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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XVII — 1967

SOME BOUNDARY PROBLEMS FOR THE EQUATIONS WITH
STRONG DEGENERATION

S. NixoLsk1J, Moskva

Let 2 be a bounded open set of the n-dimentional space R of the points
x = (%, - .., %) with enough smooth boundary I

We shall consider two cases:

1) o = p(x) is the distance from x to I,

2) o = o(w) is the distance from x to y, where y is a part of I', y + 9, = I,
7 = 0.

Here are two characteristic plots for the case 2)

v
Plot 1. Plot 2.

But I must warn that in different problems under consideration it’s necessary
to propose some conditions on disposition y to p,, as it will be seen below.
We shall use the following notation
1fllzs0 = (JIf(z)? dz)'l? (1<p<w,e<R).

By definition W}, (2) is the class of the functions defined on 2, which
have finite norm

iwate> = flzpter +

|K|=¢
Here D extends on all derivatives of the order 7. At first we shall mean that

f®)
?Lp(ﬂ).
r+a——1—>0
) b
and s—l=[t—|—a—-—1-]
p
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is its entier. Thus s is an integer depending on 7, «, p and satisfying ine-
qualities
1<s<r.
It is well known (see [1] theorem 38) that every function fe IWp () has
traces on I
They are in the case 1)

oKf

=7 | = K=01...,8—1

Ak |, = 7K ( s—1)
and in the case 2)

oK

5";‘1,‘? =¢K (K=0,1,...,8-—1),

oK

—a";Rfv=(pK (I{=0,1,...,T—1).

"1
If
T+M—LSO
P

well let s = 0. It is natural because in this case function f of the class W, (£2)
generally speaking has no traces on

1) I"'or 2) 9.

But in the case 2) f has still traces on y,, corresponding K =0, 1, ..., 7 — 1.

If s = v we shall say that the weak degeneration takes place and if s < 7 —
— the strong one.

With the class 1¥;,,(2) (p = 2) we relate a differential equation
(1) Lu =[K|§ (=1 DB@uU™) = f zef, Qu = Qi (v)

LT

with conditions

%
_ Qu bk &1 > ez E &
Kl <r Kl=7

M
|QKl(x)| < W{ ’ ok = T + o — max (lKI: |l|),
oKy < % .
Here Qx; are functions of # and vector parameters K, 7; & are variables
related with considered vectors K and %, A don’t depend on z, &, &.
As asualy to consider questions of the smootniss of the classical solution

it is necessary to propose in addition the usual conditions on differentiability

of Qxi.
Such restrietions on the coefficients are necessary in our considerations
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t00, because we consider not only generalised solutions but classical ones
(belonging to 13,,(£2)).

We consider here the problem:

To find solution of the equality (1) belonging to the class W () with
boundary conditions 1) or 2).

This problem includes at « = 0 the usual. Dirichlet problem for differential
equation of the elliptic type.

If s = v we shall call our problem “the weak problem” and if s < 7 — “the
strong one”’ :

The series of investigations has been devoted to different problems with
degeneration; see [16] §6, [18] where are given the lists of literature and also
[1—15], [19—23].

Now we are interested only in the mentioned formulated strong (boundary!)
problem (s < 7).

First investigations on this problem referred to the case 2) for the equation
of the second order when therefore boundary values are given only on a part
y of I, (because 8 = 0 in this case).

M. B. Reagum [10] has considered (in metric C) such a problem for the
equations, which includes in particular the following one

0% |, 0%
2) Lu=32+ Y™ +eu=0
on a two dimentional domain of such a kind (Plot 3). M. B. Keapuw has
discovered in particular that for m > 1

H
Plot 3.
)
the Dirichlet problem for the equation (1) is not correct, but it is perfectly

correct if to give boundary values only on y;,.

It is possible to show that in the case 2) of the strong problem for the
equations of the high order there exists the unique solution.

But the case 1) is quite different. In general in this case uniquess breaks
for the strong problem.

For instance uniquess breaks for the equation (2), where ¢ = 0, because
every constant then satisfies corresponding homogeneous equation.

Recently (1964 [18]) II. U. Jlusopknu and I have proved that the strong
problem in cas> 1) has always the unique solution if 2s >z, and in case 23 < 7
it is not right, generally speaking.
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From the point of view of the variational method these questions may be
explained as follows. '
Uniquess of the generalised solution of the boundary problem depends
essentialy on answer to the question: does the inequality of the Poinc;};

type (for p = g):
Lp(u))

(K)
®3) o <€ (Z |lpxllr + S‘ ”f
Here the norms ||gk||p are taken in corresponding metric W,(I).

hold or not?

As for the uniquess of the classical solution this question in strong problem,
to compare it with the weak one, has not principal differences.

