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ACTA FACULTATIS. RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XVII — 1967

NON-EXPANSIVE MAPPINGS IN CONVEX LINEAR TOPOLOGICAL
SPACES

C. R. DEPRr1MA, Pasadena

A self-mapping f of a metric space (X, d) is said to be non-expansive iff
for all z,y € X, d[f(z), f(y)] < d(x,y). In [1] and [2], F. BROWDER proved
that if X is a closed bounded convex subset of a uniformly convex Banach
space B on which the metric d is that induced from the norm on B, then
every non-expansive self-mapping of X has a fixed-point. Browder’s result
is included in a similar result by Kirxk [3] who showed that, if X is a closed
bounded convex subset of a reflexive Banach space possessing ‘‘normal
structure”, then the self-mapping f has a fixed-point in X. A convex subset
K of a Banach space has normal structure iff, for each non-trivial bounded
. convex subset C of K, there is an x € C such that

diam (C) > sup ||z — v||.
v eC

It is a simple matter to see that if B is a uniformly convex Banach space
then every non-trivial convex set K in B has normal structure.

In proving these theorems the authors rely heavily upon the special
properties of reflexive Banach spaces. We observe, however, that these results,
among others, may be proved directly from a rather simple, but general
principle about semi-continuous mappings on locally convex spaces. In the
sequel V will denote a locally convex linear topological space (over the reals
or complexes) and gx a lower semi-continuous non-negative convex function
defined on a convex subset K of V. pg is said to be normal if in addition
ok is non-constant on each non-trivial closed convex subset C of K. We

then have the following.
Proposition. Let K be a weakly compact convex subset of the locally convex

space V and let og be a normal function on K. If f is a self-mapping of K such
that

(1) ex(f(®)) < ex(®), =z€K,
then [ has a fixed-point in K.
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Proof: gg is lower semi-continuous if and only if the sets, defined for
t >0,

Ae = {z e Klor(x) <t}

are closed. In view of the convexity of gk, the A; are closed convex sets and,
consequently, are weakly closed. Hence px is weakly lower semi-continuous.
Because of the weak compactnes of K,

M = {z € K|og(z) = inf ox(y)}

is then a non-void closed convex subset of K. Indeed, since gg is normal M
consists of exactly one pointx,. On the other hand, f(x,) € K so that gg(z,) <
< ok(f(x,)). But assumption (1) yields po(z,) = o(f(x,)), thus f(z,) € M and
hence f(x,) = x,.

A simple generalization of Kirk’s result now follows immediately. Let p
be a continuous semi-norm on V. We shall call a convex subset K of V p-normal
iff for each non-trivial weakly compact convex subset C of K it is true that
sug p(x — y) is non-constant on C.
yeC

Theorem 1. Let V be a locally convex linear topological space, K a weakly
compact convex subset of V, p a continuous semi-norm on V. If K is p-normal
and f is a self mapping of V such that, for all x, y € K

(2 2(f(®) — f(y) < plx — ),
then f has a fixed-point in K.
Proof: p is a continuous semi-norm on V, in particular p is convex. Hence
p is weakly lower semi-continuous on ¥V and, consequently, {z|p(x) < 1} is
a barrel relative to the weak topology on V. Thus, by [4] (Lemma 1, page 66),
o) = sulg p(x — y) is a finite-valued non-negative convex function on K,
YELs,

which is weakly lower semi-continuous. Herc K, is any weakly compact
convex subset of V.

We now determinc K, = K such that f(K,) < K, on which g, satisfies (1).
To this end, let 2# be the collection of all closed convex subsets C of K such
that f(C) = C. These sets are, therefore, weakly closed and, thus, weakly
compact, so that X possesses the finite intersection property. Since Ke. ¢,
Zorn’s lemma is applicable and, hence, there is a minimal weakly compact
K, € A such that f(K,) = K,. Since C,f(K,), the closed convex hull of f(K,),
belongs to ", and since C,f(K,) < K,, the minimality of K, allows us to

conclude that K, = C,f(K,). This is the convex set K, that we use to apply
the proposition. :

To this end, for x € K, we set

2o(¥) = sup p(x — y).
vek,



Since K, = C,f(K,) and since p is both continuous and convex,
2o(f(x)) = sup p(fx) — fly)), =x€K,
vek,

80 that gy(f(z)) < go(x) for z € K,. Moreover, g, is lower-semi continuous
non-negative convex on K, That g, is, indeed, normal follows from the
minimality of K; for if ¢ < K, is closed convex and non-trivial such that
0o(x) = k = constant on C, then actually C = {x € Kjlo(x) <k} and is
a closed convex subset of K, on which g4(f(2)) < go(2). Thus f(C) < C and,
hence C = K, which is impossible by the P-normality of K. Hence the
proposition is applicable and yields a fixed-point for f in K.

