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NATURAL.OPERATORS ON FRAME BUNDLES

MICHAL KRUPKA

ABSTRACT. A basis of zero-order differential operators of the rth order semi-holono-
mic frame bundles with values in any sth order natural bundle is found. A basis of
rth order differential operators of the first order frame bundle with values in any sth
order natural bundle is found. An example for r = 1,2, s = 1 showing relations to
the Lie bracket is given.

1. INTRODUCTION

There is the following problem in the theory of natural bundles and operators: Find
to given natural bundle F; of order r; a natural bundle F; of order r, and a differential
operator D : F; — Fj of order s, such that any other sth order differential operator
D : Fy - F, where the order of F' is T9, can be factored through D, i.e., such that
there is a zero—order operator Dy : Fy — F for which the diagram

(1) \ lvo

commutes. The differential operator D is sometimes called basis of sth order operators
of F} with values in bundles of order r,.

In this paper, we solve this problem in two particular cases. First, for F} equal to
the semi-holonomic frame bundle semi F™, s = 0, and 72 < 7;. Second, using the
canonical semi-holonomic prolongation of first-order frames into higher order semi-
holonomic frames, for F} equal to the first order frame bundle F!, s arbitrary, r; < s.
We use the method of orbit reduction (Theorem 1), which is based on factorization of
the type fiber of the prolongation J*F; with respect to the canonical Lie group action.
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At the end of the paper, we give concrete results for the case of first and second
order and show their relations to the Lie bracket.

The subject has been studied by D. Q. Chau and D. Krupka [2], other related papers
are [8], [4], [9]. For information on the Natural bundles and operators theory the reader
is referred to [3], [6]. The orbit reduction method was used first in [5]. The theory of
semi-holonomic jets is introduced in [1] and reviewed in [7].

2. CONVENTIONS

For a multi-index U = (uy, ... ,u;) we shall write

(2) . XJu XJu, Jug

Occasionally, the multl index U can have the form:

U= (U'l) sy Ug—1, (uk) uk+1)1 Uk4+2y -+ ’U,g) .

In this case we write

4
(3) Xy = Xj“l"'j“k—lU“kj“k+l]j“k+2'“j“¢ ’

where the brackets denote antisymmetrization:

]
(4) Xju, "‘jl“k—l{j“kj"k+1]j“k+2“'j“t
= Xiuydug_yJugdup g duppadug  Xiugdup_yJupgJupdugggedue

If A is a decomposition of the set {1,2,...,7} then the symbol |A| denotes the
number of sets in A. The sets Ay, Ag,...,Aja) from A are ordered by smallest ele-
ments. Thus for ¢, < t,, the smallest element of A,, is less than the smallest element
of Ay,. Further, the symbol |A;| denotes the number of elements in A,. The elements
of At are denoted by A“, At21 ves ,A”Ad where A“ < An <...< AtlAtl'

We shall also work with decompositions of the set {1,...,s—1, (s, s+1),5+2,...,7}.
In this case we use the same conventions as in the previous case with s—1 < (s, 5+1) <
s+ 2.

The sets A, will be used as multi-indices (Ay, Ag, ..., Aya,))-

3. JETS

For manifolds X, X3, dim X; = n,, dim X, = n,, and points z; € X;, 23 € X, we
fix the following notations:

(5) J;,zg(X11X2)_{ f|f X1+ Xo, f (xl)—$2}
(6) (XL X)) = | L (X0, Xa),
T€X2
(7) J(X1, X)) = | Ji(X1, Xa),
T€X)
(®) T X, = J5(R™,X,).

These spaces admit canonical smooth resp. fiber bundle structure. Subsets of these
spaces consisting only of jets of maximal rank will be marked by the prefix "reg’.
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Thus, the r-frame bundle F" X, is equal to reg 7}, X5, and the rth differential group
L7 is equal to reg J5,0(R", R™). For s < r, we have the canonical projections

9) Tox,  J (X1, X2) = J*(X1,X,),
(10) Tox, ¢ J(X1, X2) = Xy x X,

The kernel of the projection n o : L}, — L}, is denoted by KJ*.
For a point £ € X we set

(11) L; =reg J; (X, X),

and get a Lie group L7. For s < r, we denote the kernel of the projection 7'y’y : L} —
Ls, by K7°.

We shall use analogous notations for spaces of semi-holonomic jets with the prefix
"semi” added.

On all of these spaces, we shall use induced coordinates as usual. For example, for
charts (U, ) on the manifold X; and (V, %) on X, the induced coordinate system on the
semi-holonomic jet space semi J” (X}, X3) is denoted by (¢, ¥*, z/;;?l, 1,[1?11-,, e ¢§1j,_‘,j,)
(j,jl,...,jr = 1, ey, T, IC:L ,Tlg).