Let A be an open set, which is cut out from a circular cilinder by two 1 not
intersecting
smooth surfaces S; = 8,(A4), Sy = S,(4). It is important that every line
belonging to our closed cilinder intersects S;, as well as S, only at one point
being not tangent to S, (§,) at this point. Such a domain A we shall name
a regular one. We propose also that ¢ = o(A) is the side surface of A without
points belonging to 8,, 8, and name the a X e of the considered cilinder the
a X e of our regular domain." '

Let now as above 2 be an open bounded set with smooth boundary I'.

By definition A is a regular “bridge” of Q if it satisfies the following 5611"3
ditions:

SN
Py

GIA)

SN
Plot 4. Plot 5.

1) 4 is a regular domain belonging to 2,

2) 8y(4), Sy(4) C T,

3) o(d4) ¢ T.

We proved [17] the following

Lemma. It is possible to cover 2 by a finite number of the regular bridges A.

For istance, a two dimentional circle we can cover by two regular bmdges
as on this plot

124



The proof of the Poincare inequality in the case 1) for 28 >t may be
obtained by following steps.

At first we prove (II. II. JIusoprun and C. M. Huroasckuit [18]) this ine-
quality for the functions given on a one-dimentional segment [a, b]:

f"’ }
*llLp(a,b)

It is right for 2s > 7, but it’s not right for 2s << 7. Here C; is a constant
continuosly depending on I = b — a > 0.
The next step is the generalising of this inequality for regular bridges A:

S-1
(4) l_lf Loty < Ci { % (FE8 + IFEED) +

Cos-1 0%
(5) Loy < G{ 2 (lgrllzpsy + 1@rllLpsy) + 352 )
L 0% [|Zpcay
oKf
¥r = —3_57(_ S1,82 )

Here g; is the distance from x to I" in direction of the axe & of the bridge.
To obtam (5) we introduce the new coordinates (&, ) = (&, %1, - - -5 n+1)-
The coordinate axe & is directed as the axe of the considered bridge and the
other coordinate axes %, ..., §n—, are for instance ortogonal to it.

First we use the inequality (4) for f = f(&, ), when 7 is fixed, then take
(4) in power p and integrate on 7. It leads to (b) if to take in account that the
constant in (4) is bounded for 0 < I, <1 < 1,.

Lastly we substitute o(x) instead of g (x) in (). It is possible because
g; and ¢ have the same order (c,0(%) < g;(%) < c50(%)) for all z belonging
to a regular bridge A.

It is also possible to substitute normes ||x||; instead of the normes

and || | are understood

. oKh
llexllLpsy (¢ =1, 2), where already ¢g = —a—h-,zr

in the corresponding metric W5(I") (instead Ly(I")). Finaly using the mentioned
cover lemma we obtain the Poincare inequality (3).

To prove the inequality (3) in the case 2) one can begin from the following
one dimentional inequality

f()

@ — a)*

Lp(a,b) Jl )

Here degeneration takes place only at one boondary point of [a, b], namely
at a. But there is no at all degeneration at other boundary point b.

Let’s now consider the same domain as on the plot 1. We propose also that
our domain may be covered by bridges which connect either y; with ¢, or

(6) NAllLp(an < Ge{ 2 IfE

125



y1 with p,. For the bridges of the first kind we use the inequality which
generalises (6) and for the ones of the second kind the inequality (5) for
o= 0.

Pay attention that (6) differs from (4). In (4) Cy; is continuous only for
1 >0, and in (6) for I > 0. The last gives possibility to generalise (6) for
domains, more general than on the plot 4.

S .
] >
Se S
Plot 7. Plot 8.

Now surfaces S, and S, can have common points.

Some remarks.

1) The mentioned method of the covering Q by regular bridges may be
used for transfer many other inequalities from one dimentional segment to
the domains with enough smooth boundary, for instance, inequalities in the
approximation theory by polinomials.

2) It is possible to extend the method on the domains with Lipshitz boundary.

3) 10. Camvanos received some -development of the results. Namely he
has obtained the corresponding inequality in the case of the strong degene-
ration on a domain with pricked out a point.

REFERENCES

[11 A. . Auaaerues, Kpaeevie 3adauu 048 3ARUNTUYSCKUX YPAGHEHUU, UCTILITHIEAM WU
suipoxkdenue nopadka Ha mHozoobpasusnx. JAH Tadx. CCP, 1964, 7, No 1, 3—7.

[2] A. B. Bunaise, Ypasnenus cmewannozo rtuna, Mockea 1959. .

[31 H. I. Bsemenckas, O6 o00HoU kpaesoli 3adave 0as YpasHeHUl SANUNTUUECKO20 Tuna,
evipoxdarnwuxca Ha zpanuye obaactu, HAH; 1953, 91, No 4, 711—714.

[4] A. WEINSTEIN, Discontinous integrals and generalised potential theory. Trans. Amar.
Math. Soc., 1948, 63, N 2.

