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IDEALS OF OPERATORS ON BANACH SPACES 
AND NUCLEAR LOCALLY CONVEX SPACES 

A. PIETSCH 

Jena 

Many theorems about nuclear locally convex spaces can be proved without 
using special properties of nuclearity. We only need the fact that nuclear operators 
form an ideal. Since the same is true for Schwartz spaces in what follows we present 
a general theory of S-spaces which are related to an arbitrary ideal <5 of operators. 

1. Ideals of operators on Banach spaces 

Let 2 be the class of all bounded linear operators between arbitrary Banach 
spaces. The set of operators S e 2 which map from the Banach space E into the 
Banach space F is denoted by £(£, F). 

A subclass S of 2 is called an ideal if for the sets 

S ( F , F ) : = S n f i ( £ , F ) 

the following axioms are satisfied: 

(Ix) If S e 2(E, F) and dim S(E) < oo then S e ©(£, F). 

(12) If Sl9 S2 e <&(E, F) then St + S2 e S(F, F). 
(13) If S e S(jB, F) and R e fi(F, G) then RS e S(E, G). 
(14) If Te 2(E9 F) and S e S(F, G) then S T G <©(£, G). 

The class % of all bounded linear operators with finite dimensional range is the 
smallest ideal. 

2. Locally convex spaces of type © 

Let p be a seminorm on the linear space E. We denote by E(p) the quotient 
space EJN(p), N(p) := {xeE: p(x) = 0}, with the elements x(p) := x + iV(p) 
and the norm ||x(p)|| •= P(X)- T h e B a n a c h s P a c e £(p) will be the complete hull 

of E(p). 
If p and a are seminorms such that q(x) g c p(x) for all x e E, where c is a 

constant we write q < P- T h e n N(P) c N (^) a n d a bounded linear operator 



346 A. P1ETSCH 

E(p9 q) from E(p) onto E(q) is defined by 

E(p>q)x(p):=x(q). 

E(p9 q) will be the unique extension of E(p9 q) to a bounded linear operator from 
£(p) into E(q). 

A system P of seminorms on a linear space £ is called saturated if the following 
axioms are satisfied: 

(Pt) If p e P and q < p then qeP. 
(P2) If pi, p2 e P then there exists p e P such that pA -< p9 p2 < p. 
(P3) If x e £ such that p(x) = 0 for all p e P then x = o. 

A subsystem P0 of a saturated system P of seminorms is a basis if for each p e P 
there is p0 e P0 such that p < p0. 

A locally convex space [£, P] is a linear space E with a saturated system P 
of seminorms. Let <5 be an ideal of operators, then the locally convex space [£, P] 
is called of type S, or <5-space9 if for some basis system P0 of seminorms the fol
lowing property holds: 

(S) For every qeP0 there exists peP0 such that q < p and E(p9 q) e <3. 

It is easy to see that for a locally convex space of type ® every basis system of semi-
norms has property (S). 

The class of locally convex S-spaces is denoted by L@. 

3. Examples 

3.1. The ideal of operators with finite dimensional range. A locally convex space 
[E, P] is of type gf if and only if every Banach space E(p)9 peP9 has finite dimension, 
i.e., [£, P] is a locally convex space with the weak topology. 

3.2. The ideal of compact operators. An operator S e 2(E9 F) is called compact 
if S(UE)9 UE:= {xeE : | x | ^ 1}, is a precompact subset of F. The class R of 
compact operators is the oldest known ideal. The Schwartz spaces are the locally 
convex spaces of type R (cf. [4]). 

3.3. The ideal of Lp-factorable operators. An operator S e £(£, F) is called 
Lp-factorable, 1 ^ p <L oo, if there exists a measure space [Q9 J5, /i] such that 

S:E-±+Lp[Q9B9fq-^F, 

where A e 2(E9 Lp) and Ye 2(Lp9 F) (cf. [7], [13]). The class 2P of ^-factorable 
operators is an ideal. Banach spaces of type 2p were considered by J. Lindenstrauss, 
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A. Pelczynski and H. Rosenthal (cf. [8], [9]). The case p = 2 is of special interest 
since a locally convex space [is, P] is of type fi2 -f

 a n d o n 'y if there exists a basis 
system P0 of seminorms such that every peP0 can be obtained from a semi-
scalarproduct (.,.)p by p(x) = (x, x)*/2. 

3.4. The ideal of nuclear operators. An operator S e £(£, F) is called nuclear 
if there exist functionals al9 a2,... e £' and elements yl9 yl9... e F such that 

Sx = y]<x, 0ft> yjk for all xeE 
ft 

and 

INI Wl < «• 
The class 91 of nuclear operators is an ideal. The nuclear locally convex spaces are 
the locally convex spaces of type 91 (cf. [6], [11]). 

