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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XVII — 1967

0. VEIvODA, Praha

PERIODIC SOLUTIONS OF NONLINEAR PARTIAL DIFFERENTIAL
EQUATIONS OF EVOLUTION.

The first paper on the subject is perhaps [23] A. VITT in 1934, As it is
seen from the list of papers known to the author and quoted below, there are
now about sixty published papers on the theory considered. Therefore, it is
impossible to cover the topic in the whole in this survey. Thus, only papers.
on partial differential equations of hyperbolic type, which appeared (or are
in press) after my expos:tory talk at Equadlﬁ' I (see [20]) in 196.., will be
mentioned.

Let us start with the author’s paper [21]. Here, the eXxstence of w-periodic
solutions of a perturbed wave equation

(1) Uit — Uzz = Ef(t, X, w, Uty Uy, 8)
with boundary conditions
(2) u(t, 0) = u(t, n) = 0

where f is w-periodic in ¢, is investigated by means of the Poincaré method.
It is neccessary to distinguish three cases: (x) @ = 2zn, n a natural number,

B), w = 2x —qu ,'p, q natural numbers, (y) @ = 2na, « an irrational number.

In the case w = 2an it is shown that the bifurcation equation of the problem
reads either

2an =

(3) of 6[ (&, z, u(t, x), wi(t, x), ugl(t, x)) v(t, ) de d¢ = 0,

v(t, z) = @(x + t) — p(—=x + t) for any 2zn-periodic function ¢ of class C?,
or '
(3') f(t, &, u(t)‘ x — 1), wi(t, z — 1), ’“z(t, z.— 1) di=0.
Using the latter form of it, it is proved that there exists-a classical 2nn-periodic
solution for sufficiently small &, if (i) f is sufficiently smooth and

f¢0,0,0, w, &) = f(¢, #, 0,0, w, &) = 0,
(ii) the equation
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(4) G(s) (x) =

2nn
ng[ﬂax—odm_qpm+ﬁmﬁ@» 8'(—x + 29), ' () +8'(—x 4 20))dd =
=0

has a solution s*(x) in a subspace 6‘2 of the space C2, (iii) there exists the
inverse operator

[G5(s*)]"te L[D — ~C’2], where D = G'(E’z)

A similar result is obtained for o = 2n—% , ¥, q natural numbers. (A paper

on a similar problem with nonhomogeneous boundary conditions has just
been finished.)

J. KurzweiL[10]applying his theory of integral manifolds of ordinary diffe-
rential equations in the Banach space to the problem (1), (2) (with w = 27)
gets an analogous result assuming that besides (i), (ii) quoted above, the
condition

(iii’) s*(x) is an exponentlally stable stationary solution of a certain ordi-
nary diffcrential equation in a Banach space holds. Then the found
2n-periodic solution of (1), (2) is also asymptotically stable.

In both the papers some particular cases are discussed, for which all
assumptions take place. (E.g. in [21]f = h(t, ) 4 au + pud, or f = Ah(t, z) +
+ (1 — au?) u; in [10] an autonomous case is treated successfully, too.)

Usually, the verification of conditions (ii), (iii) is rather difficult. Therefore,
the results assuring the two conditions to be fulfilled under some assumptions
which may be verified easier, are desirable. Besides some older results [22],
2k + 1

2l
assured the existence of a 2a-periodic solution of (1), (2) under the conditions

[24]—[28], [30] for w = 2n , k, I natural numbers, P. RaABiNow1TZ ([17])

that f = f(t, =, w), f is sufficiently smooth and 53—5 (t,z,u) < B <0 (B being

a constant). His method is based on the fact that the bifurcation equation
in the form (3) is an Euler equation of an apropriate variational problem,
namely

2 = "

minimize [ f F(t, x, u) dz d¢,
. ueN 0

where F(t, z, u) = f S, z,v)dv and N i is the subspace in L, of functxons of
the form @(x 4 t) — p(—= + t); ¢ being 2n-periodic.

