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MaPs INTO RP2 AND APPLICATIONS
Peter Zvengrowski

§1.  INTRODUCTION A

The homotopy classification of (based) maps [X,Y] from a space X to a
space Y takes on added complexity when Y is not simply connected and =, (Y)
acts non-trivially on the higher homotopy groups of Y. A typical example of
this is Y = RP? (we shall henceforth write P™ for RP™). In this note we are
interested in the case X =V, a closed surface (meaning compact without boundary),
and Y = P2 This case arises in the homotopy classification of Lorentz metric
tensors over the (2 + 1)-dimensional space-time manifold # =V xR. Distinct
homotopy classes are said to determine distinct relativistic kinks on

The structure of [V,Pz] (for V orientable) is completely determined in
Theorems 1,2 of [8], which in turn is based on work of Olum ([4], [5], and [6]),
and a note of Adams [1] (see also Eells-Lemaire [2] for an exposition of Olum’s
work as well as applications to the existence of harmonic and holomorphic
maps). Since the Olum papers are lengthy, while the Adams note is sketchy
(being actually a letter to Eells), it may be useful to give a short self-contained
account of the portions of Olum’s work needed for the case at hand, at the
same time filling in details of Adams’ proof, and attempting to give some of the
geometrical intuition behind these results. In §2 we define orientation—true
maps, compressible maps, and illustrate their meaning. The main structure
theorems for [V,P2] (V oriented or non-oriented) are stated and proved in §3.
§2. THR CLASSIFICATION THEORENS FOR [V.P2

We first give two basic definitions, and then attempt to give some insight
into their geometrical meaning. Recall that the first Stiefel—Wbitney class
w,(M) € HI(M;Zz) for any smooth manifold M, and that M is orientable if and
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only if w (M) = 0 ([3], p.148, or [7], p.199).

2.1 DEFINITION: Let £ M + N be a smooth map (of smooth manifolds).

We say f is orientation true if f*(wl(N)) = w, (M).

2.2  DEFINITION: Let V be a closed surfacee. A map £+ V = P? is
compressible if f ~ g for some map g = V - Pl, where i = P! < P? is the
standard inclusion i[x x| = [x;x,,0].

To understand 2.1 from a more intuitive viewpoint, we shall relate. it to
loops on a manifold. Recall that given any two bases of R", they are said to
have the same or opposite orientation according to whether the determinant of
the matrix expressing one in terms of the other is respectively positive or
negative. The same clearly applies to two bases for the tangent space at a
point P of a smooth manifold M, or even for two bases at two points P,Q € M
provided they both lie in a coordinate neighborhood. Given a loop A: I + M in
M, one can cover it with a finite number of coordinate neighborhoods and use
these to "transport" a given orientation at P = A(0) once around the loop. The
result may be the same or the opposite orientation, in which case the loop is
.ca.lled respectively orientation I;reserving or orientation reversing, and clearly
depends only on the homotopy class [A] € 1rl(M) of A. Since M is evidently
orientable if and only if all loops are orientation preserving, this suggests a
relation between this idea and wl(M), which we make precise in 2.6 below.

The standard example of an orientation reversing loop is the central

meridian of a M6bius band, as shown in Figure 2.3.
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2.3 FIGURE

Now consider amap f: M-+ N and a loop A: I-M. Then f) is a loop in N.
There are four possibilities: A may be orientation preserving or reversing, and
similarly for fA. It will be proved in 2.6 that f is orientation true if and only if
A and fA have the same behaviour with respect to orientation, for all [A] € =, (M).

First let us give two simple examples.

2.4 EXAMPLES:

(a) The identity map id: M » M is orientation true.

(b) If f is homotopically trivial, then f is orientation true if and only if M is
orientable (since fA ~ * is orientation preserving for any )), or equivalently
since f*wl(N) = 0 no matter what w, (N) is). '

