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THE EULER CHARACTERISTIC AND SIGNATURE FOR OPEN MANIFOLDS

Jiirgen Eichhorn

1. Introduction ‘

In [5] we studied the following situation. Given an open complete
Riemannian menifold (M®,g), ayprincipal fibre bundle P(M,G)—> M®
and a connection (w0 on P, Chern-Weil construction and taking cha-
racteristic n-forms c¢(P, w ) defines characteristic numbers

e(P,w,M) = c(P,w)[M = l{ (P, w)

if the latter integral converges. Thus one has at first to assure
the existence of the integral and at second to clarify how

c¢(P,w ,M) depends on the connectionw .To do this we introduced
the completed space ‘EP £,b of connections W with bounded
curvature R and finite l-sction A (W) = f |RW| avol and
proved the

Theorem. Characteristic numbers exist for and are constant at the
components of I*ZP £,b°

The metric of M did not enter into the characteristic numbers
but was used to define and topologize the space 13? b "

Here we consider the case M® open, oriented, g allowed to vary,
W = QOg the Levi-Civita connection. We denote by E(g) the Euler
form corresponding to g and set

X ot = S we.
M
In an snalogous manner S(g) shall denote the signature form and’

S(MP,g) = l{S(g).

This paper is in finrl form and no version of it will be submitted
for publication elsev iere.
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Then there arise the following natural questions.

1. Under which conditions on g is X (MP,g) defined?

2. How does it depend on g?

3. What is the topological meening of X (M%,g)?

4. Under which conditions does there hold X.(MP,g) = X (M%), i.e.
the GauB8-Bonnet formula?

5. The questions 1. - 4. for &(MP,g), & (MD)

These questions are attacked successful by fundamental work of

Cheeger and Gromov ( [3] , [4] ) and Rosenberg ( [ 9] ). Cheeger
and Gromov made the general assumption vol(M,g) <o , | Kl € 1 for

the sectional curvature and rinj(M) 2 1 for some normal or profi-
nite covering M of M. This altogether they denote by geo(M) £ 1. Ve
here exhibit that the condition geo(M) € 1 is not necessary for
answering the .above questions and study in particular the depen-~

dence on g. To do this we topologize the space of Riemannian me-
trics in an appropriate menner as described in section 3. In the

4 th section we present the invariance theorems which come out
by our approach (theorem 4.1, 4.3). The proofs essential use Lp—
cohomology. The 5 th section is devoted to dimension 4 where some
nice results immediately come out from our approach.

2. The attack of the problem and first results
Starting with the Euler characteristic, we remark that for
= dim M odd the Euler form E(g) vanishes identically. Therefore
the answers to questions 1.,2. are trivial. 4. is affirmatively
answered if and only if X(MP) = 0. For M™ with a finite number
of ends, each of them smoothly collared, i.e. compactificable to
i:M—> ¥, ¥ compact, this holds if and only if X (M) = 0: O =
X (v =2Xm® - X =2Xm - X (M. The only in-
teresting case for the Euler characteristic X(MP,g) is the case
n even. A simple and in a certain sense complete answer to the
above questions can be given in the case vol(Mn,g) <o0 |

2
- b €K £ - 0.
a( 5 2

Theorem 2.1. Suppose (M" ,g) complete, vol(M®,g)<c0 , -b° € K ¢ -a
< 0. Then there holds X (M%,g) = X (M™).

Proof. From the assumption follows that (Mn,g) posses a finite
number of ends El""’ €k’ each of them with a Riemannian collar,
i.e. each end has a collared neighbourhood U = dU X £0,% [ such
that d52| T dr® + ds l U 3{ry: % ing a chart (U',ﬁl,...,un—l)

in dU, ds 'U' (O ool = ar® + 54 hu(u,r)duiduj with
1]
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hﬁ(u,o) e~2bT ¢ hij(u,r) € hi;)(“’o) e~28T

2
1 U X = = .o .
This implies lim vol(3Uy x {r}, ds | MWy x {ry ) = 0 K=l,.ok

Further the second fundamental form of dMgx {ry is bounded.