For another manifold X3 and a chart (W, x), the coordinate expression of the compo-
sition of composable semi-holonomic jets a; € semi J™(U, V), and a; € semiJ™(V, W)
is

12 X;l---ja(az ° al) &
12) = ZA:XLA.JCM, (a2)yly (a1)-...- w.ll:]IA] (a1),
where s € {1,...,7} and A runs through all decompositions of {1,2,...,s}.

4. BASES OF DIFFERENTIAL OPERATORS

From the natural differential operators theory point of view, we shall work mostly
in the category D, of n-dimensional second countable Hausdorff manifolds and their
embeddings, where n will be a fixed integer.

The following theorem shows that the problem of finding bases of differential opera-
tors formulated in Introduction, can be in some cases solved by computing orbit space
of some Lie group action. See [5], [3].

Theorem 1. Let F\, F, be natural bundles of orders r1, 73, Py, Py their type fibers. Let
D: F\ - F, be an sth order differential operator, g : TSP, — P; its fiber representa-
tion. Suppose that g is a surjective submersion and quotient projection with respect to
the action of K;1**™ on T2P;. Then for any other differential operator D: - F
with order of F equal to Ty, there is a unique zero-order operator Dy : Fp — F such
that the diagram (1) commutes.

5. NOTE ON FACTORIZATION OF TENSOR SPACES

For an integer r > 1 and vector space V, consider an affine space H, with the asso-
ciated vector space Q" V*. Let us fix a basis in V and choose compatible coordinates
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in H. For s =1,...,r — 1 we have the mappings

;
(13) AgsiitH = QV*,

Yjyge ™ Wjiigomrladas)ist2-dr -
Denote by pr the quotient projection pr : H — H/ ()" V* (® means the symmetric

tensor product) and set A = (A12,...,A,-1,). We have A : H — (Q V")~ We
have the following simple lemma:

Lemma 2. There is a unique injection

(14) GHIQTV (@ V)

such that the diagram™

H-E—~H/ OV

(15) N r'L

(® V.)r» 1
commutes.

6. FACTORIZATION OF SEMI-HOLONOMIC JETS

Let X, and X5 be two manifolds with dim X; = n,, dim X; = n,. It is a well-known
fact [7], that the bundle semi Jr(Xl,XQ) — semi J"7}(X}, X>) is an affine bundle with
associated vector bundle (7' ) (T X, ® @ T*X,).

The quotient space semiJ"(Xy, X2)/(7% ) (T X2 ® O T* X)) is also an affine
bundle over semi J™!(X), X3), with associated vector bundle

(% %,)" (TX2 ® (Q T X1 /O'T* Xy))
Let

16) T x, - semiJy (X, X3)

z1,Z2

- semi J"(Xy, X5)/ (7%, }y,) (TX, ® O T* Xy)

be the quotient projection.

Fix two points 2, € X, T2 € X3 and consider the space regsemi J, ., (X1, X3). For
elements g; € K7™, go € K77!, and p € regsemi J], ., (X, X3) we set
(17) g-p = pogi’,
(18) g2'pP = §20p,
(19) (91.92) P = gopog’,

and get left actions of the groups K7"~!, K77~  and K77~! x KI7~! on the manifold
regsemi J7, . (X1, X3). For these actxons we have the following result:

Theorem 3. The equivalence of the action (19), and the equivalence of the projection
T',.x,» Coincide on regsemiJ] . (X1, Xa). If ny > ny, then the same holds for the
action (17), if ny < ny, then the same holds for the action (18).
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Proof. The group K77~! can be identified with T, X; ® " T, X; and the manifold
JL 2, (X1, Xo) with T, Xp ® T, X,. Using (12) we easily obtain that elements g, €

Krr=! act on semiJy 7£2(Xl,Xg) as translations ¢, - p = p — ﬂ;'(lhxz(p) - g1, where

w;ﬁ.;@(p) g1 = trace(n) y (p) ® g1).

Similarly, the action of K7~ ~1 on semi J;l 2,(X1, X2) can be viewed as the translation

@ p=p+gs- ﬂxl,xz( ) where g2+ T(Xth(p) is the image of (gg,w}i,xz(p)) with the
canonical mapping

(20) (Te, X2 ® @ X (Tz, X2 ® Ty X1)

= (T, X2 ® @ nX1)
(r tensor products and r traces).

This shows that the tensors po g7' — p, g2op — p, and gz o po g;* — p are always
symmetric (i.e., elements of TX, ® (O T*X;), which means that the orbits of the
actions (17,18,19) are subsets of the equivalence classes of 7%, «,.