[56] A. WEINSTEIN, Somz applications of generalised axially symmetric potential theory
to continuos mechanics.

[6] F. WoLr, On singular partial differential boundary problems. Annali di mathematica
pura and applieata, 1960, 49, 67—179.

[7]1 B. II. Taywmko, O6 ypasHeHuax SAAUNTURECKO20 TUNA, 6blpOKIANULUXCA Ha MHoZboGpaaunx.
C6oprux ,,PYynkyuonanbrvili aHasu3 u ezo npumenenue”, Baxy, AH Aszep6. CCP 1961,
36—45.

126



[8] B. K. 3axapos, Ilepeas xpaeeas 3adaua 048 YpAekeHuli 9ANUNTUYECKOZO TUNA 6TOPO2O
U 4eT8epToZO0 MOPAIK0E8, GLIPOKOAVUWUXCA UAL UMEIOWUX OCOGEHHOCTU 6 KOHEUHOM HUcae
6HYTpeHHuXx Touek obaactu. JAH CCCP, 1959, 124, No 4, 747 —750.

[91 A. M. HUasun, Buipoxdawowitecs saauntuveckue u napaboauveckue ypaenenus. Mar. c6.
1960, 50, 443—498.

[10] M. B. Keansimr, O HekoTOopulx cAYy4asx 6vipoiKOeHUS YPaeHeHUl SAAUNTUHUECKOZO TUNG Ha
2panuye obaactu. JTAH CCCP, (1951), 77, No 2,

[11] M. A. Kunpusanos, O sapuayuonnom merode peweHnus 00HO20 KAacca BuipOKIAIOUIUXCR
saauntuveckux ypasnenuii. JAH CCCP, 1963, 152, No 1, 35—38.

{12] J1. 1. Kynpssues, Teopemut eaoxenus 0as Kaaccos Pynkyul, onpedesennvix Ha 6ceMm
npocrpancree I, II.

[13] A. KuFNER, Einige Eigenschaften der sobolevschen Riume mit Belegungsfunktion,
Yexocaosackuli Marematuveckuti XKypnaa, 1965, 15(90), Hpaza, 597 —620.

[14] A. KUFNER, Lisungen der dirichletschen Problems fiir elliptische Differentialgleichungen
in Réiumen mit Belegungsfunktionen.Uexoca. Mar. MXypuaa, 1965, 15(90), Ipaxa,
621—633.

[15] J. NEGAS, Sur une methode pour re’soudre les equations aux derivees partielles du type
elliptique voisine de la variationalle. Ann. Scuole Norm. Pisa ser. 3, 1962, 16, 4,
305—326.

[16] C. M. Huxoasckuii, O 1copemax 840kenusn, npodoaxenus u npubauxenus duddepenyu-
pyemovix Pynkyut mHozux nepemennwvix, Yenexu Mar. Hayx. 1961, 16, 5, 63—114.

[17] C. M. Huxonsckuit, O6 cOHOM MeTO0e NOKPHLITUA 004aCTU U NePagencTéd AR MHO20YACHOE
or mnozux nepemennwix. Mathematica Soc. desciinte matematica 8i fisicendin.

{181 C. M. Huxoasckuit u II. U. JIuszopxun, O HexoTopuix Hepagencréax 0as QYyHKyul u3
8€C06bIX KAACCO8 U Kpaesux 3adauax ¢ cuavhvim evipoxdenuem. JAH CCCP, 159, No 3.

[19] C. M. Huxoxasckuit, K Teopuu eecosux kaaccos duddepenyupyemvix GYHKyul MHOZUX
nepemMenHbLIX U €e NPUAOKEHUAM K KPaeebim 3adavar 0as saauntudeckux ypaswenui. JAH
CCCP, 1965, No 3, 510—512.

|20] B. P. Ilopruos, lee Teopembi eromenus das npocrpancre Lef u ux npuasoxenus. JAH
CCCP, 1964, 155, No 4, 762—704.

{21] J1. H. Cao6oneuxnit, 1. A. Conomews, O nepeoii xpaesoli 3adave A% HEKOTOPLIX BbLPOXN-
QAW UXCR 1A zpaHuye SANUNTUHECKUX Yypaenenuii. Ilseectus BY 308, Maremaruxa 1961,
No 3.

{22] C. A. Tepcenos, O 3adave Fumana-Tuabepra das odnoli cucTemvi Gv.poxcdaioujelica Ha
zpanuye, JAH CCCP, 1964, 155, No 3.

[23] C. B. Ycnenckuit, O 1eopemax @aoxenus daz éeco8vix Kaaccos. Tpyow Marem. uncruryra
ux. B. P. Crexnoea AH CCCP, 1961, 60, 252-—303.

127



		webmaster@dml.cz
	2012-09-12T20:19:12+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