For M” we can write M = M'?y U U, x(o ®f , M'? compact with
boundary m'? = LJBU.< .

For any compact manifold Mi c M? with boundary bM? there holds

n n n
X(ui,glmin + Ty (Ul ) = X)), (2.1)
where IIX(M;.)'SIM?) = BM{ II; end II; is en (n-1)-form directed
i

by the second fundemental form. If one has an exhaustion
MICMZC .o+ of M” such that

vol(3M})r—=0 , II(3M}) bounded (2.2)

then, taking in (2.1) the limit i—> oo , one obtains
X(u%,g) = X(u™), - (2.3)

n
since 11'“,,'11)((5”!11)' - lim Ib£§ rrg(m]) | ¢

€ lim |TI;(3M]) lsvor(ou?) = o, lim Z(mn) = X(u?).
i

In our case we set Mi = M0 U dU, x (0 i] end (2.2) is satif-
fied. o

Examples are certain cusp manifolds
(Mn’s) = (M2 le (0, ool:u ) ka (0, 00( ')

dsleKK(o,w( = ar? + (e)2 délzqk-
The curveture formulas at NK(O,OOE are well known. These cusp
menifolds arise as Riemannian manifolds which are locally symme= -
tric at infinity (generated ba rank 1 lattices [ € G).
A"modified situation is settled by
Theorem 2.2, Suppose (M®,g) open, complete with a finite number

of Riemannian collargd ends. Agssume for each end € there exists
a neighbourhood U(€ ) ¥ NyX *** % N X [0,%( with
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"32' we) = H? de, #0002 ()2 dc,gk + ar?,

If lim £, (r) = lim  £,(r) = 0, K= 1,...,k, then

T X020 - X,
Proof. [9] . o
As a special case we consider surfaces and start with = famous
theorem of Cohn-Vossen.

Theorem 2,3, (GauB—Bonnet inequality) Suppose (M2 »&) open, com-
plete, oriented, 1(M ) finitely generated. It the GauBien cur-
vature K is absolutely integrable, then

X » s fx avol.
ﬁM vo o]

Theorem 2.4. SupBose M open, complete, oriented, ™ (Mz) finitely
generated, vol(M°) < e , K absolutely integrable. Then

A (M) = -2-11-,- Mf K dvol.

Proof. [7] . ©

Remark 2.5. The curvature K is allowed to be unbounded.

Remark 2.6. The condition vol(M) <e0 1is far of being necessary.
Exumple, Let (M2,8) be the surface of revolution z = I(x2+y2 for
£ €c*(Lo, eC), £(0) = £'(0) = 0, the metric induced from IR’.

Then X.(M) = (27)~! [ K avol 1f and only if £1/2¢4 "(t)y ——“’“ .
Taking £(t) = g2 » n 21, supplies examples with vol(M,g) ‘= 00

and positive curvature.

As a conclusion we see that one has to give up the assumption
IX| £ 1, vol(M) < and to consider the more generasl cese. This
does not contradict to the matter of fact that in the case
vol(M)< oo ,|K| € 1 Gromov and Cheeger were very successful in at-
tacking the problem. Their methods work at the first instance only

under their restrictive conditions. .
In a similar manner one treats the signature & (M). The starting

point is the analogous equation to (2.1) for (M™,3M?) compact with

boundary,
S = & (M,e) + M (AM,g) + IT, (DM,g), (2.4)

where 7 (3M,g) is the w-invarient of [1] end II, (3M,g) is the
integral of an (n-1)-form directed by the second fundamental form.
The natural way to attack the problem is seeking for an exhaustion

M?C Mg C *** o M? and to assure



THE EULER CHARACTERISTIC AND SIGNATURE 33

(oM, ,g)——0, II. (dM,,g) —>O0. (2.
e 6 TE e 2

The second limit condition is satisfied if the second fundamental
form of dM; is bounded (independent of i) and vol(3M;) —> 0
or the second fundamental form tends to O and vol(bMi) is bounded.
Then the equation G(M) = & (M,g) holds if and only if
M(3M, ,g) ——> 0. For this it would be sufficient
i—>

