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SOME NEW CONCEPTS OF DIMENSION
AND THEIR GENERALIZATION

R. DUDA

Wroclaw

In dimension theory there are considered several concepts of dimension, two of
a few more important are: Menger-Urysohn’s small inductive dimension ind (cf. [9]
and [13]) and Cech’s great inductive dimension Ind [4]. It is my intention to show
that by their proper combination one can get 28 new concepts of dimension which in
turn can be still further generalized. In doing so I shall follow a fashionable pattern
of modern mathematics consisting in forming continuously new and new concepts
and establishing continuously greater and greater generalization of what is done so
far, deriving thus a proper advantage of it. And by no means I am the first to enter
this path (cf. [6]).

The point I start with are the concepts of ind and Ind. Let me recall them shortly:

The small inductive dimension ind X of a topological space X is an integer such
that:

(i) ind X = —1 if and only if X = 0,

(if) ind X < n if and only if each point of X has arbitrarily small open neigh-
bourhoods U in X with ind (U — U) £ n — L.

And analogously, the great inductive dimension Ind X of a topological space X
is an integer such that:

(i) Ind X = —1ifand only if X = 0,

(ii) Ind X < n if and only if each closed subset of X has arbitrarily small open
neighbourhoods U in X with Ind (U — U) £ n — 1.

The two concepts coincide for metric separable spaces but, as Roy’s example
shows [11], they fail to coincide even for metric spaces (for spaces “between’ metric
separable and metric, see article [1]). Hence they are essentially distinct.

However, both are defined by induction and, as I have recently shown [3], one
can assign to any sequence y = (4, y,, ...) consisting of 0’s and 1’s a new notion of
dimension, called y-inductive dimension and denoted y-ind'), in a way that, vaguely
speaking, in a consecutive step of calculating y-ind X for a topological space X one
follows ind if y; = Oor Ind if y; = 1.

Ly In my papers [3]—[5] I have used notation y-dim but y-ind seems to be the better one.
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More precisely, let I" be the set of all sequences consisting of 0’s and 1’s and let X
be a topological space. If y = (y;,7,,...) is an element of I, then by X/[y; we shall
mean the space X itself if y; = 0 and the family of all closed and non-empty subsets
of X ify; = 1.

The y-inductive dimension y-ind X of a topological space X is now an integer
such that:

(i) y-ind X = —1l if and only if X = 0,

(ii) y-ind X < n if and only if each element of X[y, has arbitrarily small open
neighbourhoods U in X with (y,, y3, ...)-ind (U — U) < n — 1.

Obviously, (0,0, ...)-ind X = ind X and (1, 1, ...)-ind X = Ind X.

Hence the combination of only two concepts of dimension has yielded un-
countably many different concepts of dimension. And what is still worse (from a
point of view), one can prove [3] that all these concepts are essentially distinct in
a sense that if o and f are different members of I, then a-ind X + f-ind X for some
topological space X. I cannot help feeling a deep satisfaction atit ...

One can raise many questions related to the notion of y-inductive dimension.
Some of them have been already settled, but most, even basic ones, are still open.
Let me quote a few of them.

The first question I would like to propose is the following: does there exist, for
any two different members o and f of I', a metric space X such that a-ind X +
#* f-ind X?

So far we know [3] that there exists such a finite topological T,-space but, as
Roy’s example shows, one can expect a positive answer to this question. However,
this conjecture still remains to be verified.

Another interesting question seems to be this: how much, for given two members
o and f of I', can differ dimensions «-ind X and f-ind X, where X is a metric space?
Or, in other words, what is the value of

dif (, p) = sup |e-ind X — p-ind X|,
X

where supremum is taken over all metric spaces?

For general topological spaces, as one can show by suitable examples, this question
is easily answered by saying that if o =% B, then dif (o, f) = 0. And in view of
Smirnov’s example [12] one can expect this to be the case also for normal spaces.
However, for metric spaces the question is fully open and the lack of examples other
than that of Roy doesn’t allow us to raise any conjecture here.

One may also try to apply the notion of y-inductive dimension to classical
dimension theory. For instance, one of the most important theorems in dimension
theory is the sum theorem (cf. [10], p. 17). This, as Lokucievskii’s example [8]
shows, does not hold even for compact Hausdorff spaces. However, one may ask the
following type of questions: let X be the union of countably many closed sets,
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X = U X}, such that aj-ind X; < n for some a; e I', where j = 1, 2, ... Under what
j=1

reasonable hypotheses either on X or on the family {X;} or on the family {«;} does

there exist y € I such that y-ind X < n? Or, does there exist k = n such that for

every y e I', y-ind X < k holds? And so on.

