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7th winter school on abstract analysis

The complex probability theory as a basis of quantum theory.

J. Soudek

Let us consider a provability theory (., 2 , P) , where _N
is an universal event, 2:' an algebra of events and P thé pro-
bability measure on ) . The quantity P(E) , E €2 is not
direcfly observeble. The observable quantity is a relative fre-
quency p(E) = Nsuccessful/Nall and the Law of large numbers
states that p(E) = P(E) . Thus P(E) must be & positive real
number for each observable event E . But in the quantum theory

there are principially unobservable events (e.g. a trajectory of

an electron). Probability P(E) of such events need not be posi-
tive and may be (for example) a complex number; VWle shall show that
such a complex theory of probability (C-TP) forms a basis of quan-
tum theory. Proof of so called Bell’s inequalities (which disqua-
1ify the hidden parameters theories) are based on the positivity
of the distribution of hidden parameters. In C—TPvthese proofs do
not go through and thus the hidden parameters theory is princi-
pially poséible within ¢-TP.

We suggest the following concept of the trajectory of an
electron (in non-relativistic theory): it is the couple r =

= (3 » 2 s 20 p i B> RY 2 [(x0,%)] of two trajectories

T+ » 7~ such that x0(7%(¢7) 2 0. C-TP is the system

={r=(,0)}), Y is an apropriate

S oap P

(o, z:, 9), where
elgebra of subsets of ) (we omit all mathematical details here)

and $ 1is a complex measure on 2. . Let us define (for r =

=(9"+’2‘/_)1 EEZ)
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M= o &)y 7 (R) = (-, ET ={2Y] peE},
E €2 ‘

ay = (o 2 €0ty ol ={ 3]G ) e},

— pt _
herm <> BT = E,

v

Eezpure<=>E=AXA,where Axn_eZ,

K= {;;1!?‘;6“\}’

E €Y

2 mix <<>E = disjoint union of pure events.

We suppose that O(EY) = (B (E))" and that &(E) 2 0 for -

E € E:pure . In the application to-éuantum mechanics we suppose
moreover that O(A*B) = d(4 x O )‘@(ﬁ_'_ X B) (this means the

statistical independence of ?; and p_) and that symbolically
d(axn ) = 2:3+5.A exp(is [ 1) , 8 [~ is the action for >y
(i.e. @(y; x () _) is the Feynman’s emplitude for the path * ).

\4

Let E=AXx4€ Zpure . Then

Baxn_ )P, xD = Saxn ) (daxant =

2
| >~ exp(is (I .
%_EA

B(8)

Thus the complex probability of a pure event is (after appropriate
normalization) equal to the usual probability of an efent A,

The following interpretation postﬁlate, which relates events in
the theory to the ’‘events’ observed in real experiments, is sup-
posed. Let the experiment is prepared in such a way that the pre-
sence of the electron is measured at space-time points XqseeesXpy

Tqseeesdpy Let us consider tbe event in which the presence of an

electron was confirmed at Xqyeee,X and excluded at Tqreees¥p o

n
This situation is described in our theory by an event

x1’0.-,xn;’y1’on‘1yn = {(2’:}.’ r-)lx‘l""’xne 2"+ﬂ 7= y'l""’ym é

&f 7+ U 7.}, where 3, means also the graph 72« (R)

iz
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The two-slit experiment.

Let an electron is emitted from the source s , then passes through
two slits 1 and 2 and finishes at the point x at the screen
(where is measured). We are interested in the probability P(x)
of an arrival of electron at a point x . Such an event (say E )
may be written as an disjoint union E = Ejy UEy, UE), UEyy
where E,q = { #, passes through the slit k , 7_ passes through
slit 1}, k, 1 = 1,2 . In the diagram (for events!):
I« I+

ST s g’f\\ "

U °'~\}/ * U ° \./'
\\J l" . \l

The probability A@(E) is simply the usual one

2
&(e) = Z_@(Lkl) [<x11s> + {xl2ls>] .

If one of slits‘is elternatively closed, then the observed event

!

is E = E11 L}E22 ! and thus

By = B(my) + BB, = [<xhis>]2 4 [Ixl2is>]2 .
The same answer is true in the case, when electron is observed
(e.g.) at the slit 1, because of the interpretation postulate. This

means that in the experiments with and without measuring an elec-

tron at slits we are observing truly different events !! Only in

this way, we believe, the rational understanding of the two-slit
experiment (and of the nature of quantum superposition generally)
may be obtained. '

The physical interpretation of e and X  may be given.
Let us suppose that there are iwo sorts of electrons >e+ and e_
- forward and backward ones with respect to the time direction of

their evolution - and let e and e_ move independently one from
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another, The complex probability of elementary event will be defi-
ned by
‘/(e+ moves along #4» e_ moves arbitrarily) =
= Feynman amplitude for '}4
<((e+ moves arbitrarily, e_ moves along ‘};) =

= (Feynman amplitude for _) .

Let the following event Ex corresponds to the observation of an
electron at a space-time point x : Ex is an event, when there
are simultaneously e, moving along M and e_ moving along X
and when both % and 4. pass through x . This interpretatiop
allows us to consider the Feynman amplitude directly as the complex
probability (neglecting the fact that this is a complex number).
The resulting amplitude EiavEE Y(¢) will be always positive

for an observable event E .

On this ground we can consider the motion of & quantum partic-
le (it is a point-like object!) as an analog of Brownian motion
when the usual theory of probability is substituted by the complex
theory of probability (see the analogy between the heat and Schroe-
dinger equations, their propagators etc.). We think that in this
épproache the deterministic ipterpretation (and the deeper under-

standing) of quantum theory will be reached.
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