MM, )| € Cevol(dM,) and vol(dM,) — ©

oMy 1 1 e O
Along this line Cheeger and Gromov attacked the problem under the
assumption geo(ﬁ) £ 1. We return to their solution in the 4 th
section. .
Remark 2.7. &(M,g) can be (if it exists) an arbitrary irrational

number. But . G (M) defined as the signature of a certain intersec-
tion form is an integer (if it exists in the open case). Therefore

the equation @ (M) = G(M,g) holds “"very rarely". Ome has to give
6(M,g) a new topological meaning as done in[3] ..

3. The space of Riemannian metrics on a noncompact manifold
For the preparation of the invariance theorem we have to introduce

an appropriate and natural topology into the set of Riemennian me-
trics on & noncompact manifold. This shall be done now. Suppose

M2 being open, connected, oriented, TM the tangent bundle, g ea
complete_metric on M. The pointwise norm of a tensor
t€CO(® 1y @ éT"M)of typs (r,s) with respect to g is defined

by
1 Jqeeedg til...ir

—_— , (3.1)
S N T I 3

1+12 =
I+l &
where we apply the Einstein summation convention. If

€secesly T.M is an orthonormal base and el,...,en the dual base,
then we can f3.1) write as

1 Z::: 4 i

2
|t|g,x =TT a1 t(e 9eecey€ !ejlonon'ejs).

As uniform structure bU(g) of g we define the set of all Riemen-
nian metrics g' such that Ig-g'lg’x and |g-g'|
on M. ) ’

Lemma 3.1. Py(g) coincides with the quasi isometry class of g, in
particular are the conditions g'ebU(g) end g GbU(g') equivalent.
Proof. Assume C,gecg =C, 8 C; = c,(g,g') (3.2)

g',x are bounded
’ .
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in the sense of positively definite forms. Let el,.,.,ene TXM
be an orthonormal base with respect to g. Then (3.2) implies
g'(eé,ei) € C, g(ei,ei) = 02. Squaring end summing up gives
lg"g,x £ Cg.n, and we obtain together with |g-g'| 2,x £ lglg,x +
+ ‘g"g,x €Y@ + C,Tn =(Cé+1)'{‘n’, i.e. lg-g'lg'x is bounded on M.
In the same manner one shows lg-g'|g;x bounded on M. Suppose now
le-g'l, 5 Ig-g'lg,’x bounded on M. Then again l‘gflg’x Elg-g'lg.x
+ | gl £C,. If e75...,6_E€T_M is an orthonormal base with re~
gyX 2 1 n-x., > > >
spect to g, then 2 __ g:(e ,ej) € C; = Co g(ei,ei) , in parti-
cular g'(ei,eig € Cygley,ey), 1 =1,...,n, i.e. g' € Cytg.
The second inequality follows in the same way. B
Let f: R+——> R+ be a nonnegative function. As growth type of £
we define the equivalence class of f with respect to the equiva-
lence relstion f1~12: There exist constants a,b,c,d> 0 such that
£,(t) ¢ a £5,(bt), £,(t) € ¢ £,(dt). The growth type of a Rieman-
nian manifold (M™,g) shall be defined by the growth type of
£(t) = vol(Bt(xo)), where Bt(xo) denotes the metric ball of radius
t centered at xo€ M. The growth type is independent of X, and an
invariant of bU(g). In particular each metric g'é€ bU(g) is comple-
te, since every g'-bounded set N' is contained in a g-bounded set
N (lemma 3.1). N is relatively compect, thus N' too. (MP,g) has
the growth type of a bounded function if and only if vol(Mn,g)oo .
The same then also holds "for all vol(M%,g'), g'é€ bU(g).
vol(M®,g) = eo if and only if (MP,g) hes the growth type of an
unbounded function. This is equivalent to vol(Mn,g') = ©0 for
all g' € Pu(g).
If sup | t 'g x €xists we define the sup-norm Plitll of t with re-
spegtewo g bs,r b”t”g = sup |t|, .. From g' GbU(g) follows the
existence of bounds Ak(gff'lf, Bk?é,g'» 0 such that