In general, the case w = 2aa, « an irrational number, seems to be rather
difficult. Recently, G. T. Soxorov in [29] has shown the existence of an
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w-periodic solution of the probiem (1), (2) (he writes it in a somewhat di-
fferent way) for & = 27:]/1_&, n a natural number, and f = f(¢, x, u).
L. CesaR1 investigates the problem given by
(5) wie = f(¢, , u, wt, uz)
(6) u(t, 0) = uy(t)

f and u, being w-periodic in ¢ and he asks when it is possible to choose the
function (0, x) = u4(0) + »(x), »(0) =0, on a sufficiently narrow strip
—a < @ < @ so that the solution of the problem (5), (6) be w-periodic in ¢.
He makes use of the fact that the modified problem given by

(5" wee = f(t, @, w, ug, ug) —
]

_’(i ff(ﬂ’ Zz, u(l()’ .’L‘),’Ll«t(ﬁ,x), ux(l?’ x))d'9
0

and by the condition (6) has always an w-periodic solution if a is sufficiently
small and f and u, are sufficiently smooth. After some anticipatory rcsults
in [2], [3] he proves in [4] that there exists an w-periodic solution of (5), (6)
for a sufficiently small a if the following assumptions are fulfilled: (i) f is
sufficiently smooth, (ii) the equation

(7 Jﬂ&m%wMMﬁﬂmwww=m

where ¢(¢) (1) is the solution of the problem
d .
T =T 0, uglt), uy®), a),  a(0) = m,
has at least one solution x = u*, (iii) the Jacobian of the equation (7) at the
point u = p* is nonvanishing. (In CESARI’s papers the quantities u, f, u,
etc. are supposed to be vectors.)
Besides this CesarI ([5], [6]) studies the prcblem (5), (6) for

f = e[y, ) + Cu + a(x) us + B(E) uz + eg(t, x, u, we, uz)l,
where p, o, # and g and u, and » are w-periodic in ¢ and x and he seeks a solution
w-periodic in both variables. Making use of the successive approximation
method and the Fourier method he proves that under the condition C 5 0
and some other less fundamental conditions an w-periodic solution exists.
(Let us note right now that for a perturbed telegraph equation of a similar
type i.e.
uez = (&, ) + Cu + a(x) us + () ue + g(t, x, u, us, uz)

he also derives an existence theorem for an w-periodic solution adding to the
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conditions above the requirement that the limit equation (¢ = 0) have an
w-periodic solution of the form wu(t) 4 v,y(x).)
In [1] A. K. Az1z investigates the existence of an -periodic solution of
the modified problem (5’) under more general assumptions than CEsarI does.
In [7] F. A. FickEN and B. A. FLEisHMAN investigated the problem

(8) s — Ugz + 20us + 2bug + cu = h(t, x) + &f(¢, 2, u, ws, uz)
either for —o0 < << 40 or for 0 << x << = with the boundary conditions
9) u(t, 0) = u(t, @) = 0

They supposc @ >0, b =0, ¢ > 0, f = —u® and h w-periodic in ¢ and suf-
ficiently smooth. Then they prove the existence of an w-periodic solution
for sufficiently small ¢ by examining the transition operator U(t, x) at points
t = 1 4 nw, for n - o0, n a natural number.

Making use of the same method J. HavLovaA in [9] generalized their result

2
to the case @ # 0, b arbitrary, _1)4_ + ¢ > 0, f sufficiently smooth. (V. ViTEK

is preparing a paper on a similar equation in two spatial variables.)
A more general equation

(10) uy + 2yur + Au + F(t, u) = f(£) ,

where A is a positive selfadjoint operator, F(¢, «) is a nonlinear sufficiently
smooth operator with F(t, 0) = 0 is treated also by the same method in [11]
by K. Masupa and the existence of a generalized w-periodic solution for suf-
ficiently small f is assured.

Recently, the equation (10) was attacked by J. HaviovA under somewhat
different assumptions by means of the Fourier method and the existence of
a classical w-periodic solution was shown.

Lately, a spectal case of the problem (8), (9), namely a = b =0, ¢c#0

2,
k2 + ¢ — m? (gj—t)
w

m natural number), and f = f(¢, x, ) the existence of a classical w-periodic
solution was proved.

As early as in 1956 G. Prob1 ([14]) treated successfully the strongly non-
linear equation '
(11) : uge — Au + g(¢, x, ug) = f(t, z, grad u)
with % = 0 on the boundary of a domain G. In the last two years, another
strongly nonlinear differential equation

(12) upr — Au + g(ur) = f(¢, x)
was studied by G. ProUsE ([16]) in the case g(v) = v + |v| v and by G. PropI

was studied by the author and for >0>0(k+#0,
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([15]) in the case g(v) = |v|e~1v (p > 1) for v - 400, g being continuous and
monotone. They derive some apriori estimates for periodic solutions and
make use of the Galerkin method.