The next lemma will help to prove 2.6 and also gives another interpretation of

w,(). Note first that we may identify H'(M;Z,) » Hom(H,M,Z,) » Hom(r,M,32,),

using the universal coefficient theorem and the fact zZ, is abelian as well as

(mM),, » HM.
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2.5 LEMMA: Let [A] = a € 7 (M), then w,(a) equals 0 or 1 according to
whether ) is respectively orientation preserving or reversing, where w, = wl(M)
is regarded as an element of Hom(wlM,Zz).
Proor: It is well known that there are just two stable classes of vector
bundles ¢ over Sl, and they are distinguished by their first Stiefel-Whitney class
w,(§) € Hl(Sl;Zz) % Z, Clearly X is orientation preserving if and only if the
induced vector bundle ¢ = A*(rm) is trivial, where 7 is the tangent bundle of
M. The proof is now completed by the equalities
wy(@) = A'(w) = Xw,(r,) = w (1) = w(6)
where the first equality simply expresses the identification
H'(M;Z,) » Hom(7 M,Z,).
2.6  PROPOSITION: f: M - N is orientation true if and only if A and fA
have the same orientation character for any loop A in M.
Proor:  This is now trivial from 2.5. For example, if f w,(N) = w,(M), then
setting a = [f] € =,(M) and § = { (a) = [f)] € 7 (N), we have
w,(M)(a) = £ w,(N)(a) = w,(N)fsa = w (N)(B),

so A and f)A have the same orientatipn character by 2.5. The .converse is
similar.

Two other well known equivalent statements and Proposition 2.6 are
summarized in the next result. We do not prove (iii) or (iv), but note that
(iii) is an easy generalization of (part of) [7] Theorem 38.12, while (iv) is a

restatement of (iii) in sheaf theoretic language.

2.7 PROPOSITION: The following are equivalent:
() £ M - N is orientation true, A
(1) a loop X in M is orientation preserving if and only if the loop fA

in N is orientation preserving,
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(i) 1ﬂN(ar) = By(7), where By (7) is the coefficient bundle ("orientation
bundle") associated to the tangent bundle of a smooth manifold M
([7, p.200), and ' denotes its pull-back to N,

(v)  letting .9i -+ M denote the orientation sheaf of any manifold, one has
g =g

In our main application M will be a closed orientable surface V and N will
be P2 Since wl(Pz) = x, the non—zero element of Hl(Pz;Zz), we have the
following corollary:

2.8 COROLLARY: For an orientable surface V, f: V - P? is orientation true
if and only if £ (x) = 0.

We now turn to the definition of compressibility. The geometric meaning
of the definition -is clear enough, and we will first illustrate it with a few
examples. Note that points of P? are written [xo,xl,xz] = [—xd,—xl,—le with
x§+xf +x§ =1, PlcP?is deten_nined by X, =0, and points of 7 = st « §!

are written (6,p) where 6, are real numbers modulo 2.

2.9 EXAMPLES:

(a) Any homotopically trivial f: V + P? is compressible.

(b) The maps &: s? - p? (the usual double over) and id: P2 4 P? are
not compressible, since they are non-zero on the second homotopy
group ,.

(c) The map £ T2 + P? given by F(f,¢) = [cosg,sing,o] is clearly
compressible.

(d) The map g: T » P? given by g(b,0) = [cosgcosw,cosgsingo,sing] is not
obviously compressible, but can be seen to be compressible using the
homotopy ‘

H(0 — Tencd e By 0y Y . 0

\p;t) = [cospcosp-sin t sin(g)sing,cos(g)sinp+sin t 81n(2)cos¢,sm(2)cos t],

159
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with H(dp,1) = [eos(§ + ¢), sin(G+ ¢), 0]

We now show that for f: V - P?, the compressibility of (f] is nearly
determined by Sqly € Hz(V;Zé), where y = f*(x) and as always x € Hl(Pz;Zz)

is the non-zero element (we also use x for the non—zero element of Hl(Pm;Zz)).

2.10 PROPOSITION: Let £ V + P2 y = f*(x). If f is compressible then

Sq1y=0, whereas if Sq1y=0 then there ezists some compressible map g: V +p?

with y = g*(x).

ProoF: First, we set up notation i: Ples P? and j=P2-o P® for the standard

inclusions, and write ji = k: Ples P®. Iff is compressible we have f 'zif1 for some

f;: V - P!, whence Sq'y = Sq'f (x) = Sa'fji’(x) = £;5q"i'(x) = 0 since

Sqli'(x) €H2(P1;Z2) =0. On the other hand, suppose Squ = 0. Since Sq1 = f,

the Bockstein homomorphism arising from the coefficient homomorphisms§

0 - Z2 - Z4 - Z2 -+ 0, this is equivalent to y being the reduction of a Z4

cohomology class. A quick look at the (well known for any surface V)

cohomology H*(V;A) for A = Z,7, shows that all classes in Hl(V;Z4) are in fact

reductions of integral classes in H(V;Z).

