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DOMAINS OF BIREGULARITY IN CLIFFORD ANALYSIS

Freddy Brackx and Willy Pincket

1. Introduction

1.1. In the theory of the Clifford algebra-valued monogenic func-
tions it is proved (see [5]) that, such as in the case of the
holomorphic functions in the complex plane, every domain in
Euclidean space is a domain of monogenicity. This result depends
heavily upon the existence of nointwise singularities. So when
considering the biregular functions ([1,2,3]) where, due to the
Hartogs Extension Theorem, pointwise singularities do not occur,
one is lead, such as in the several comvlex variables case, to the
problem of characterizing the so-called domains of biregularity;
these are, roughly speaking, domains for which there exists a
biregular function which cannot be ‘extended biregularly beyond the
boundary of the domain.

In this paper a chain of necessary conditions for a domain in
Euclidean space to be a domain of biregularity is established; some
of these conditions are of a more functiontheoretic nature (§2),
others of a more geometric nature (§3). If those conditions are
also sufficient conditions is still an open problem. Nevertheless
it is proved (§4) that a special class of domains are so-called
biregular extension domains, a notion which is even stronger than
that of a domain of biregularity.

For notations , definitions and properties of Clifford algebra
and monogenic functions we refer the reader to [4]. For the
biregular functions, which in some sense , form a generalization
to two Clifford variables of the monogenic functions, some defini-
tions and results are repeated here in order to make this paner:more
readable.

mn+1__k+1
XR

1.2. Let Q@ be an open subset of R" and let A, be the univer-

sal Clifford algebra constructed over B (1<m,k<n) with orthonormal
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basis (el,...,en). Then functions f:Q»An of the variables
(x ,y)=(xo,...,xm,yo,...,yk)’xeRm+1, yeRk+1
Denoting the intersections of Q parallel to the x- and y-spaces
by Uy={xeRm+l:(x,y)eQ}, y fixed in gk+? and Vxé{yeRk+1:(x,y)}€9},
x fixed in Hm+1, respectively, the notion of a biregular function

, are considered.

is introduced as follows

DEFINITION 1.1. A function f:Q»An is called bi}egular in @ if

(i) for each fixed yeRk+1 ,f is C! in ery and satisfies Dxf=0;

(ii) for each fixed xep™*! , £ is c! in erx and satisfies ny=0,

where D, and D, are the generalized Cauchy-Riemann operators

y

k
e:9 and D = £ e.?_ .
o 1 X4 y j=o J )’j

nMms

given by D=
i
Notice that a biregular function in Q is at the same time left
monogenic in x and right monogenic in y, and hence real-analytic
in the variables x and y separately.
The Hartogs Theorem ([ 1], Theorem 2.4) then ensures us of the
global real-analyticity of a biregular function in all the
variables (xo,...,xm,yo,...,yk) together.
The Cauchy kernels of the above mentioned generalized Cauchy-

Riemann operators are given by

1 X 1 y
E (x)= ——— and E, (y)=—— _Xk_
m wm+1 |x|m+1 k Wrr |y| +1
m
where x=;§°eixi, |x| is the Euclidean norm of x and W is the

area of the (m+1)-dimensional unit sphere. Those kernels satisfy
DxEm=Eme=6 and DyEk=EkDy=6, 8" being the Dirac measure at the
origin. . :

If the function f is biregular in an open ,bibaldl

e
.

%m(O,Rm)xﬁk(O,Rk) then in this region f may be expanded uniquely

into the normally convergent Taylor series
f(x,y)= P f(x,Yy)
t=0 s=0 °°’
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([2), Theorem 4.1) , where the polynomials Pr Sf are given by
’

Prsf=d & o e O

the sums running over all possible combinations of r elements
out of {1,...,m} (respectively s elements out of {1,...,k})
repetitions being allowed, containing the basic polynomials

A

\' T
s. n(h)s

1
),

T £ E and W (y)=
roortbw, el (h)g

"hy.."h ?

the summation running over all distinguishable permutations, where
appear the hypercomplex variables

£1=X{€0-Xo€q, 1=1,...,m and NL=YRE0-Y o€} s h=1,...,k.

1.3. The domains of biregularity are now precisely circumscribed
as follows.

DEFINITIONS 1.2. Let Q@ be a domain in Rm+k+2 i.e. an open connected

’

set. .
(i) @ is said to be a domain of biregularity (DB) if it is impossi-
ble to find two domains U; and U, in Rm+k+2
conditions
(a) ¢#UcanU,§U,;
(b) for each biregular function f in Q there exists a birepular
function f in U, which coincides with f on U,.