We may now state the Kirk and BROWDER results as immediate corollaries
of Theorem 1.

Corollary 1. (K1rk). Let B be a reﬂéxivc Banach space and K a closed bounded
convex subset of B which possesses normal structure. If f is a non-expansive
self-mapping of K, f has a fixed-point in K.

Corollary 2. (F. BROWDER). Let B be a uniformly convex Banach space and
K a closed bounded convex subset of B. A non-expansive self-mapping of K
has a fixed-point in K.

The proof of Corollary 1 follows from the following facts: K is weakly
compact because of the reflexivity of B; the norm is continuous, and K is
norm-normal. As noted earlier Corollary 2 is a consequence of Corollary 1,
since a uniformly convex Banach space is reflexive and has the property that
any convex set has normal structure.

For the sake of completeness, we state two other results which follow from
Theorem 1, or rather Corollary 1. The first is stated and proved in [3]. The
second is due to BROwWDER [2] under the more restrictive condition that B is
uniformly convex. It is a partial generalization of the MARKOV—~KAKUTANI
result [5], [6] on commuting families of linear contractions.

Corollary 3. Let B be a reflexive Banach space and K a closed copvex subset
of B possessing normal structure. A mnon-expansive self-mapping f of K has
a fixed-point if and only if there exists an x, € K such that the sequence of iterates
{f™(x,)} is bounded.

Corollary 4. Let B be a reflexive, strictly convex Banach space and K a bounded
closed convex subset of B possessing normal structure. If {f;}, 1€ A is a com-
muting set of self-mappings of K, then there is an xy € K such that f;(x,) = %,
for all ZeA.

The proof of Corollary 3 is obtained from Corollary 1 as follows: Let
r = sup ||zy — f™(x,)|| and let K, be the intersection of the cloged ball of
radius r about f®(x,) with K. The K, are closed, bounded apd convex.
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Because of the non-expansiveness of f, it follows that fm)(x,) € K, for all
m >mn. Thus the collection of weakly compact convex sets {K,} have the
finite intersection property and, hence, C = 81 ;: K, 1is non-void convex
s=1 n=s

and weakly compact. Moreover f(C) = C. Taking the closure C of C, we
observe that C is a closed, bounded, convex subsct of K on which f is a self-
mapping. Since K has normal structure so does ¢’ and hence Corollary 1 is
applicable to yield the desired result.

With respect to Corollary 4, we first note that, in view of the strict convexity
of B, the fixed-point set of a non-expansive self-mapping of a convex subset
of B is its2If convex. If C; = {x € K|f,(x) = x}, A€ 4, then these sets are
closed convex subsets of i which by Corollary 1 are non-void. Taking account
of the commutivity of the f; it is readily seen that the {C;} have the finite

intersection property. Since B is reflexive, N C; % &.
Aed

REFERENCES

[11F. BrowpER: ‘“Fixed-point theorems for noncompact mappings in hilbert space”,
Proc. Nat. Ac. Se. 53 (1965), pp. 1272—1276.

[2] F. BRowDER: “Noncxrpansive nonlinear operators in a Banach space”, Proc. Nat. Ac.
Sc. 54 (1965), pp. 1041—1044.

[3] W. A. Kirk: “A fixed-point theorem for mappings which do not increase distances,
Am. Math. Monthly 72 (1965), pp. 1004—1006.

[41 A. P. and W. J. RoBERTSON: ‘“Topological Vector Spaces’, Cambridge University
Press, 1964.

[6] A. MarkoV: “Quelques théorémes sur les ensembles Abeliens’, Dokl. Ak. Nauk SSSR
(N.S.) 10 (1936), pp. 311—314.

[6] S. KaAkuTANTI: “Two fixed-point theorems concerning bicompact convex sets’’, Proc. Im.
Ae. Tokyo, 14 (1938), pp. 242—245.

[7] R. DEMARR: “Common fixed-points for commuting contraction mappings*, Pac. J.
Math. 13 (1963), pp. 1139—1141.

[8] D. GOoubE: ,,Zum Prinzip der Kontractie-Abbildung,** Math. Nach. (30) 1065 pp.
251—258. .

292



		webmaster@dml.cz
	2012-09-12T20:36:03+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