From the other hand, for any p,p € regsemiJy; , (X1, X) such that 7% ,(p) =

T1,X2
%, x, (D), the tensor p — p is symmetric. If n; > ny, then there is a right inverse b €

T3,z (X2, X1) of the jet 7r3(1l x,(P) = n;(ll x,(P)- Now, the equation p=p— ﬂ}t x, ()0
has a solution g; = b (p — p). If n; < ny, then the jet 7'y x,(P) = 7TX1 x,(P) has a

left inverse b € J}, . (X2, X;), and the equation p = p + go - WX"Xz(p) has a solution
g2 = (p — p) - b. This proves the converse. O

7. FACTORIZATION OF SEMI-HOLONOMIC FRAMES

We shall apply the previous results to the natural bundle semi 7. We have for any
n-dimensional manifold X (i.e., object of the category D,) the semi-holonomic frame
bundle 7% : semi X — X. The bundle semi F*X — semiF"~'X has a structure
of affine bundle with associated vector space (¥ (TX ® @ R™). We have the
projection 7% : semi F™X — semi F*X/(r% )" (TX @ O" R™).

The system 77 = (77%) is a natural transformamon of the functors semi F" and
semi F7/(77~1)*(T ® Q" R*); the latter functor is of the order r — 1. In the following
theorem we use the canonical identification of 77 and some zero-order differential
operator.

Theorem 4. Any zero-order differential operator of semi F™ with values in a bundle
of order r — 1 can be factored through 7.

Proof. The type fiber of semi F” is equal to semi F§R™ (action of L7, is given by
jet composition). According to Theorem 3, the projection 7 g, restricted to this type
fiber, is the quotient projection of the action of KZ™~! C L. Thus, the result follows
from Theorem 1. O

Let us now consider the mapping A from Par. 5. We have A; 4y : semi F'X —
(M) (TX ® @ R™). From (12) there easily follow local transformation properties
of the mapping A; 41. Namely, for z € X, p € semi FJ X, and g € L] it holds

(21) Xin.ir(Asss1(g 0 ) Zx., 18 (OX5,, () - x}ﬁ: (@),
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where A runs through all decompositions of the set {1,...,s—1,{s,s+1},5+2,... 7},
Hence we obtain equations of the left action of L7~ on the image Ay s41(semi FT X):
Fort<r-1,

Il

Xail90) = X Xk (9)X5, (@) - Xl;'f.'A. (4)
22 . l
) Xisr(9-9) = lel...llA,(g)xJAl (@) xly (@)

A 18]
(A runs through all decompositions of the set {1,...,t} and A through all decompo-
sitions of the set {1,...,5—1,{s,s+1},s+2,...,7}).

From these equations, one can deduce that this action can be extended from the
group L77! to semi L]~!. Equations of the new action will be the same, just forgetting
the condition of symmetry of x% . (g) (t =1,...,7—1) in subscripts. From these con-
siderations it follows that elements from the image ¢ € A, 54+1(semi F X) can be mul-
tiplied from the left by any regular semi-holonomic (r — 1)-jet a € regsemi J73'(X, X),
where dim X = n, with a - ¢ € A, ;41(semi F7X). This multiplication is associative.

Let us consider for p € semiFIX the point mx(p~!) - A;,41(p). Evidently, this
point belongs to the fiber of (77:')*(R" ® @™ R™) — semi F; 'R" over the point
Ji 'idgn. This fiber is canonically isomorphic to B* ® @" R™, so we shall write
SImply 773; 1(p*l) ’ As,s+l(p) ER"® ®T R™.

Finally, we have 7%'(p) € T, X ® R™ and we set

(23) 7% (p) = trace(r (0) ® (75 ' (p71) - A1 (p))) -

We set 7% : semi F*X — Im 7%, 7% (p) = (7% (0),... , 7%~ 1(p)) The image of the
mapping 7% is an affine sub-bundle of the bundle TX ® (® Ry

Lemma 5. There is a bijectiont : Im 7% — semi F™~' X xIm 7% such that the diagram

semi F" X

(24) X (75

Im 7% semi F™"1X x Im 7,
X X

commautes.

Proof. This follows from Lemma 2 and invertibility of the assignment A;s.1(p) =

(¥ " (0), 7% (0)) (23). g
We have natural transformations 7" = (7%), 1™ = (), whose codomains are first
and tth order bundles, respectively.

Theorem 6. Let0 < t < 7. Any zero-order differential operator of semi F" with values
in a tth-order bundle can be factored through (a™, 7+l o g™ttt . F7=1loqmr—1 7).