(ii) 9 is said to be a weak domain of biregularity (WDR) if for each

satisfying the

domain @ containing @ there exists a biregular function in Q which
is not the restriction to Q of a biregular function in Q.

It is clear that each DB is also a WDB and moreover it may be
shown that both notions coincide on locally connected domains.

2. Analytic properties of domains of biregularity
3

2.1. First we state without proof some estimates of the basic
polynomials appearing in the Taylor series of a biregular function
and of the derivatives of the Cauchy kernels.



24 FREDDY BRACKX AND WILLY PINCKET

LEMMA 2.1. .The basic polynomials V(l) satisfy the estimate

T
T T
|V(1) (x]|n<2n/2 1xﬂ ' <2n/z 'x '
T Vl.-.-\)m. \Jl....\)m.
1/2
where lIxl= sup (x§+x§) / , and vy (i=1,...,m) represents the

i=1,...,m

number of times the index i is appearing in the combination
(1) =(115-..,10€1,.00,m}T

1 i .
REMARK 2.2. As < - r - mr, we also have the estimate
[1)r v;!...vm!

LIV (]e<z/? lxDE
(1)r T r!

i
. - H

LEMMA 2.3. The deriyatives of the Cauchy kernel X (x)=% E_(x)
. Dy Xy ™
T

satisfy the estimate

Ben

vk

C(m,?) |x| ™™ T

/2
X1 (x)|°<£n
T m+1

where C(m,r)=(m+1)[ (2m+2) (3m+5)...((m+3)r+(m-1))] .

We also need the following technical lemma on the convergence

of a power series in |x]|.

LEMMA 2.4. The series z C(m, 1) |(-l--ﬁ-l-) is normally con-
— r=0

vergent in B (0,R ), where R ﬁTg:gT

Proof. Let K be an arbitrary compact subset of ﬁm(O,Rm) and
choose O0<R'<R such that Kcﬁm(O,Rﬁ). The numerical series

® n’, Bp
 C(m,r)7(gx)
=0 ¢

T clearly is convergent, which implies that the

T

considered power series is normally convergent in |x|<R$ and a
fortiori on K. =

In the sequel we shall also make use of the following distance
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function. Let (x,y) be a point in @ and let A be a subset of 9,

Then we define
(i) aQ(x,y)=sup{reR*:§m(x,r)xﬁk(y,r)cn} ;
(i1) ,8o(A)=inf{85(x,y): (x,y)€Al}.

It is clear that Gﬂ(x,y)€]0,+MI, GQ(A)E[0,+m] and that for a proper
subset @ of Rm+k+2 the function 6Q:Q*R is continuous. Moreover

for ACACQ holds 68, (A)=6q(R).

Indispensable in the description of the properties of a DB is
the notion of convex hull of a compact subset K of Q; these hulls
are defined by means of families F of biregular functions in Q,
which have to fulfil the condition that they always contain the .

hypercomplex variables Ei (i=1,...,m) and nj (j=1,...,Kk).

DEFINITION 2.5. The F-convex hull of K is given by

R(F)={(x,y)en:|f(x,y) | o< sup |f(u,v)|s, for all feF}.
(u,v)€eK

If F=B(Q), the family of all biregular functioens in @, then we
speak of the biregularly-convex hull and denote it simply by.ﬁg;'

The following properties of F-convex hulls are immediate.

PROPOSITION 2.6. The F-convex hull K(F) of a compact subset K of
Q satisfies the following properties

(1) K(F)-is relatively closed in Q;

(ii) K(F) is bounded;

(1ii) KcK(F);

(iv) if K(F) is compact then (K(F))  (F)=K(F);
(v) if F,cF, then K(F2)cK(F,).

2.2. Now we come to the first characteristic property of a DB.

DEFINITION 2.7. A domain QcRm+k+2 is called metrically convex
w.r.t. §

Q if any compact subset KcQ satisfies

sq(Rg)>c, 18 (K)
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1 1
m(m+3) k(k+3)

where [ =min
m,k (

In order to prove that each DB is metrically convex w.r.t. GQ ,
we first establish a key result on an estimate for the radius of
convergence of the Taylor series about a point of KQ; it turns out
that this estimate is independent of the point considered, and
hence independent of KQ.

