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ERROR ESTIMATES FOR FINITE ELEMENT 
METHODS FOR SEMILINEAR PARABOLIC 
PROBLEMS WITH NONSMOOTH DATA 
V. THOMEK 
Department of Mathematics, dial nans Cnircrsitif of Technology 
S-41296 Gotehorg, Sweden 

We s h a l l su r ve y some r e c e n t work on t h e numerical s o l u t i o n of t h e 

semi l i n e a r i n i t i a l boundary v a l u e problem 

(1) u t - Au = f (u) i n flxl, l = ( 0 , t * l , 

u=0 on dQxI, 

u( O) =v in Q, 

where Q a bounded domain i n R l w i th a s u f f i c i e n t l y smooth boundary dQ, 

and f i s a smooth f u n c t i o n on R fo r which we assume fo r s i m p l i c i t y 

t h a t f and f' a r ° bounded. Such an a s sumpt ion i s no rma l ly r e a s o n a b l e 

on ly i f t h e s o l u t i o n of ( 1) i s known a p r i o r i t o be bounded, ju |<B, 

say , but i f t h i s i s t h e c a s e f may be modif ied i f n e c e s s a r y f o r |u |>B 

t o s a t i s f y our a s sumpt ion , wi thou t changing t h e s o l u t i o n of ( 1 ) . 

For s p a t i a l d i s c r e t i z a t i o n of ( 1 ) , l e t S CH = H ( Q) be a f a m i l y 

of f i n i t e - d i m e n s i o n a l s p a c e s p a r a m e t r i z e d by a small p o s i t i v e 

p a r a m e t e r h and l e t t h e semi d i s c r e t e s o l u t i o n u, : T-)SL be d e f i n e d by 
h h 7 

( 2 ) <u . + , \ ) + ( V u , , V \ ) = ( f ( u _ ) , \ ) , f o r \sS.t t f l , 
n , x n n h 

V 0 ) = " h E V 
where ( . , . ) i s t h e s t a n d a r d i n n e r p roduc t i n L ( Q) . 

I n o r d e r t o d i s c u s s t h e e r r o r i n ( 2) we assume t h a t S. i s such 
h 

t h a t t h e c o r r e s p o n d i n g l i n e a r e l l i p t i c problem admi t s an 0( h ) e r r o r 
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t h e D i r i c h l e t i n n e r p r o d u c t ( Vv,Vw) , s a t i s f i e s , f o r some r > 2 a n d some 

c o n s t a n t M, 

( 3 ) I IP .v -v l l < MhrHvll , f o r v s H * n H r , 

1 H r 0 

w h e r e 11.11 d e n o t e s t h e n o r m i n L . I t i s t h e n w e l l known t h a t i f u i s 

s u f f i c i e n t l y s m o o t h on t h e c l o s e d i n t e r v a l I , and i f t h e d i s c r e t e 

i n i t i a l d a t a v a r e s u i t a b l y c h o s e n , t h e n 

II u ( t ) - u ( t ) II < C ( u , H ) h ~ , f o r t _ T . 

To g u a r a n t e e t h a t u i s s m o o t h e n o u g h f o r t h i s r e s u l t , b o t h 

s m o o t h n e s s of v a n d c o m p a t i b i l i t y c o n d i t i o n s b e t w e e n v a n d t h e 

d i f f e r e n t i a l e q u a t i o n a t dQ f o r t = 0 a r e n e c e s s a r y . F o r i n s t a n c e , i n 

t h e l i n e a r h o m o g e n e o u s c a s e ( f = 0 i n ( 1 ) ) i t was s h o w n i n B r a m b l e , 

S c h a t z , Thomee a n d Wahl b i n C31 t h a t 

l luT_(t) - u ( t ) l l < Ch rHvll f o r V F D ( (-._) r / 2 ) , t f i 

ll H r 

w h i c h t h u s r e q u i r e s _. v | =0 f o r j < r / 2 . S u c h r e q u i r e m e n t s a r e n o t 

a l w a y s s a t i s f i e d i n p r a c t i c e a n d i t i s t h e r e f o r e of i n t e r e s t t o 

a n a l y z e t h e e r r o r f o r n o n s m o o t h o r i n c o m p a t i b l e d a t a . N o t e t h a t t h e 

s o l u t i o n of ( 1 ) w i l l a l w a y s b e s m o o t h f o r p o s i t i v e t i m e . F o r t h e 

l i n e a r h o m o g e n e o u s e q u a t i o n t h i s may b e e K p r e s s e d b y s a y i n g t h a t t h e 

