists an open
subset Oy, with z € Oy, such that if z' € Oy ., there exists a U-homeomor-
phism h: Z — Z such that h(z) = 2'.

PROOF: Let z be a point of Z and let U € 4. Since Z has the uniform property
of Effros with respect to i, there exists an Effros entourage V for U. Note that
Intz(B(z,V)) is an open subset of Z containing z. Let 2z’ € Intz(B(z,V)).
Then pz(z,2") < V. Thus, there exists a U-homeomorphism h: Z — Z such
that h(z) = 2. O

Theorem 9.6. Let X be a continuum. Then X is an Effros continuum if and
only if X has the uniform property of Effros.

ProoOF: If X is an Effros continuum, by [13, Theorem 5.9] (or [15, Theo-
rem 1.4.60]), then X has the uniform property of Effros.

Suppose X is a continuum with the uniform property of Effros. By Theo-
rem 6.8, X is a homogeneous continuum. Let = be a point of X, let O be
an open subset of H(X) and let ' € 7,(0). Then there exists h € O such
that v,(h) = h(z) = 2/. Since O is an open subset of H(X), there exists
U € 8y such that h € B(h,U) C O (Notation 9.3). By Theorem 9.5, there
exists an open subset W of X such that z € W and if z € W, then there ex-
ists a U-homeomorphism of X with h(z") = 2. Thus, oyx)(e,h) < U. We
show that W C ~4,(0). To this end, let w € W. Then there exists a U-
homeomorphism f such that f(z') = w. Since f is a U-homeomorphism, we
have that oy(x)(e, f) < U. Hence, 0y (x)(h, f o h) < U. Thus, f o h € B(h, 17)
and foh(z) = f(h(z)) = f(z') = w. Hence, w € vo(B(h,U)) C 72(O). There-
fore, 7,(0O) is an open subset of X and ~, is an open map. O

Acknowledgement. The author thanks the referee for the valuable suggestions
made that improved the paper. The author also thanks the Universidad Industrial
de Santander, Colombia, for the support given during this research.

REFERENCES

[1] Bellamy D.P., Porter K. F., A homogeneous continuum that is non-Effros, Proc. Am. Math.
Soc. 113 (1991), no. 2, 593-598.

[2] Camargo J., Macias S., Dynamics with set-valued functions and coselections, Qual. Theory
Dyn. Syst. 21 (2022), no. 2, Paper No. 25, 43 pages.

[3] Charatonik W.J., A homogeneous continuum without the property of Kelley, Topology
Appl. 96 (1999), no. 3, 209-216.



=
o

=
L

On the set function p

Engelking R., General Topology, Sigma Series in Pure Mathematics, 6, Heldermann Verlag,
Berlin, 1989.

Goodykoontz J. T, Jr., Some functions on hyperspaces of hereditarily unicoherent continua,
Fund. Math. 95 (1977), no. 1, 1-10.

Gorka S., Several Set Functions and Continuous Maps, Thesis Ph.D. Dissertation, Univer-
sity of Delaware, Delaware, 1997.

Hagopian C. L., Mutual aposyndesis, Proc. Amer. Math. Soc. 23 (1969), 615-622.
Hagopian C. L., Concerning arcwise connectedness and the existence of simple closed curves
in plane continua, Trans. Amer. Math. Soc. 147 (1970), 389-402.

Ingram W.T., Mahavier W.S., Inverse limits of upper semi-continuous set valued func-
tions, Houston J. Math. 32 (2006), no. 1, 119-130.

Jones F.B., Concerning non-aposyndetic continua, Amer. J. Math. 70 (1948), 403-413.
Kechris A.S., Classical Descriptive Set Theory, Graduate Texts in Mathematics, 156,
Springer, New York, 1995.

Macias S., Hausdorff continua and the uniform property of Effros, Topology Appl. 230
(2017), 338-352.

Macias S., On Jones’ set function T and the property of Kelley for Hausdorff continua,
Topology Appl. 226 (2017), 51-65.

Macias S., Topics on Continua, Springer, Cham, 2018.

Macias S., Set Function T - an Account on F. B. Jones’ Contributions to Topology, Devel-
opments in Mathematics, 67, Springer, Cham, 2021.

Macias S., The uniform Effros property and local homogeneity, Math. Slovaca 73 (2023),
no. 4, 1013-1022.

Makuchowski W., On local connectedness in hyperspaces, Bull. Polish Acad. Sci. Math. 47
(1999), no. 2, 119-126.

Mréwka S., On the convergence of nets of sets, Fund. Math. 45 (1958), 237-346.

Nadler S.B., Jr., Hyperspaces of Sets: A Text with Research Questions, Aportaciones
Matematicas: Textos, 33, Sociedad Matematica Mexicana, México, 2006.

Prajs J. R., Mutually aposyndetic decomposition of homogeneous continua, Canad. J. Math.
62 (2010), no. 1, 182-201.

Rogers J. T., Jr., Orbits of higher-dimensional hereditarily indecomposable continua, Proc.
Amer. Math. Soc. 95 (1985), no. 3, 483-486.

Rogers J. T., Jr., Higher dimensional aposyndetic decompositions, Proc. Amer. Math. Soc.
131 (2003), no. 10, 3285-3288.

Willard S., General Topology, Addison-Wesley Publishing Co., Reading, Mass.-London-Don
Mills, 1970.

S. Macias:

Current address:

ESCUELA DE MATEMATICAS, FACULTAD DE CIENCIAS,

UNIVERSIDAD INDUSTRIAL DE SANTANDER, CIUDAD UNIVERSITARIA,

CARRERA 27 CALLE 9, BUCARAMANGA, SANTANDER, A.A. 678, COLOMBIA
Permanent address:

INSTITUTO DE MATEMATICAS, UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO,
CIRCUITO EXTERIOR, CTUDAD UNIVERSITARIA, CDMX, C.P. 04510, MEXICO

E-mail: sergiom@matem.unam.mx

(Received August 24, 2023, revised October 21, 2024)

129