PROPOSITION 2.8. Let 'Q be a domain in Rm+k+2, let K be a compact
subset of Q@ and let f be biregular in Q. Then the Taylor series

of f about (x*,y*)ekQ is normally convergent in ﬁm(x*,éQ nK))
’

1

Xﬁk(y*,dg’k(K)), where GQ’m(K)=——l_——5Q(K) and 6Q’k(K)=;f;:§;

§.(K).
m(m+3) Q

Proof. The Taylor series of f about (x*,y*),

"
[

f(x,y)= ¢ 3z P_ _f(x,y)
’ r=0 s=o 15 °

converges normally in §m(x*,69(x*,y*))xﬁk(y*,sg(x*,y*)), and in this
region

o °‘ oo o o T
r
r =z |Pr’sf(x,y)|o< r g o0/ %Tlx-x*l | 3

3 f(x*,y*)|o
r=0 s=o0 =0 S=0 ’ X y(h)S
c

2 x°
22 X yy*S

As all the functions 3 3 f are biregular in Q, we have by
' *(1), Y(h)

the definition of kg that

) ) f(x*,y*)|o < sup |a ) f(x',y") o
X1, Y, Cynek X, Y,

Choose 0<R<69(K); then KR= V] ﬁm(x',R)xﬁk(y',R) is
’ (x',y")eK
relativéiy compact in Q and we put M= ' sup | £(x,¥) |0
(x,y)ekKp

Let (x',y') be an arbitrary point of K, then by Cauchy's Integral
Formula (see [1], Theorem 2.6),

‘e
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d d £(x',y")]e<C_.M [ |3 E_(u-x')]o|d Ey (v-y').]
(1), V(g T X, " Yy T A
(u,v)€3B_(x',R)x3B, (¥',R) mk

where dS , respectively dSk, is the ordinary surface-area element
in RM*! , Tesp. Rk+1

or |® 3 f(x',y')lo<CﬁMC(m,r)C(k,s)R-r_s

(1), V(g

and hence

o © ‘ " oo xx ‘__l_
oI [P, (EC,Y) | o<CpM I szo C(m,r)C(k, s) ( ) dZR )

T
As it can be shown that the product of two normally convergent
series of An-valued functions is again nérmally convergent in the
cartesian product of the convergence domains (see [1], Lemma 2.1),
it follows that the considered Taylor series converges normally

in ﬁm(x*,Rm)xﬁk(y*,Rk). Letting R26,(K) yields the desired result.s

THEOREM 2.9. Every domain of biregularity is metrically convex
w.r.t. 6Q . '

Proof. Assume that € is a DB but is not metrically convex w.r.t.
59; then there exists a compact subset K for which § (RQ)<
m " 52(K). So there exists a point (x* ,y*)GKQ for which

o o .
sn(x*,y*)<cm,ksn(x). Call U;=Bm(x*,69’m(K))ka(y*,GQ’k(K))
and Uz=§m(x*,6 (x*,y*))xﬁk(y*,69(x*,y*)) ithen U; and U, are

two domains satisfying condition (a) of Definition 1.2(i). Now
given a biregular function f in g, the function defined by the
Taylor series of Proposition 2.8 is biregular in U, and coincides
with f on U,. This contradicts condition (b) of the same
definition. =

Metrical convexity is closely related to the so-called strong
continuity principle, which is defined as follows. ‘
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DEFINITION 2.10. The domain Q satisfies the strong continuity princi-

ple w.r.t. GQ (scp) if for each couple IS,T) of subsets of 9 for

which .

(1) sup  |f(x,y)|,= sup |f(x,y)|,, for all feB(Q), and
(x,y)eT (x,y)esuT

(ii) SuT is relatively compact in Q,

holds that GQ(S)>cm’kGQ(T).

Now it is easily shown that every DB satisfies SCP.

THEOREM 2.11. A domain QCZRm+k+2 which is metrically convex
w.r.t.'sQ satisfies the strong continuity principle w.r.t. 69 .
2.3. By handling the intrinsic properties of the F-convex hulls
introduced in subsection 2.1, a’new necessary condition for a DB
may be obtained.