L a p l a c i a n g e n e r a t e s a n a n a l y t i c s e m i g r o u p E( t ) =exp( _\t) a n d t h a t 

u( t ) =E( t ) v s a t i s f i e s 

( 4 ) I I E ( t ) v l l . _ < C t ~ ( ^ ~ a ) / 2 Hvl l . w h e r e II vll . =11 ( -._) a / 2 v l l . 
H^ H a H a 

For the linear homogeneous equation the nonsmooth data situation 

has been investigated in Blair C 23 , Helfrich C 53 , Bramble, Schatz, 

Thomee and Wahl bin C33 and later papers (cf. Thomee C73) . In this 

case, it may be shown using the smoothness property (4) that if v is 

h e n c h o s e n a s P n ^ , t h e L_ p r o j e c t i o n of v o n t o S. . t 

( 5 ) l lu.< t ) - u < t>ll < C h a + a t ~ a / 2 l l v l l . , f o r 0 < a < a + a < r . 
h H a ' 

I n p a r t i c u l a r , o p t i m a l o r d e r c o n v e r g e n c e i s a t t a i n e d f o r t p o s i t i v e 

"2m 
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for pos i t ive time without i n i t i a l r egu l a r i t y i s known also for the 

1 i near i nhomogeneous probl em, cf. Thomee C 7] . 

In the semi l inea r s i t u a t i o n the following resu l t has been proved 

in Johnson, Larsson, Thomee and Uahlbin C61 . 

Theorem 1 . Let u be a solut ion of (1) with llvll<p. Assume fur ther that 

(3) i s s a t i s f i e d (with r>2) and let u. be the solut ion of (2) with 
n 

v =Prtv. Then there ex i s t s a constant C = C( p.M) such that 
h u 

llu ( t) -u( t) II < Ch2( t _ 1 + |log( h 2 / t ) |> , for tsT. 

The above resu l t thus shows that for r=2 the e r ror in the 

semi 1 inear case i s e s s e n t i a l l y of the same order as for the l i nea r 

homogeneous equation. For r>2, however, the resu l t of Theorem 1 i s 

weaker than the case a=0 of ( 5) . The reason why the above argument 

f a i l s to yield higher order convergence than second i s r e la ted to the 

lack of i ntegrabi 1 i t y of the r ight hand side of (5) for a> 2, a=0. In 

sp i t e of t h i s , i t may be shown that an analogue of ( 5) holds, in the 

sense that the convergence r a t e in L at pos i t ive time i s almost two 

powers of h higher than the order of r e g u l a r i t y of the i n i t i a l data 
p 

(up to the optimal order 0( h ) ) . 

I t may be shown that Theorem 1 i s , in fac t , e s s e n t i a l l y sharp in 

the sense that an-est imate of the form 

(6) llu ( t >-u< t0>ll < C( p,M,t0> h°, | u ( x , t ) | < B, 

cannot hold for any a> 2 and tQ>Oi regardless of the value of r. (Note 

that the requirement that u i s bounded i s more stringent than 

boundedness of II vll .) We shall sketch an example to indicate t h i s . 

Consider thus the problem 

(7) 

u( O.t) = u( 1 , t ) = 0, 

u( x,0) = v( x) , 

to r IUI < a. Let n=i/N. i. . _ 
J 

consider the semi di screte analogue using the f i n i t e dimensional space 

where f( u) = u for |u | < B. Let h=l/N, x.=jh, J =( x ,x > and 

Sh = <.*FC(J>; \\J E n r i for n = 0 , . . . , N - l ; \( 0) =*< 1 > =0> . 
n 

For the i n i t i a l values we choose 

v( x) = vN( x) = 9( Nx) , 
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where V 1s a not i d e n t i c a l l y vanish ing func t ion of t h e form 

r + 1 
,f( K) = L . , y . s i n njx , 

J=- J 

where p may be chosen sma l l e r than B. The exact s o l u t i o n of ( 7) i s 

it tf 
then a l s o sma l l e r than B i n modulus on I=CO,t 3 with t s u i t a b l y 

smal l , i ndependen t ly of N. Since v =vM .=P^v.,= 0, by the c o n s t r u c t i o n 
n N, n UN 

.nee e( t) =u_( 
h 

comparison theorems and some Four i e r s e r i e s arguments , one may show 

lle(t)ll = lluM(t)ll > C/N2 = Ch2. 
N 

Hence an i n e q u a l i t y such as ( 6) i s not p o s s i b l e for CT>2. We may th ink 

of t h i s as an example of n o n l i n e a r i n t e r a c t i o n of Four i e r modes. 

We sha l l now b r i e f l y cons ide r t he d i s c r e t i z a t i o n of equa t ions 

such as (1) and (2) with r e spec t to t he t ime v a r i a b l e . Consider thus a 

semi 1 i near problem of t h e form 

(8) du/d t + Au = f(u) for t f l , 

u( 0) = v, 

where A i s a p o s i t i v e d e f i n i t e s e l f a d j o i n t l i n e a r but not n e c e s s a r i l y 

bounded o p e r a t o r i n a Hi 1ber t space H, and where f i s bounded t o g e t h e r 

with i t s Frechet d e r i v a t i v e . 