3.5. The ideal of absolutely p-summing operators. An operator S e £(£, F) 
is called absolutely p-summing, 0 < p < oo, if there exists a constant c ^ 0 such 
that for every finite system of elements xl9..., xm e E the inequality 

G|**J'}1/F-£ c SUP {l\<x»a>\PY/P 
k ll«ll*i * 

holds. The class ^Pp of absolutely p-summing operators is an ideal, and we obtain 
the nuclear locally convex spaces as the locally convex spaces of type typ (cf. [12]). 

3.6. The ideal of S*pp-operators. The approximation numbers of an operator 
S e £(£, F) are defined by 

sh(S) : = inf {||S - A\\ : A e 3f(£, F)9 dim A(£) < k} 

for fe == 1, 2, — The operators S e £ with 

2>*(S)* < oo 
ft 

form the ideal S^pp, 0 < p < oo. The nuclear locally convex spaces are the locally 
convex spaces of type S"pp (cf. [11], [14]). 

3.7. The ideal of Sa
0
pp-operators. Let 

then the locally convex spaces of type SQPP are the so-called strictly nuclear locally 
convex spaces (cf. [1], [2], [10]). 
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4. Ideals of sequences 

Let loo be the ring of all bounded sequences (<7fc). A subset s of l„ is called an ideal 
if the following axioms are satisfied: 

(E,) If {fc : <7fc * 0} is finite then (<7fc) e s. 
(E2) If (a™)9 (42]) e s then (<#> + a™) e s. 
(E3) If (<7fc) e s and (gk) e!«, then (gkak) e s. 
(E4) If (<7fc) e $ and n is a permutation of the natural numbers then (<7B(fc)) e s. 

The connection between ideals of operators and ideals of sequences is described 
in the following (cf. [3], [5]) 

Theorem. Let ® be an ideal of operators. Then the set s of sequences (<7fc) e 1̂  
such that De<5(l2, l2)9 where D(<Jfc) := (<7fc£fc), is an ideal. Moreover, SeQ(l2, l2) 
if and only if (sk(S)) e s. 

An operator S e 2(E, F) is called ^factorable if there are operators A e £(£, J2) 
and Ye 2(l2, F) such that S = YA. The class § of /2-factorable operators is an ideal. 

Theorem. Let <5 be an ideal of operators such that S c §. Then the class L© 
is uniquely determined by the corresponding ideal s of sequences. 

Now we state some lemmas. 

Lemma 1. Let s be an ideal of sequences and let m = 1, 2 , . . . . / / 

oi"} :----*, for fe = ( i - l ) m + j , i = 1,2, . . . J « 1,..., m, 

then (ak) e s implies (<7J[m)) e s. 

Proof. We obtain the result as follows: 

(ai9 <72, <73, . . . ) e s , 

(o"!,0, <73, . . . ) e s , 

(<7t, . . . , 0 , 0 ; 0,0, . . . ,0,0;<73 , . . . , 0 , 0 ; . . . ) e s , 

( 0 , 0 , . . . , 9 ! ; 0 , 0 , . . . , 0 , 0 ;0 ,0 , . . . , < r 3 ; . . . ) e s , 

(<7t, . . . , <7i ; 0 , 0 , . . . , 0 , 0; <73, ..., <73 ; . . . ) e s , 

(0,0, . . . ,0,0;<72 , ...,<72 ; 0 , 0 , . . . , 0 , 0 ; . . . ) e s , 

(al9 ..., at ; <72, ..., <72 ; <73, ..., <73 ; . . . ) e s . 

Lemma 2. Let © and s, resp. X and t, be corresponding ideals of operators 
or sequences. Then the following conditions are equivalent: 
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(1) / /(#') . ..,(°ne*then fa--... ^ ) e t . 
(2) / / S„ ..., Sm e S(/2, /2) .ten St...Sae S(/2, /2). 

Proof. (1) -» (2): If fc = (i - 1) m + j, i = 1, 2, ...,j = 1,.... m, then 

st(S. ... Sm) = s(l.1)m+1(S. ... Sm) = Sj(S.) ... s,(SM) = i^S.) ... s<r\Sm) . 

Since Lemma 1 implies (s£m)(Sj))6s for j = 1,..., m we obtain (sfc(-Si ... Sm))et. 
Consequently, St... SmeX(l2912). 

(2) -> (1): The proof is left to the reader. 

Lemma 3. Let S and s be corresponding ideals of operators or sequences. 
Then the following conditions are equivalent: 

(M) 1/ Sl9 S29... e S(/2, l2) then there exist operators Xl9 X29...e fi(/2, /2), 
Bl9 B29... e £(/2, /2), and Se S(/2, /2) swcft that 

Sh = BhSXh for ft = l , 2 , . . . . 