Hence, letting p be the coefficient homomorphism induced by Z —+ z,

' there exists z EHI(V;Z) with k(z) =y. Since P!y slisa K(Z,1), there is a

map h: Vap! representing z. Let g =ih, which is evidently compressible. It is

well known thatkh: V -+P° = K(Z2,1) represents on one hand the cohomology

class (kh)*(x), and on the other hand also represents p(z). Thus

y = p(z) = (k) (x) = (jib) (x) = (ig) (¥) =g § (x) = § (x), s required. :
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§3. STRUCTWRE OF [V.P?]

3.1 THEOREM: Let V be a closed surface, f: V-P?, and Y=f*(x) EHI(V;Zz).
We have
(a) If f is orientation true then there -are countably many classes
lg] € [VP) with, g (x) =7,
(6) If f is nom—orientation true then there are ezactly two classes
lg) € (VP with g'(x) =,
(¢) In the non-orientation true case, with V orientable, both classes
corresponding to the given y are compressible.
PRooF:  The condition f (x) = g (x) implies i f (x) = i g (x), i.e.
(ﬁ)*(x) = (gi)*(x), where i: L= V is the inclusion of the l-skeleton of V.
Letting j: Ple P® we have j m [L,P2] + [L,P”] and the previous equality is the
same as j #[ﬁ] =j #[gi]. But dimL = 1 implies that j m is an isomorphism, by
the cellular approximation thoerem. So [fi] = [gi], or equivalently f|L ~ g|L.
Conversely, f|L ~ g|L implies i f (x) = i'g (x), but i : H{(ViZy) » HY(L;Z,) is
monic 5o f*(x) = g*(x). Thus, as mentioned in [1], f*(x) = g*(x) is equivalent
to f|L ~ g|L.
By standard obstruction theory, the remaining obstruction to a homotopy

on all of V (= V(z)) lies in HZ(V; rz(P2)), where 1r2(P2) is the local coefficient

system 7rz(P2) = Z with the non-trivial action of 7rl(P2) = Z,, pulled back by

fo = (V) - 1rl(P2) to form a local coefficent system on V. Since 1r2(P2) is

isomorphic as a local system over P! to the orientation bundle of coefficients

B ,(7), our obstruction lies in HY(V;8 o(m) » Z (cf. [7], p.201). Otherwise, it
P P

is not hard to see that the local system of coefficients will have the effect of

identifying the fundamental cocycle in Cz(V,f' 18 o(7)) with its negative, so
P
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HX(V; £ (1)) ® Z, here. This proves (a), (b).
P

For (c) it will be useful to first observe that 12(P2,P1) may be identified
with the group ring Z[Z,], where Z, = {1,t} and t acts as {(m + tn) = n + mt,
representing the action of 7rl(P2) = Z, on this group. This can be seen from
the exact homotopy sequence

04 m(PY) = 2 — n(P2PY) L n(PY) = 2 — 1 (PY) = 2,
which shows Iméd = 2Z ~ Z. Thus 12(P2,P1) is an extension of Z by Z, and
must be the non-abelian extension since the action of 1r1(P2) on 1rz(P2) is
non—trivial. This is precisely Z[Z,].
Again following [1], we note that the obstruction to a compression into p!

lies in Hz(V; 1rz(P2,P1)). This group will be (in the case f non-orientation true
and V orientable)

Z[Zz]/(1 —1) % Z.
It follows that the map

Z, % H(V; 7rz(P2)) 4 7 % HY(V; rz(Pz,Pl))

is zero, which means that for the two classes [f], [g], € [V,P2] corresponding to a
given non—oﬁentation true .|y € HI(V;Z2), the difference between their
obstructions to compressibility is zero. Thus they are either both compressible
or both incompressible. Combining this with 2.10 completes the proof of (c),
since Sq' = 0 on HI(V;ZZ) when V is orientable.

3.2 Remark: In case (c) Adams does not distinguish between V orientable or
non-orientable. However, his result certainly does not hold if V is
non-orientable, an easy example being V = P2 and 0 = y € Hl(Pz;Zz).
Certainly Squ =0, and y # wl(P2), so it represents a non-orientation true
map, but [Pz,Pl] 8 Hl(Pz;Z) = 0 shows that there is at most one compressible

homotopy ¢! ..3 in [P2,P2].
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For an orientable surface V, further details giving the complete
classification of the compressible maps of V into P? are given in [8]. The
incompressible ones, of course, satisfy f*(x) = 0 so lift to maps V - S? and are
readily classified by their Brouwer degree. In the applications to relativistic
kinks, the Brouwer degree of these incompressible maps corresponds to a known
physical invariant, the "kink number". For the compressible maps, it is not yet
clear what the physical distinction between the two homotopy classes corresponding

toagven0#¢ye HI(V;Zz) represents.
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