DEFINITION 2.12. A domain @c g™K*2
each compact subset K, the F-convex hull ﬁ(F) is again a compact
set. If F=B(Q) we call Q biregularly convex.

is' called F-convex if for

About the behaviour of this notion of convexity when several
families F are involved, the following results, the proof of which
is rather straightforward, may be stated.

PROPOSITION 2.13. Let Q be an F-convex domain.

(i) If F'SF then @ is also F'-convex.

(ii) If F' is dense in F, i.e. if for each feF, for each compact
KcQ and for e€ach >0 there exists f'€F' for which
|f{(x,y)-f(x,y)|o<e for all (x,y)€K, then Q is also F'-convex.

Now we show that every DB is biregularly convex.

THEOREM 2.14. A domain @ which satisfies the strong continuity
principle v.r.t. 69 is biregularly convex.

Proof. Assume that @ is not biregularly convex; then there exists
a compact subset K for which ﬁg is not compact, although it is
bounded and relatively closed in Q. So there exists a sequence
(xO),y)%_in Ry for which 1im (x(V),y(M))=(x,y)e00 .

V>
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Putting S ={(x(v) (v)} and T,=K for all V&V , it is clear that
all (S ,T ) satisfy the conditions (i) and (ii) of Definition 2.10.
Hence, by the SCP, § (S );cm kGQ(T ) or 0<§8 (K)<c'1 5 (x(“) (v))

for all vey . Letting v-+o yields 0<GQ(K)<0, clearly a contradiction.s

3. Geometric properties of domains.of biregularity

3.1. The necessary conditionsof a DB in this section are of a more
geometric nature and rely on the notion of a (pluri) subconstant
function. A subconstant function behaves w.r.t. a constant such as
a subharmonic function does w.r.t. a harmonic function. More pre-
cisely:

DEFINITION 3.1. A function g:mCRm+l*RU{-w} is called subconstant
in w if

(1) g is upper semi-continuous in w;
(ii) for each compact subset KCw and for each real constant M,
f<M on 3K implies that f<M on K.

REMARK 3.2. Clearly any subharmonic function in w is also sub-
constant in w. For a monogenic function g in w it can be shown
that|g|P (p>1) is subharmonic and hence subconstant in w.

Those subconstant functions may be characterized as follows.

PROPOSITION 3.3. A function.g is subconstant in w if and only if

g 1s the pointwise limit of a decreasing sequence (gv)i::1 of
subconstant functions in w.

PROPOSITION 3.4. An upper semi-continuous function g in w is

subconstant if and only if for each compact subset KCw,
sup g(x)= sup g(x).
XEK XEJ

The notion of a subconstant function is now extended to the case
of the two variables xeRm*’ and yeRk+1.
DEFINITION 3.5. A function £:0ca™ X*?.pu{-=} is called pluri-
subconstant if

(i) f 1is upper semi-continuous in Q;
(ii) for each y fixed, f(.,y) is subconstant in xeU,;
(iii) for each x fixed, f(x,.) is subconstant in erx.
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The family of all (positive) plurisubconstant functions in Q is
denoted by PSC(Q), respectively Psct (q).

REMARK 3.6. If f is b1regular in @ then it may be shown that
|f|PePsc (@) for all p=1.

3.2. In 2.1 we introduced the notion of F-convex hull of a compact
subset of ©; this notion may be generalized to the so-called
G-convex hull of a compact XC2, where G is now an arbitrary
family of functions defined in @ and with values in R , C or 4 n’
e.g. the family psc’ (R), and we call a domain @ G-convex if for
any compact K<Q, K(G) is relatively compact in Q.

The first geometric condition on a DB reads as follows.
THEOREM 3.7. If the domain gc g™ K*?
it is also PSC+(Q)-convex.

is biregularly convex then

Proof. Let K be a compact subset of Q. Then, by Remark 3.6,
K(PSC+(Q))CRQ, the latter being a compact subset of Q. =
PROPOSITION 3.8. If the domain qc R™'K*?
then it is also PSC+(Q)-convex.

is geometrically convex

Proof. As is well known, geometrical convexity is equivalent with
L-convexity, where £ stands for the real linear functions on

Rm+k+2 : Now take f€L, then f and -f are harmonic, and so sub-
harmonic , in the variables x and y separately, and hence pluri-
subconstant in Q. This means that |fl=max(f,-f)ePSC+(Q), from
which it follows that K(PSC*(Q))cK(£), the latter being a relatiye-
ly compact subset of Q. =

DEFINITION 3.9. Given a domain QCRm+k+2, consider subdomains Sa’
o€l with boundaries Ta=asa, a€I, such that for all «€l there
y (resp. SaUTaCVx ), the
SqUT, moreover being compact subsets of Q2. Put S,=US, and To=UT

exist Yo (resp. xa) for which SaUTaCU
o o
and assume that T, is relatively compact in Q. Then Q is said to
satisfy the weak continuity principle (WCP) if S, is relatively
compact in Q.