In all these cases the existence of a generalized w-periodic solutions, only,
is assured; it would be difficult, however, to describe the Banach spaces in
which the solutions lie.

BIBLIOGRAPHY

Equations of hyperbolic type:

-~

[1] Aziz A. K.: Periodic solutions of hyperbolic partial differential equations. Proc.
AMS 17, 3, 1966, 557 —566.

|2] CesAr1 L.: Periodic solutions of hyperbolic partial differential equations. Inter-
national Symp. Nonlinear Diff. Eq. and Nonlinear ZlIech ., Colorado Springs 1961;
Acad. Press, New York 1963, 33— 57.

[3] Cesar1i L.: Periodic solutions of partial differential equations. Trudy Meidunar.
simpoz. po nelin. kolebanijam, Kiev 1961, 440—457.

[4] CesArI L.: A criterion for the existence in a strip of periodic solutions of hyperbolic
partial differential equations. Rend. Circ. Mat. Palermo II—-X1IV, 1, 1965, 95—118.

[6] CeEsARrI L.: Existence in the large of periodic solutions of hyperbolic partial diffe-
rential equations. Arch. Rat. Mech. Anal. 20, 3, 1965, 170—190.

[6] CesARI L.: Smoothness properties of periodic solutions in the large of nonlinear
hyperbolic differential systems. Report No. 3, US-AFOSR Research project 942— 65,
Univ. Michigan, Dept. of Math.

[7] Ficxen F. A., FLEISHMAN B. A.: Initial value problems and time-periodic solutions
for a nonlinear wave equation. Comm. Pure Appl. Math. 10, 1957, 331—356.

**[8] GRAMMEL R.: Nichtlineare Schwingungen mit unendlich vielen Fretheitsgraden.
Actes du Colloque International des Vibr. non linéaires, Ile de Porquerolle 1951,
Publ. Sci. Tech. Ministére de I’Air Paris 281, 1953, 45—59.

[9] HavLovA J.: Periodic solutions of a nonlinear telegraph equation. Cas. Pést. Mat.
90, 1965, 273 —289.

[10] KurzwElL J.: Exponentially stable integral manifolds, averaging principle and
continuous dependence on a parameter. I1. Czech. Math. J., 1967. See also [54].

[11] Masupa K.: On the existence of periodic solutions of nonlinear differential equations.
Journal of the Faculty of Sci., Univ. Tokyo, XI1I, 2, 1966, 247 —257.

**[12] PeETIAU G.: Sur des fonctions d’ondes d’un type nouveau, solutions d’équations non
linéaires généralisant Uéquation des ondes de la Mécanique ondulatoire. Compt.
Rend. Ac. Sci. Paris 244, 1957, 1890—1893.

[13] PeTIAU G.: Sur une généralisation non linéaire de la mécanique ondulatoire et les
propriétés des fonctions d’ondes correspondantes. Nuovo Cimento. Suppl. 9 (10),
1958, 542—568.

[14] Prop1 G.: Soluzioni periodiche di equaziont a derivate parziali di tipo iperbolico
non lineari. Ann. Mat. Pura ed Appl., ser. IV, XLII, 1956, 25—49.