Adtlg o € 'tlg',x € Bkltlg,x, (3.3)
Ak"t“g ¢ ||t"8. - Bl (3.4)
for every (r,s) tensor field t with r+s = k and k1l = b"t” .

In what follows we still need norms of higher deriyatives, For
metrics g,8' we set B=g' - g, D= V' -V = veé - v &,
Lemma 3.2. Suppose g' GbU(g). The boundness on M of one of the
the following terms implies the boundness on M of all ‘others,
|V8'|gv lv@' Ign lV'glg, 'V'%Igu'VBlg, lvsl ' ' V'Blg9
IV'BIg.,IDIg, |Dlg., where V= V&, V' . V€ and we omitted
the index x. :
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Proof. We use
(Ve'| = [VB[, [V'el=|V'B[, (3.5)
always taeken with respect to the same metric,
g'(D(X,¥),2) = 3 Yy B(Y,2) + VyB(X,2) - V, B(X,Y),(3.6)
vy B(Y,2) = g(D(X,Y),2) + g(¥,D(X,2). (3.7)
Then, omitting "bounded on M", we have the following implicati-

on

lVg, (Ve | g (VB[ v by (3.3) and (3.5),(VBig =
= (VDlg. by (3. 6); (Df .(:)lnz by (3.3), |Dl ;= IV'Blg

by (3.7), [v 'Bi <:>1v glg @(v glgr by (3 5) and (3.3),

A B[ = |ID| follows from (3.6), replacing g' by g,

¥V by V (g'¢ U?g) if and only if ngU(g )1), by the same

procedure for (3.7) we obtain (D] .@[VB( vy by (3.5)

lVB( &~ | Ve'| g'» end the circle is closed. 1]
Now we set

Plute) = {g'ePute) | Py oo g | 7ol <e0 Y.

Lemma 3.3, &' €°'1U(g) if end only if g€ *1uU(g")"
Proof. According to lemma 3.2 it remains only to show bllle«ﬂ
bllVD(l {» imply PV'B([ ,< =0 (the other direction one gets
by changing g, V with g',V’). Now V'D = V'D- VD + VD,
byt é"l(m)ug + byvpif, = B (btumu + buvmsgu .
Remark 3.4. We now l{])lg<aois equivalent to “livg’ Hg <o . There-
fore bitVD L< o> means a condition for the second derivetives
of the metric, and it would be also reasonable to write b’ZU(g)
instead of b’lU(g). We decided to write b’lU(g) since we consi-
der the conditions on the second derivatives of the metric as
conditions on the first derivatives of D.
Assume p 2 1. We set

PyP(g) = {s’ € u(g) l fls-g'lpg,x dvol(g)x<co} .

byPsl(g) = {g' € "uP(e)|SIDIE _ avol(e) <o , IVDIP avo, <),

2, 1yPsl(g) = Prly(g) 0 PyPil(y),

Lemme 3.5. a. g'¢ PUP(g) if and only if ngUp(g )
b. g ebUp’l(g) if and only if g€ Up’ (g').
c. g' et Up'l(g) if and on'y i. g€ ’lUp’l( ).
Proof., This follows immediately from lemme 3. 1, 3.2 end the deri-
vation of (3.6), (3.7).0
Now we consider
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b.M- = {g | & complete metric with lels 5 bounded on M} ’
9’

M2 = {g|& complete metric with IIREIZ’x dvol(g) <o ,
PME = "M ME.