The second geometric condition on a DB may then be stated as
follows.
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THEOREM 3.10. If the domain QcRm+k+2 is PSC+(Q)-convex then Q satis-
fies the weak continuity principle. _

Proof. Consider subdomains S, ,0€l as described in Definition 3.7

and suppose that they all are lying in U_ parallel to the x-

space. Take fePSC*(Q) and put for all aGI? Ma= sup f(u,v). So
f<Ma on Ta’ and hence f<Ma on Sa for all a€l. (u,v)eTa

This yields sacfa(psc*(n)) for all a€l, and hence

Spc vy Tacfo(PSG+(Q)), the latter being relatively compact in Q.=
o€l S .
Now we come to the condition which may be viewed upon as the
analogue of pseudoconvexity in classic complex:analysis.
DEFINITION 3.11. A domain QcRmH(+2 is called plurisubconstant
if (GQ(x,y))'l is plurisubconstant in Q.

THEOREM 3.12. If the domain Qca™'K*2

principle, then Q is plurisubconstant.

satisfies the weak continuity

Proof Assume Q not to be plurisubconstant; then the function

(<Sn(x,y))-1 is not plurisubconstant, which means that e.g. there

exists an x* for which (Gg(x*,y))'{ is not subconstant in V__,. So
: b

an open relatively compact A in Vx*’ a constant MER and a point

(x*,y*)er may be found for which 0<(3,(x*,y)) '<M for all (x*,y)kan
and at the same time (ég(x*,y*))‘1>M. Hence inf MSQ(X*,y)>1.
A

As we shall show that %Xf GQ(x*,y)=i%f Gg(x*,y), it is obtained
that in Még(x*,y)>1. But in (x*,y*)€A we have 1>M8g (x*,y*), clear-
ly a contradiction, implying the plurisubconstantness of Q.

Now let us come back to the equality of the infima mentioned
above. Clearly it is sufficient to prove that i%fsn(x*,yngfGQ(x*,y).

Call the last right hand side p; theén p>0 since A is relatively
compact in @, and we have to show that 6Q(x*,y)>o for all
(x*,y)eA.

Without loss of generality we may suppose that A is connected.
‘or a,B>0 we construct the following regions
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Litk+2

Sa’8=i(x,y)€R :x=x*+avm, y=y'+6vk,(x*,y')eA}

k
T, g={ (xR k"2

:x=x*+avm; y=y'+BVk,(X*,Y')GBA}
where Vo and v, are arbitrary but for the time being fixed unit

vectors in R™ ' and Rk+1 respectively. Clearly the S, g are domains
b
with boundaries Ta,s and SO,O=A while T0,0=3A.

First we show that Ta g is relatively compact in @, for all
i

(e,B)e[ 0,p[ X[ 0,p[ . For all (x,y)GTa we have |x-x*|=o,

s B

|y-y'|=B, and putting p'=min(p-a,p-B) we get that

B (x,p')xB, (y,0')CB_(x*,p)xB, (y',0)C. Hence S, (T )>p'>0 and

m' k' m' A 2'%q,p7P

each T g’ being bounded, turns out to be relatively compact in Q.
o

Next we show that Sa,8 is relatively compact in £ for all
(a,B)E[0,p[ X[ 0,p[ . Start with SO,OCCQ; then by the continuity of
the transformations it follows that Sa,BCCQ for all
(a,B)E[ 0,a[ x[ 0,a[ , a being chosen sufficiently small in ] 0,p[ .
Now by e%ploiting the WCP it is shown that Sa’BCCQ for all
(au,B)€E[ 0,a] x[ 0,a] and by a same reasoning as before we find at
last the sarﬁ to be relatively compact in Q for all
(asB)EL 0,00 X[ 0,p[ -

Finally if Vo and vy are taken to vary through the whole
set of unit vectors in B™ ' and Rk+1 respectively, then it is
obtained that ﬁm(x*,p)xﬁk(y',p)cﬂ for all (x*,y')EA. This

means that GQ(A)>p, which completes the proof. a

An important property of a subconstant domain is the possibili-
ty to construct a so-called plurisubconstant exhaustion function,
which constitutes the last geometric condition on a DB.