For the approximate s o l u t i o n of ( 8) we i n t r o d u c e a time s tep k 

and l e t U FH be the approximat ion of u( t ) , t = nk, defined by a scheme 

n "r n ' n ' * 
of the form 

( 9 ) U A i = E¥U + kF(k,U ) , n = 0 , i , 2 , . . . 
n+1 k n ' n ' > » » 

Here E =r( kA) where r( X) i s a rat ional funct ion which i s such that for 

some p> 1 , 

(10) r(X) = e~X + 0(XP + 1) as X-rf), 

and such that 

( 11) |r( X) | < 1 for X > 0 . 



F u r t h e r F< k , #) i s s u c h t h a t ( 9 ) i s c o n s i s t e n t w i t h ( 8 ) . More 

p r e c i s e l y , a s s u m e f o r s m a l l k , w i t h !! . M t h e no rm i n H, 

( 1 2 ) ! I F ( k , # ) - F ( k , V ) l l < CII0 - *'ll 

a n d 

( 1 3 ) I! A _ 1 ( F( k , £> - f ( * ) > l l i Ck(HA*ll + 1) f o r ^ D ( ft) . 

A s i m p l e e x a m p l e i s p r o v i d e d by t h e l i n e a r i z e d b a c k w a r d E u i e r 

met h o d , 

< U . -U > / k + AU f = f< U ) , 
n+1 n n+1 n 

Df t h i s f o r m wi t h r< X) = 1 / ( 1 -

s a t i s f i e s <10) w i t h p = l , a s w e l l a s < 1 1 ) , <12) and ( 1 3 ) . 

We f i r s t r e c a l l a n o n s m o o t h d a t a e r r o r e s t i m a t e by B a k e r , B r a m b l e 

a n d Thomee L13 ( s e e a l s o C73) f o r t h e l i n e a r h o m o g e n e o u s e q u a t i o n , f = 0 

i n ( 8 ) a n d t h e c o r r e s p o n d i n g d i s c r e t e s c h e m e ( 9 ) w i t h F ( k , V > ) = 0 : 

IIU - u( t ) II < C k P t ~ P l ! v l l f o r v - H , t EI . 
n n n n 

T h i s r e s u l t may b e c o m b i n e d w i t h t h e c o r r e s p o n d i n g r e s u l t f o r 

d i s c r e t i z a t i o n i n s p a c e of ( 1 ) t o y i e l d e r r o r b o u n d s f o r t o t a l l y 

d i s c r e t e s c h e m e s of o r d e r 0( h +I< 

a s s u m p t i o n s o n t h e i n i t i a l d a t a . 

I n t h e semi 1 i n e a r s i t u a t i o n we h a v e t h e f o l l o w i n g n o n s m o o t h d a t a 

e r r o r e s t i m a t e by C r o u z e i K a n d Thomee C 4 ] . 

T h e o r e m 2 . U n d e r o u r p r e s e n t a s s u m p t i o n s we h a v e 

IIU - u< t > II < C( P ) k C t _ 1 l o g ( t f / k > + ( 1 og( t t / k ) ) 2 > f o r l l v l K p . 
n n " r n * n+1 n+1 ~r 

T h i s r e s u l t may a g a i n b e c o m b i n e d w i t h T h e o r e m 1 c o n c e r n i n g 
2 

d i s c r e t i z a t i o n i n s p a c e t o s h o w a n e s s e n t i a l l y 0( h +k) c o n v e r g e n c e 

r e s u l t f o r t h e c o m p l e t e d i s c r e t i z a t i o n of ( 1 > , w i t h o u t a n y o t h e r 

r e q u i r e m e n t s f o r t h e i n i t i a l d a t a t h a n « f L ( fl) . 

I n t h e s a m e way a s f o r t h e semi d i s c r e t e e q u a t i o n , t h e 

n o n l i n e a r i t y l i m i t s t h e o r d e r of c o n v e r g e n c e p o s s i b l e i n t h e c a s e of 

n o n - s m o o t h d a t a . T h u s , i n p a r t i c u l a r , o n e may s h o w b y a n e x a m p l e t h a t 

f o r a R u n g e - K u t t a t y p e m e t h o d of o r d e r of a c c u r a c y p>1 a n d i f s > 1 t h e n 

i t i s n o t p o s s i b l e t o s h o w 

IIU - u ( t >ll < C ( p > k 5 f o r !lv!l<p- t = t > 0 . 
n n ~ n 
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