Lemma 3.6. If gebM, g'€ b’lU(g), then g'€ bu.
Proof. With R = R8, R' = R8' there holds

R'(U,V)W = R(U,V)¥ + D(U,D(V,¥)) - D(V,D(U,W))- (3.8)

- D(D(U,V),W) + D(D(V,U),W) + V D(V,W) - an(u,w),
i.e.R,Dy VD bounded imply R' bounded. O
Now we are able to introduce a natural topology for bM.
12 g€PM, €> 0, then we set

Prlyc (g) = {e' €P2u(e) [ Pllg-g'll <€ , PN Vipll <o, 30,1},
According to (3.4) and lemma 3.3 there exists a d"> 0 such that
b’IUE (g) is a neighbourhood for all g'Gb’onr(g). Altogether this
means that the system of all b’IUg (g), ng-M, €> 0, defines a
locally metrizable togology for l}_ﬂ.with {b’lUg_ (g)}e,o as neigh-

bourhood base for g€ M. Let P be the completion of "M with
respect to this topology.

"In similar manner we treat .Mg This shall be prepared by

Lemma 3.7. If gGM? and g' Gb’lup’l(g) then g'e_M?.

Proof. This follows from (3.8) and by use of |(s,*t;)x|p € |t|§'|s|§
and Itlg lslg is an element of L, if |t|1x’ L, end | 8|. is bounded.
We denote Plig-g'll = Pllg-g'll L =-(f1g-g'l® xdvol(g)x)l/ﬁ, analo-
gous PRVip(} = p“vipug and set for ge.ffg, £>0

b’lUlg’_’l(z) = {g'€ P lyPrl(g)] p“s-g'”g‘ €, p||ViDllg<°°,
i=0,17.

Again gccording to (3.4) and lemma 3.3 the system of all
b,1yPsl(g), sEMg, €> 0, defines a locally metrizable topology
for Mg whose completion we denote by /V.g
Lemma 3.8. b.M and Mg are locally arcwise connected.
Proof. it is sufficient to show the locally arcwise connectness of
bM and M’f We show the local contractability which implies the
locally arcwise connectness. This is done if for 0< t <1,
g' €2 lug (8) tg'+(1-1)g€ P MUg (). But Pltgr+(1-t)g-gll, =
=b||t(g'-g) "8 = t(b“g'-zllg) < € , the first condition is satis-
fg.rd. Fow I DIl_<%® is equivalent to Il Vg'”g <o | thus

V(tg'+(l—§)g“ = tlVg'll<co . In analogous manner

bll Vz('l:g'+(1-1:)¢;§"g = 1:--"V2g'”g <c0 , altogether we have pro-
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en || yte'+(1-t)e Vg" coo | b||y(yte’ +(1-t)g VSII Zoo , The
proof for Mp is completely perallel replacing ” "g by p|| "
Corollary 3.9. In °M, ° M, MEB, Mp coincide components and
arc components.n
Now we are able to prove our first main theorem.
Theorem 3.10. a. Suppose g€ M Then the component of g in b-.M.
resp. "M coinsides with b,1 U(g) resp. b, IT(—)
b. Suppose gEM?P £: Then the component of g in Mp resp. Mp coin-
cides with PluPrleg) resp. b, 1Up’I(g)
Proof. We start with °M. According to corollary 3¢9we have to con-
sider arc components. Assume g' to be an element of the arc compo-
nent of g in bM , and let {gtl-‘oétél be an arc .between g and g°',
85=8» g1=g . Thg g.rc can bg covered by a f_jt.)nite number of open
neighbourhoods ~*~U (go), ’ Uq_(gt ) I Ug (gt ) = b, 1Ug(g ),