Proof. Fort=r — 1 the result follows from Theorem 4 and Lemma 5. The general
result is easily obtained by induction. 0
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8. NATURAL OPERATORS ON FRAME BUNDLES

Let s : X — F'X be a section of a first-order frame bundle. The well-known
semi-holonomic prolongations of this section can be defined using semi-holonomic jet
composition:

(25) sO = g

(26) s(z) = (J7s) o (s" V(z)).

In the second equation, if s~V (z) belongs to semi F” X, then
s")(z) € semi J§(R", F'X).

Using translations in R", we can identify this element with an element of semi F*+! X
Thus, s is a section of the bundle semi F7*'X — X. We get an injection (" :
J'F'X — semi FT*'X. For any p € Im(:") we can consider p as an element of the
manifold semi J§(R", F'X), and get (<) (p) = pony " (p7Y).

Since the image «"(J"FX) is a subspace of semi F™+1X, we can compute rth-order
operators of F1X by means of zero-order operators of semi F**'X (in Theorem 1,
quotient projection of an invariant subspace is equal to the restriction of projection of
whole space to this subspace). Thus, we can use Theorem 6:

Theorem 7. Let 0 < t < 7. Any rth-order differential operator of F' with values in a
tth-order bundle can be factored through the operator s — (n™t, Fitlognttl  #7=1lo
7L ) 01" o JTs, defined for any section s: X — F'X.

9. EXAMPLES

Let p be an element of semi F2X. Then, in local coordinates,

(27) XX ®) = X0,

(28) XanTx®) = Xm®),

with

(29) (7%, 7%) : semi F2X — (TX ® R™) x (TX ® R™ A R™)
being surjective. The inclusion ¢! : JLF1X — semi F2X is given by

(30) X)) = xi(a),

(31) X (@) = X a(0)x5,(a) s

and is also surjective. Thus, for the composition 7"3&1 ol we get

(32) Xonin (P30 14@)) = b (@)X, (@) — X5,(0) (9) -

Consider a section s : X — F*X and denote by s; its jth vector field. From the above
equations we obtain

(33) (3!, 72 ol o Jhs = (5, [55, 832)) »

where we have the system of all Lie brackets of vector fields s;, on the right-hand side.
Thus, we have a result: For r = 1, the operator from Theorem 7 assigns to each frame
field s : X — F'X the vector fields s;, [sj,, Sj,)-
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Let us turn to the case r = 2. For p € semi F*X we have

' 23@ 7fx ') = X,
X_‘il]z (TX o 7TX (p)) Xijlj?](p)’

Xuiais % @) = X OG™)XE 1, )

(34) l -1y, %1 uz
A ” Faua (P X550 (P)XG (2))
Xoiais(TX (P)) = x?(zlv)(xﬁ(pl'l)x;‘lbm](p)
+Xu1u2(p— )XJ, P)X[_ms( ))

The mapping (7rx , 7% 0 7&2,7‘% is not surjective. To determine the image, we shall
prove the following lemma:

Lemma 8. In Lemma 2 withr = 3, the image of the mapping A consists of all tensors
(v,w), satisfying

Vi + v = 0,
(35) win +wie = 0,
Uikl + Ukt + Vijk = Wik + Wiy + Wijk-

Proof. Direct computation gives that for any u € H, v = A;5(u), w = Ay3(u), the
equations (35) hold. From the other hand, given (v, w) such that the equations are
true, we can set ujy = é(fwjk, + 3'Uklj + vk — 4Cklj - QCljk), a
Now we can see that the image of the mapping (7%, 7%, 7%) is an affine bundle with
associated vector bundle TX ® (R™ x (R™ A R™) x W), where W is the subspace of
(®° R™)?, given by the equations (35). '
Consider the inclusion ¢ : J2F1X — semi F3X. We have

X((9) = xi(a),
(36) X (P@) = x5, (9)xG,(a),
Xiis(B(@) = X5 105 (@) + X 1 (@OX (@)X 2 (0)-
This inclusion is not surjective; its image is determined by X}l,llh(q) = X}x.lztl(‘I)'

Direct computation gives that Im:? is exactly the subset of semi F3X, consisting of
clements p such that

(37) 7%2(p) = 0.
After some calculations, we get for the composition 7%' 0.2 and a section 5 : X — F1X,
(38) '7—:;(’1 0o J%s = ([0 832) s 83al s

and the third equation of (35) together with (37) gives the Jacobi identity. We can
formulate our result: For r = 2, t = 1, the operator from Theorem 7 assigns to each
frame field s : X — F'X the vector fields s}, [sj,, 7], ([85, Sia) » 8ja)-
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