WSAA 5

Tomasz Byczkowski
Orlicz space - valued martingales

In: Zdenék Frolik (ed.): Abstracta. 5th Winter School on Abstract Analysis.
Czechoslovak Academy of Sciences, Praha, 1977. pp. 9--11.

Persistent URL: http://dml.cz/dmlcz/701075

Terms of use:

© Institute of Mathematics of the Academy of Sciences of the Czech Republic,
1977

Institute of Mathematics of the Academy of Sciences of the Czech Republic
provides access to digitized documents strictly for personal use. Each copy of any
part of this document must contain these Terms of use.

This paper has been digitized, optimized for electronic delivery
O and stamped with digital signature within the project DML-CZ:
The Czech Digital Mathematics Library http://project.dml.cz



http://dml.cz/dmlcz/701075
http://project.dml.cz

FIFTH WINTER SCHOOL (1977)
ORLICZ SPACE - VALUED MARTINGALES

- T. BICZKOWSKI
Wroclaw

Let E be & metric linear space and let (I,®»,1) be the unit
interval with the Borel -field end the Lebassgue measurs 1. It is
well known that if E is not locally convex then there exists a se-
quence P ==zx;l XA"" where x®eE, AB“’GQ uniformly tending to zero
and such that )..x“’l(A"')) is not convergent to zero. So, in such
spaces, the claasical notion of Bochner integral cannot be used.
We present an approach to the integration theory for mappings with
values in Orlicz spaces (non locally convex, in particular) based
on the notion of measurable stochastic process.

Let (T,¥ ,m) ba a finite, separable measure space and let 3¢
be the space of all § -measurable real functions on T. Let ¢ be a
Young function, that is, subedditive, nondecreasing continuous
real function defined for u>O0 such that @(t)=0 iff t=0. Put

g, = G PIx(t)) m(at)  , x<X.

Let Ly be the set of all x &X¥ such that Ixilg<eos Ly 18 & linesr
space under usual addition and scalar multiplication and Uiy 1is

a (usually non-homogeneous) seminorm on Ly. Under obvious identifi-
cation (L , | ) is a complete metric linear space called Orlicz
space.

Let (£2,% ,x) be a probability space. If ‘S(w,t) is a real fun-
ction defined on £2x T, measurable with respect to £r3F and such
that }'(w,- o Lyu~ a.e., then ¥ induces, in a natural way, a
mapping ? from £2 into Ly, measurable with respect to 3 and the
Borsl @—-algebra G“ in‘ Ls. On the other hand, if X is a measurable
mapping from (£2,% ) into (L,,e?u“) then exists a Xx¥ -measurable
mapping Z such that §'=x p- 8.e. [4 Sl S_o, instead of Borel mea-
surable mappings from £2 into Ly we can consider product msasurable
real functions defined on QxT,

Now, let £, be the set of all real EvF -measurable functions f
defined on L2xT such that [£]4<ce, where

[e1, = CowEinl) e

and E denote the expectation. It 1s easy to see that (fi(l) is a
complete metric linear space (under usual identification).
By  we denote the linear space of all functions f of the form
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flw,t) aﬁ x, (t) 'x a)
where x, « Ly and A 52. It is not hard to see that £ 1is a dense

linear auhspace of .‘fa Ir 2 is a sub-G-algebra of 3 eand
flw,t) = in(t) X, (u)¢£ we darine

_ I "E"i Payl Z,)
where juf « 120) denotes the oonditional prodbability with respect to
Bo‘ Observe that E(1I{f)l) £ E(Iif1)=EIfl, whenever £ . Hence
we have

Li(rils < T,

Therefore I is a continuous linear mapping from £ into £¢ . Bince
X 1s dense in X4, we can extend I to Ly . This extension will
bs called the conditional sxpectation operator and will be denoted
by the same symbol, I has all usual properties of conditional
expoctation.

Let B be an inoraaaing ‘sequence of aub-C’-algobru of 3] . Let
ti be a soquenco of elements of .f‘ -(1‘1. 21, 1€ N} is called an I,-
valued martingale if f, is 2{(3’-masurable and

The following analogon of the mean convergence theorem (due

to Chatterji [3], in the case of Banach-space valued martingales)
holds

Theorem. Let (rn, Zn. n? 9 be an Ly-valued martingale such

that
- t, = {IZy)
where fe&. Then
| liafr, - £l = 0

where f,= I{fI3.} and . 1is the G-algebra generated by LA En
(X(~|A) denotes the conditional expectation operator with respect
toA).

This theorem has applications in the probadbility theory on
Orlicz spaces [2]. , .
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