1ue (g, ) n® g (e} ) - 9.
i-1 i

b,1 b,1 .
1f 81_1'16 ’ U£(8t1-1)~n ’ Ug(gt ), then we have
b'lu(sti RE Pely e (gti ey ,€" 1y, ¢ (&, e 1U(gti)

i.e. according to lemma 3.5 b, 1U(g ) = P 1U(g ), which implies
i
b, 1[](8) = P IU(g') €D 1U(g). Suppose now g' € b 1U(g) We will
show that g' is an element of the arc component of g. This is done
if there exists an arc in bM lying in b’lU(g) between g' and g.
Set g, = tg'+(1-t)g. This is in fact an arc in bJK_ since
gy '
< g g
IR I _|ng,x+|R Ig',x"’('Dl

gx * 1Dlg 0% (3.9

(C37 ). Purther we gonclude as in th proog 0of lemms 3.8 that
b||g-st||g<°° , Plw? Vg" <00 b“ (V' -ve )"8 . Since
g,8' 1y in the same isometry clase and 8 ly in the same isome-
try class too. Thus we obtain b“ | <0 for the above expres-
sions. For °M a. is proven, and the extension to PM is tri-
ial The proof for b. is performed completely parallel, replacing
l by p" ”, using |Rg| |R ' x'lDl |D| EL
|D|g’x, I1)|g bounded, (3.9) and the iranslated arguments in
the proof of lemma 3.8.0
Finaelly we consider .Mp bMﬂMp with the weakest topology
such that both inclusions PM2 <3, M2 ere continuous. This
is just the topology generated by the b, 1Up’l(g) ge"MP, > o.
Then immediately follows
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Theorem 3.11. Suppose g ebMi. Then the component of g in ?/Vtg
resp. ‘fM.If) coinsides with P° Up’l(g) resp. b’lUp’l(g). (u)

4. The existence and invariance of the Euler characteristic and
signature

For the proof of the invariance theorem we still need L_-cohomolo-
gy which we now shortly define. By ()% we denote the vector space

of all smooth q-forms on M. Given some metric g on M, then for
YEeNT PIFU = ( f [¥IPavo1)X/P 1 defined, if the latter inte-
gral converges. Denote

P13 = PNUe) ={FENT[PUTH <0, Phafil < 0}
and

pﬂ.q?d = completion of p_f)..g with respect to Pl “d’

pll'ﬂld = PUYH + Pua SU .

The cohomolagy of the complex
0 —»PN0:4 5 PN1A__y cee —>PNAd—y e — PADE 5

is called the analytical I -cohomology Pu¥(M,d) of (M%,g),

PrI(M,d) 1= ker(d:PNL 94— PNA+Ldy yp4.P na-1,d—pPpa,dy
= Pz9(m,d)/PBY(M,q).
The complex

0—PN] — PRI —-ec PN o 5PN0 50

defines the cohomology pH (M d). According to a result of Cheeger
({27 ) the inclusion p_ﬂ. <> P N*sd jr4uces an isomorphism
Pe*(M,4) — pH*(M d). For this reason we identify these spaces
end write simply PH(M).

Now we are able to prove the invariance

Theorem 4.1.-a. If gﬁz’nl end X(M,g) exists, then X.(M,g )
exists for all g' of the component of g and X (M,g) =¥ (M,g').
b. It g€M] ana & (M,g) exists, then ¢ (M,g') exists for all
g' of the component of g and ¢ (M,g) =¢ (M,g').

Proof. Suppose X(M,g) = l{E(g) exists. If g' is an element of
the component of f inM , then f ebdlU 1, 1(8) Since g,g' are
quesi isometric ( »d (g) d), ( ¥1+9(21),4) are equivalent
L, -complexes and 1K (u ,8),4), H*((M.s ),d) coincide. There
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exists an arc between g and g' in b’lUl’l(g) QM} which generates
an (n-1)- form ¥ , ¥ and &Y absolutely integreble, such that
E(g') = E(g) + d¥ , i.e. E(g) and E(g') are cohomological cocycles
in 1g™M,a) ([5]). According to a fundemental theorem of Gaffney
(Cel) é‘d‘j’ 0, i.e.

X (u,g") = § Bg) =,{E(g> + §af = [ B =X0P,e).