THEOREM 3.13. Let the domain QCRm+k+2 be plurisubconstant. Then
there exists a continuous ¢GPSC+(Q) such that for each c€Rr,

Q. ¢={(x,y)en:¢(x,y)<c} is relatively compact in Q.
’
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Proof. From the hypothesis made it follows that f(x,y)=(69(x,y))"l
is a continuous PSC*(Q)-function. From Remark 3.2 it follows that

m k
glx,y)= = |§i|2+_z lnj|zis also a continuous PSC*(Q)-function.
i=1 j=1

The function g=max(f,g) is the desired one.®

As a last step the four geometric conditions for a DB are shown
to be equivalent.

THEOREM 3.14. If the domain QCR’“k+2 has a positive, continuous
plurisubconstant exhaustion function, then Q is PSC+(Q)-convex.

Proof. Take a compact subset K of Q. For fGPSC+(Q) put

Cg= sup f(u,v). Then using the exhaustion function wePSC+(Q)
(u,v)€K

we have K(PSC (R))c{(x,y)Eq: w(x,y)<c 1= 9

a compact subset of Q.

" ', the latter being

In conclusion of this section we may thus state :

THEOREM 3.15. If Q@ is a domain in'Rm+k+2 then the following
conditions are equivalent

(a) € is a plurisubconstant domain;

(b) @ has a positive, contimnuous plurisubconstant exhaustion function;
(c) @ is convex w.r.t. the positive plurisubconstant functions;

(d) @ satisfies the weak continuity principle.

Moreover a domain of biregularity has all the properties (a) to (d).

4., Biregular existence domains

4.1 First let us introduce the notion of a biregular existence
domain.

DEFINITION 4.1. Let Q be a domain in Rm+k*2 and let f be biregu-
lar in Q. .
(i) Q is called a weak biregular existence domain (WBED) for f,

if for each biregular function F in a domain Q'2Q, F|Q#f.

(ii) 9 is called a biregular existence domain (BED) for f, if for

each pair (U:1,U2) of domains in Rm+k+2 for which ¢ #U.cQnU,gU,
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and for each biregular function F in U,, F|U,#f|U,.

REMARK 4.2. Obviously a BED is also a WBED and it may be shown

that under the additional assumption of the local connectedness
of @, both notions coincide. Next it is also clear that a (W)BED
is also a (W)DB.

4.2. As is well known in classic complex analysis a holomorphically
convex domain, or equivalently a pseudoconvex domain, is also a
holomorphic existence domain. The analogous problem in the bire-
gular setting is still open; nevertheless it may partially be
solved by introducing a stronger notion of convexity.

DEFINITION 4.3. The family »B(Q) consists of the functions £
satisfying the following conditions

(i) £ is biregular in Q;

(ii) |f.£]=]£]?;

s . . . n ;
(iii)all the functions f? , new, satisfy (i) and (ii).

In the same way as was done in the subsections 2.1 and 2.3,
the notions of a 2B-convex hull of a compact subset of Q, and
of 2B-convexity may be introduced. It is such that ,B-convexity
implies the biregular convexity.

The following result can be proved now along analogous lines
as in the proof of [5], Theorems 4.5, 4.6 and 4.7.

THEOREM 4.4. If the domain Q is 2B(R)-convex then there exists a
biregular function in @ for which @ is a biregular existence
domain.

EXAMPLES 4.5.

(i) The cartesian product of a left-monogenic and a.right-

+ +1 .
M+ and Rk respectively,

m+k+2

monogenic existence domain in R
becomes a biregular existence domain in R
(ii) It is a remarkable fact that the case of holomorphic functions
of two complex variables is included in the biregular function
theory (see also [1]). Indeed if f is holomorphic in wCc? then
F(x,y)=(Ref)ei- (Imf)e, is biregular in Q={(x,y)€R®
(x1+ix2,y1+iy.)€w, Xo€ER, yo€R} . So if w is taken to be pseudo-
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convex and hence a holomorphic existence domain for a certain f,

then the tube domain @ is a biregular existence domain for the

corresponding F.

(1]

[2]

[3]

[ 4]

[5]

F.
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