297



[15] Prob1 G.: Soluzioni periodiche dell’ equazione delle onde con termine dissipativo
non lineare. Rend. Sem. Mat. Padova XXXVI, 1, 1966, 37— 49.
[16] Prousk G.: Soluzioni periodiche dell’ equazione delle onde non omogenea con termine
dissipativo quadratico. Ricerche di Mat., XI1II, 2, 1964, 261—280.
[17] Rasinowrrz P. H.: Periodic solutions of a nonlinear non-dissipative wave equation.
Research Report IMM 343, Courant Inst. Math. Sci., New York Univ., 1965.
*[18] RasiNnowrrz P. H.: Periodic solutions of nonlinear hyperbolic differential equations.
New York Univ. thesis, 1965.
*%[19] STEWART F. M.: Periodic solutions of a nonlinear wave equations. Bull. AMS 60,
1954, 344.
**#[20] VEIvOoDA O.: Nonlinear boundary-value problems for differential equations. Diffe-
rential Eq. and Their Appl., Proc. of the Con. held in Prague Sept. 1962, 199—215.
[21] VEsvopA O.: Periodic solutions of a linear and weakly nonlinear wave equation
in one dimension., I. Czech. Math. J. 14 (89), 1964, 341—382.
**[22] Apremses I. A.: Ilepuoduueckue pewenus 00H020 KAACCa YPABHEHUT 6 HACTHLIX NpPo-
u3600nvix. H3e. AH CCCP, cep. mar. 1, 1937, 15—50.
[23) Burr A.: Pacnpedenennuvie asroxonebareavhwvie cucremwvt. Kypuaa Texmw. Pus. IV, 1,
1934, 144—157.
*[24] Kapn B. H.: O nepuoduueckux peweHunx 00H020 HeAUHeU020 YPAGHEHUS 2unepboau-
yeckozo tuna. [JAH Y3 CCP XXX, 5, 1953, 8—13.
[25] Kapn B. H.: Ipumenenuc meroda 604HOBLIX 06AadcTeli K peuwienuio 3adaul 0 6BbIHYXK-
OdeHHbIX HEAUHEUHLIX nNepuoduueckux xoacbanusx crpywv.. Hse. BY3, mar. 6(25),
1961, 51—59.
[26] Kapn B. H.: O cywecrscsanuu U eOUHCTBEHHOCTU NePUodU™ecKozo peuleHus 00H0ZO
HeAuHelin020 YpasHeHusn zaunepboauueckozo Tuna. I1se. BY3, mar. 5, 1963, 43—50.
[27] Murpskos A. II.: O nepuoduueckux peweHusx HeAUHeUHOZO0 YpasHeHUs zunepboau-
ueckozo tuna. Tpydw HMM AH Y3CCP 7, 1949, 137—149.
*[28] Coxonos I'. T.: O nepuoduueckux pewenusx o0HOZ0 Kaacca YpasHeHUli 8 YACTHLIX Npo-
u3godnwx. JAH Y3CCP 12, 1953, 3—7.
*[29] Coxoxnos I'. T.: O nepuoduueckux pewenusx 60AH08020 YypasneHus. Yu. sanucku Pep-
. 2ancKo0z0 20¢. nedazoz. uHMct., cep. mar. 1, 1965, 17 —25.
[30] Conosren II. B.: Hexoropvie 3ameuanus o nepuoduuecKux pewenusx HeAuHelHuX ypas-
nenuti zunepboauueckozo tuna. I1se. AH CCCP, cep. mar. 2, 1939, 149—164.
**[31] Xaborunckuit M. E.: O nepuoduueckux peweHUAXx HeAUHEUHBIX YPASHEHUU 6 UACTHLIX
npouseodnwix. JAH CCCP 56, 1947, 469—472.

Equations of parabolie type:

*[32] Propi1 G.: Soluzioni periodiche di equazioni alle derivate parziali di tipo parabolico
e non lineari. Riv. di Mat. della Univ. di Parma 3, 1952, 265—290.
**(33] Prop1 G.: Soluzioni periodiche di equazioni non lineari di tipo parabolico. Atti
del Quarto Congresso dell’ Unione Matematica Ital. 2, 1953, 193—196.
[34] Prob1 G.: Problemi al contorno non lineari per equazioni di tipo parabolico non
lineari in dué variabili — soluzioni periodiche. Rend. Sem. Mat. Univ. Padova 23,
1954, 25— 85.
[35] Topekos IO. IL.: O nepuoduueckux pewenusx napaboauveckux ypasuenul. Hupdepen-
yuanvhvle ypasnenus II, 7, 1966, 943—952.
**[36] Kapumor . X.: O nepuoduueckux peweHuax HeAUHeUHbX OuPPepeHyuUasbhbix ypas-
nenuli napaboauveckozo tuna. JAH CCCP 25, 1939, 3—6.

298



**[(37]

** [38]

** [39]

** [40]

**[41]

* [42]

* [43]

[44]

* [45]

* ¥ [46]

**[47]

** 48]

** [49]

[50]

Kapumos JI. X.: O nepuoduueckux peweHUsax neauneinnx ouddepenyuasbnvix ypasne-
Hul napaboauueckozo rtuna. JAH CCCP, 28, 1940, 403—406.

Kapumos I. X.: O nepuoduueckux pewenHusx Hcaunelnux Ouddepenyuarvhuix ypas-
Henuli napaboauueckozo tuna. JAH CCCP 46, 1945, 175—178.

Kapumor . X.: O nepuoduueckux pewerusx HeAuHeUnuvix Ouddepenyuanbruix ypas-
nenuti napaboauveckozo runa. JAH CCCP 54, 1946, 293—295.

Kapumor [I. X.: O nepuoduueckux pelicHUAX HeaUHelnvix oudepenyuanrdbhvix ypas-
Henut napaboauueckozo tuna. JAH CCCP 56, 1947, 119—121.