The proof of b. for n=4k is completely analogous using &(MP,g) =
= & L, L = L(p(g)) the Hirzebruch polynomial. a _
Remark 4.2. The theorem extends immediately to the compon_ents in

Ass&me M—M a normel covering with Deck(u) =M, geo('ﬁ) € 1. Let
e 2ﬂq(ltl)—)'"&(q be the orthogonal projection onto the L,-harmo-
nic forms “a(q '[[q(‘f) = th(x,y)"f(y)dvol with e C*° symmetric
kernel hq(x,y). The pointwise trace, tr(h%x,x)), is invariant un-
der ™ and thus can be considered as a function on M. We set
b(z)(ll) J"l:r(hq(x x))dvol  end
A/

n ~
k(z)(l{) = q% (_1)(1 b.?g)(m):

'C"(z)(lﬁk) = {tr(:*ﬁZk(x,x))dvolx.

Corollary 4.2. a. Suppose geo(ﬁ,‘g) €1, ﬁ a normal or profinite
covering of M. If M has finite topological type (i.e. M has a fini-
te number of ends, each of them smoothly collered), then
L™ =X (u%,g) = L(u%,g'), (4.1)
™) = &(u,g) = S(u%,g')_ (4.2)
for all g' of the component of g in M%.
b. Suppose geo(M&g) € 1 for some normal covering ¥ ot M.
Then X, )(Mn)s Xmt,e) = X(u®,g") (4.3)
?3(2)(141 )= 6(%,e) = ¢ (u%,g") (4.4)
for all g' of the component of g in Mf. '
Proof. The first equation in (4.1)-(4.4) is contained in [3] ’
the second comes from theorem 4.1. O
Theorem 4.3. If geM , then X(M®,g) resp. d(M &) exists and
X(u%,g) =Y (uM2,g') resp. ¢ (M°,g) = &(M%,g') for ell g' in the
component of g. ’
Proof. The existence follows immediately from lemma 3.8, coi'ollary
3.9 of {51, the inveriance from 4.1 above.d
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55' Applications to 4-manifolds
shall denote an open oriented 4-manifold. The special orthogo-

nal group acts on the space t b of algebraic curvature tensors on
M. Let f2 W+ ¥ + W the corresponding decomposition into
irredueible subspaces. Then this induces for the curvature tensor
R = R® a decomposition R = U+S+W. For R = RE = R, + R_ we denote
by Ric = Ric® the Ricei tenmsor, by T = T2 the scalar curvature,
by K the sectional curvature and by W = we = w+ + W_ the Weyl ten-
sor. The sign resp. - re}era to the decomposition of

_/\_ _/\_2 @j\ into self dual and anti self dual components.

Theorem §.1 If gG.M. , then X(M,g); G(M,g) exist and are

constant on the component of g in Jﬂf.
Proof. For (R[Z = lRlx there holds

(R(Z = IUF + 1512 +1wi2, (5.1)
IRic(® = 6 IU|2 +21sl?, (5.2)

T = 24 U2, (5.3)

IRI1Z = 41w,12 + 4lw_{°? + 2IRicl® - 31'2 (5.4)

',l‘herefore J-lRlé dvol<eo implies the integrability of lRicl2 T2
tW | ,|W [ The equations

E(g) = —7}?2(“112 - 4(Ricl? + T?)avol (5.5)

-2 £ ebmem— 2 - 2
S(g) :.'TZL (IW,I ‘W..‘ ) dvol
finish the proof. D

Corollary 5.2. Suppose gGM . If there exists an A> 0 such that
-A:g € Ric £ - §L g or ek 4.—%15, then

lé(m,s)H L),

and the inequality holds for all g' in the component of g.
Proof. The pinching conditions imply the corresponding inequali-
ties for the integrands ([8] ). g

We conclude with

Theorem 5.3. Suppose gé& M . Then ')((M,g) b (M,g) exist and

X (M,g') =Z,(M g), é(M,g") -é(M g) for all g' in the component
of g in an This in particular holds if vol(M,g)<eo , K
bounded,

Proof. g€ M} implies g€M3. O
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