(m) If (ol
k
tl)9(o

l
h

y)9...es then there exist positive numbers Ql9Q29... and 
((Tfc) e s sttcft 

K 3 | ^^K| /or fc = l,2,.... 
Remark. Condition (M) is satisfied for every ideal S of operators which 

is complete with respect to a quasinorm. 

5. Equivalent ideals of operators 

We have seen that the class of nuclear locally convex spaces can be obtained 
from different ideals, e.g. % typ9 and Sppp, 0 < p < oo. Consequently, if S and X 
are ideals of operators, it is useful to know necessary and sufficient conditions for 
the coincidence of locally convex spaces of type S and X. 

Theorem. Let S and X be ideals of operators. If there exists a natural number n 
such that 

St e <5(El9 E0)9 ...9Sne <Z(En9 £„_ t) implies S±...Sne X(En9 E0) 

then L& c L%. 

Now we prove a partial converse. 

Theorem. Let S and X be ideals of operators such that L@ c L%. If S satisfies 
condition (M) and S c § then there exists a natural number n such that 

St e <5(E19 E0), ...9Sne <5(En9 En-1) implies St...Sne X(En9 k0). 
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Let 

and 

Proof. (1) In the first step we consider (ak) e s such that 

a. _ a2 — ... > 0 . 

E := {x = (£k) : I>r/2 ' |&|2 < oo, / = 1, 2,...} 

pi(x)-{z°*-2%\2y'2> . - I . - , . . . . 

Moreover, we define by 

and 
Я(&):=Ы*) 

It(Çk):=(<rk-
lÇk), 1=1,2,... 

an operator De S(l2, l2) and isomorphismsIte2(£(pi)912). Consequently, it follows 
from the commutative diagram 

e{Pl+l)3^±£lE(Pl) 

4 + 1 

Һ 

Ц - 1 

that the locally convex space [E, (p,)] is of type S. Since [£, (/?,)] is a^o of type 2 
there exists a natural number m such that E(pm9 p0) e X. Therefore, the commutative 
diagram 

E(Pm)J^^LE(p0) 

- = ' 

Һ Һ 

implies that Dm e %(l2> l2). Hence (crj) e t 

(2) Let us suppose that for every natural number ft = 1,2,... there exist 
(4*'1 ]), ...,(4 f c , h 3)es such that (a? ' 1 1 . . . <r*M])£t. Since s satisfies condition (m) 
we find positive numbers gM, ft = 1, 2, . . . . i = 1,..., ft, and (crfc)e s such that 

HM = Qh,t\ak\. 
Without loss of generality we may assume that 

KI ^ |o-2| ^ ... > 0 . 
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Consequently, (o™) e t, where m is a natural number. Finally, we obtain 
(4m»13... 4m*m]) e t. Contradiction. 

(3) Since there is a natural number m such that 

( ^ . . . . ( ( - F O e . implies ( # " . . . of*) e t 

it follows from Lemma 2 that 

S1?..., Sm€ S(/2, l2) implies S1...Sme2(Z2, l2) . 

We put n =- 2m + 1. If Sj£ S(_E,-, Fj_i), i = 1,..., n, then we find factorizations 
St = .y.^i, ^i G fi(£f, /2) and X; G fi(/2, F ^ ) . Consequently, 

Si . . . Sn = Xt . . . (-42i/-iS2i/-X'2i/+i) . . . -^2m+l e ^(^«» -^o) • 

6. Permanence properties 

Without proofs we state some permanence properties. 

Proposition. The complete hull of a locally convex <5-space is of type S. 

Proposition. The product of an arbitrary set of locally convex <S-spaces is of 
type S. 

An ideal S of operators is called infective if the following axiom is satisfied 
(cf. [19]): 

(J) Let J e £(F, F0) be an injection (one-to-one operator with closed range) 
then S e £(F, F) and JS e S(F, F0) imply S e S(F, F). 

The ideals R, fi2, §, S0
PP, and S$p, 0 < p < oo, are injective. 

Proposition. Let S be an injective ideal of operators or let S cz £2. Then every 
subspace of a locally convex <5-space is of type S. 

An ideal S of operators is called surjective if the following axiom is satisfied: 

(Q) Let Q e fi(F0, E) be a surjection (operator onto E) then S e £(F, F) and 
SQ e S(F0, F) imply S e S(F, F). 

The ideals St, £2, §, and S£pp are surjective. 

Proposition. Let S be an surjective ideal of operators or let S cz £2. Then every 
quotient space of a locally convex Q-space is of type S. 
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7. Locally convex spaces of type Qp 

It is easy to see that 

Ln c LQp for all p e [1, oo] . 

On the other side, from the results of [15] follows that 

Ln = ifit n L$p for all p e (1, oo] 
and 

Ln = ^ „ n Z.Sp for all p e [1, oo) . 
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