Kapumos II. X.: O nepuoduueckux pewenusx Heaunelinbx Ouddepenyuanvhux
ypasuenuii napaGoauueckozo tuna. JAH CCCP 58, 1947, 969—972.

Kapumos . X.: O nepuoduueckux pewenusx Henauneinvix oupdeperyuanrbrux
ypasnenuii napaboauveckozo Tuna. Tpydw HMAM AH Y3CCCP 5, 1949, 30—53.
Kapumos . X.: O wnexoropwbix ypasnenusax sadaui Tenaonposodnoctu. Tpydw HMM
AH Y3CCP 6, 1950, 67 —106.

Kapumos JI. X.: O nepuoduueckux peweRuax HeauHelinvix Ouddepenyuanrvruvix ypae-
Henul napaboauveckozo tunda. Tpyow Hucr. mar. u rexn. AH Y3CCP 6, 1950, 30—53.
Kapumos [I. X.: O6 odnom ypasnenuu napaGoauueckozo tuna. Tpydw HMM Al
YaCCCP 8, 1951, 128§—137.

Koiuecos 10. C.: O HexoTopuiXx npuskakax CyusecT808anus nepuoduvueckux newenut
Y Keasuaunelnvix napaboauveckux ypasuenuti HJAH CCCP 157(6), 1964, 1288—1290.
Kpacnocensckuit M. A.: K Teopuu nepuoduueckux pewientiti Hea8TONOMHUX duddepen-
Yyuarbuoix ypaewenuli. YMH 21, 3(129), 1966, 53—74.

Kpacuocenscxkuit M. A., Cobonesckuit II. E.: On some mon-linear problems for the
partial differential equations.

Outlines of the Joint Soviet-American Symposium on Partial Diff. Eq. 1963, No-
vosibirsk, 129-133.

Ilimyaes M. U.: O nepuoduueckux peweHusx kpdaeevlx 3aday 6€3 HAYAALHBIX YCA0BUU
045 Keasuaunelnbvix napaboauueckux ypaenenut. ZAH CCCP 139(6), 1961, 1318—1321.
Ilimyaes U. U.: Ilepuoduueckue pewernus nepeoii xpaeoli 3adauu 048 napaboAuyecKux
ypasnenuii. Mar. c6opnux 66¢108), 3, 1965, 396 —410.

Equations of hydrodynamiecs:

[561]

[52]

**[53]

Prop1 G.: Résultats récents et problémes anciens dans la théorie des équations de
Navier-Stokes. Les Equations aux Dérivées Partielles. Paris, 1962, 181—196.
Editions du Centre Nat. de la Rech. Sci., Paris 1963.

SERRIN J.: A note on the existence of periodic solutions of the Navier-Stokes qeuation.
Arch. Rat. Mech. Anal. 3, 1, 1959, 120—122.

IOnosuu B. M.: Ilepuoduueckue O0suxeHus 6a3kol Hecxumaemoil mxudkocru. JAH

CCCP 130(6), 1960, 1214—1217

Equations of a heam:

**[54]
**[55]

GraMMEL R.: See [8].

KurzwEIL J.: Problems which lead to a generalization of the concept of an ordinary
nonlinear differential equation. Diff. Eq. and their Appl., Proc. of the Conf. held
in Prague in Sept. 1962, 65—76.

299



[56] Kapumos . X.: O nepuoduueckux peuwenuax HeaunelHblx YpasHeHul ueTeepTozo
nopadka. JAH CCCP, 1945, 49(9), 618—621.

[57] Kapumos [. X.: O nepuoduueckux peutehusx HeAUHeUHbBIX YpPABHEHUL uYeT8epTozo
nopsadka. JAH CCCP 57, 1947, 651—653.

*[58] Kapumos [I. X.: O nepuoduueckux pewleHUusx HEAUHEUHbLIX YPABHEHUU 4eTE8epTO20
nopsdka. JAH Y3CCP, 8, 1949, 3—7.

*[59] Murpakos A. IL.: O nepuoduueckux peweHusx HeAUHEUHLIX YPAGHEHUl 6 UACTHDLIX
npousgodnvix enicwezo nopsdka. Tpyde Y36. ynus. 65, 1956, 31—44.

Papers denoted by * are not available in Czechoslovakia,

papers denoted by ** are without proof.

5

300



		webmaster@dml.cz
	2012-09-12T20:36:57+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