A reader interested in other problems and results on y-inductive dimension is
recommended to refer to papers [4] and [5]. Let me turn now to the fulfillment of
the second part of the promise, i.e. to the generalization of that notion. In doing so,
I shall first generalize notions of ind and Ind following a pattern first described by
Lelek [7]. Let & be a topologically closed family of spaces, i.e. such that for each F € &
the family & contains all spaces homeomorphic to F.

The small inductive invariant ind (X, &) of a topological space X with respect
to & is an integer defined inductively as follows:

(i) ind (X, &) = —1if and only if X € &,

(ii) ind (X, &) < n if and only if each point of X has arbitrarily small open
neighbourhoods U in X such that ind (U — U, §) < n — 1.

Analogously, the great inductive invariant Ind (X, &) of a topological space X
with respect to § is an integer defined in the following way:

(i) Ind(X, &) = —land only if X € &,

(i) Ind (X, &) < n if and only if each closed subset of X has arbitrarily small
open neighbourhoods U in X such that Ind (U — U, §) £ n — L.

For instance, if & is the family consisting of an empty space @ only, then
ind (X, 0) = ind X and Ind (X, 0) = Ind X. Taking other families &, we receive
other invariants (cf. [7]).

Now to receive the promised generalization of y-inductive dimension we shall
combine together the definitions of the small inductive invariant and the great
inductive invariant in a quite analogous way to that of receiving y-ind from ind and
Ind. Namely, let I" be the same as previously and let y = (yl, 72, ...) be the sequence
belonging to I'. By a y-inductive invariant y-ind (X, &) of a topological space X
with respect to §& we shall mean an integer such that:

(i) y-ind (X, &) = —1if and only if X € &,

(ii) y-ind (X, §) < n if and only if each element of X/y, has arbitrarily small
open neighbourhoods U in X such that (y,, 73, ...)-ind (U — U, §) < n — 1.

If I know little on y-inductive dimension y-ind, I know practically nothing on

y-inductive invariant y-ind (X, §) with respect to a family § not consisting of an
empty set @ alone. All questions are here open and all paths to be followed.



R. DUDA 121

References

[11 II. C. Aaexcandpos: O HEKOTOPBIX OCHOBHBIX HANpaBJIEHHsX B 0buIed Tonosorum. Yemn. Mar.
Hayxk XIX 6 (120) (1964), 3—46.
[2] E. Cech: Sur la dimension des espaces parfaitement normaux. Bull. Int. Acad. Bohéme
33 (1932), 38—55.
[3] R. Duda: On notions of dimension. Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys.
13 (1965), 777—1780.
[4] R. Duda: On stems. Coll. Math. 15 (1966), 253 —261.
[5]1 R. Duda: On monotony of y-dimension. Prace Mat. (in print).
[6] B. Knaster: Einige Probleme iiber Punktmengen mit Fixpunkten. Comptes Rendus du
I Congres des Mathématiciens des Pays Slaves, Warszawa 1930, 287 290.
[7] A. Lelek: Dimension and mapping of spaces with finite deficiency. Coll. Math. /2 (1964),
221—2217. .
[8] O. B. Jlokyyuesckuii: O pa3mepHoctd 6ukomnakros. Joka. Akan. Hayk CCCP 67 (1949),
217—219.
[91 K. Menger: Dimensionstheorie. Leipzig und Berlin 1928.
[10] J. Nagata: Modern Dimension Theory. Groningen and Amsterdam 1965.
[11] P. Roy: Failure of equivalence of dimension concepts for metric spaces. Bull. Amer. Math.
Soc. 68 (1964), 609—612.
[12] FO. M. Cmupnos: TIpumep HyJIBbMEPHOTO HOPMAJILHOTO IMPOCTPAHCTBA MMEIOILErO OeCKOHeY-
HYIO Pa3MepHOCTb B CMBICIE MOKpbITHH. Jloki. Akan. Hayk CCCP 123 (1958), 40-—42.
[13] P. Urysohn: Mémoire sur les multiplicités cantoriennes. Fund. Math. 7 (1925), 30— 137, and
Fund. Math. 8 (1926), 225— 351.

INSTITUTE OF MATHEMATICS, POLISH ACADEMY OF SCIENCES



		webmaster@dml.cz
	2012-09-20T20:02:16+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




