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NINTH WINTER SCHOOL ON ABSTRACT ANALYSIS (1981)

O <CRI” ATTAINING CPEXATORS ACTING ON LI-SPACES
A. IWATIE

Given ¢two Banach spaces X énd Y we call a linear
bounded operator norm attaining if ATl = NTxl for
some x| =1. In fﬂ Lindenstrauss raised the problem
of deciding when the norm attaining operators are norm
dense in the Banach space B(X, Y) of all continuous operators,
A review of more recent results in the subject and some open
questions can be found in Johnson and Wolfe [e]l.

The qpestion whether the norm attaining operators are
dense in B(Ll, Ll) has been asked by Uhl [9] and answered
affirmatively in [4] . Here we comment on and outline the
proof of this result.

The proof consists of two parts., Firstly, the operators
in B(Ll, Ll) are represented by certain measures on the pro-
duct space. More specifically, we have the followinz represen-
tation theorem ( see [5] ,Prop. 1 and the Theorem):

(1) Let (Si,z:i, mi) , 1 =1,2, be finite measure spaces
snd assume that at least one of the measures 1s perfect. Tnen
th forzula

(3.2,8) = [tlontz)eptx,y)  fe1l{m), he 1°(,)
establishes a lattice iscmorphism between B(Ll(ml), Ll(mz))
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and the lattice cf all o-additive ceasures p on 218 }:2
satisfyinz dlpll/dnlé I_"(ml) and l,;l2 & m, (Yerepi dancte the
zsrzinal distributions). Voreover, I Tull = | dUAl/dmlu& .

Note that (1), unlike other known theorems of that king,
is free of any explicit topological assumptions (see (3] and
[1]; cf. also [2] where the first psrt of the proof of Tha.l
is incorrect, no assumptions on the messure spaces being
used for the representation by a o-additive measure on the
product srace). On the other hand (1) would be false witkout
sy measure thecretic assumptions (such as perfectness), although
a sicilar reprresentation ty rore geaeral set functions is
still possitle ( see [5]). An analogous representation theorem
for regular orerators on Lp—spaces {1<p<eo ) has recently
been proved by Rgbowski [8].

Since eveiy Eorel megsure on the unit interval is perfect,
(1) holds for all such measures. These measures, as is well
kznown, represent (upr to Boolean isomorphism) ail separable
finite reasure sraces.,

for the second part of the prccf we let X, Y be two
Il—spaces. The norm of any T in B(X, Y) is the sup of a sequ-
eace Tx, . The soquences x, and Tx, are contained in sepa-

-
rgbtle I~-subtsraces and so by peneral arcuments we can restrict
ourselves to *he serarabtle cese: I = Il(ml), Y = 11(m2),
where the zj's are rrcbability measures on tke unit interval.
“C% It sufflices tc rreve the followin~ Tessure- thecretic

resuvli:
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(2)'.-'-‘:# te g Tinite (sirn=3) Zorel weacure on *he

“nit squnre vith lﬂvdl/dmlﬂ‘ =1

4]

nd Uuz Ty . For every
£ >C trere exlsts a measure ¥ such that dlv-r-ll/d:n1<£,
|,|2 & By alvll/d::ls 1, and (g(y)dv(x,y))l/dml =1 on
a set 2 of positive m, ceasure for some function gel”(mz)
sstisfying gl = 1.

Indeed, if (2) holds thran the o-erator T satisfies

7y - Tul<€ =and is nora sttaininz as [ITll= (/g (2,2

~ .
Tcr tre rroc® of (2) we cheose a macsurs p vhose Tatn

2 ¥ =C 2 » 3 P - 3
decerpos®ticen T, ° censists ©f unicne of roctonrsles and

such thatl/:‘él}*‘ end  dlu -;i.l'.“/c'x:_.L s szoll cn e subset O
of the set D on wkich dl,-u[l/d:r.l is clcse to its sup. Next
we pick a subset B of C small enough itc bte ccntained in one
cell of the rartition generated by the prociecticns (intc ‘the
first axis) of the rectengles constituting the Eahka decompo-
sition of fi , We define g(y) by putting 1 if y is in the
rrejecticn (intc tte second exis) ofB¥ and -1 otherwise.
It is now net hard to see that the measure

av(x,y) = Xpx) (3l /amy ) H{x)aE(=,5) + Ngelo)aplx,y)
satisfies (2).For more details we refer to [4], Taz. 2 ( t. -re

are cincr aisrrints in [4] on pyr. 384 and 385).
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