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ON 4-PLANAR MAPPINGS OF SPECIAL ALMOST
ANTIQUATERNIONIC SPACES

JANA BELOHLAVKOVA, JOSEF MIKES, OLGA POKORNA

ABSTRACT. In the paper special 4-planar mappings of almost antiquaternionic Her-
mitian spaces are studied. Fundamental equations of these mappings are expressed
in linear Cauchy form.

The 4-quasiplanar mappings of an almost quaternionic space have been studied in
(5], (9] and [14]. These mappings generalize the geodesic, quasigeodesic and holomor-
phically projective mappings of Riemannian and Kéhlerian spaces, see [4], [12], [13],
[15], [17], [18]. Similar problems are studied on complex manifolds in [2]. Antiquater-
nionic spaces which were studied e.g. in [11], [16] have some properties similar to those
of quaternions [1]. This fact can be used in the study of 4-planar mappings of almost
antiquaternionic spaces.

[.N. Kurbatova studied a special kind of 4-planar mappings (called 4-quasiplanar,
see [9]) from a Riemannian space V, onto another Riemannian space V, where an
almost quaternionic structure on V; is Hermitian and it satisfies additional conditions
so that 1, a V,, are Apt spaces.

Analyzing the results of [9] (theorems 2 — 6) we noticed that the space V}, is implicitly
supposed to be Hermitian and this assumption is essential. The Hermitian structure
of T, is more important than the Hermitian structure of V,, and, moreover, it simplifies
fundamental equations of 4-planar mappings. In this paper we do not assume 1/, to
be Hermitian.

1. A well-known definition says that an almost antiquaternionic space is a differen-

1 2

tiable manifold A, with almost product structures F' and F' satisfying
1,1 2, 7 1,2 2.1

(1) FeFe=605 FoFp=07; FoFf+FF?=0,

where 6" is the Kronecker symbol, see e.g. [3], [14], [16].
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3.1 2
The tensor F/'=F2F! defines an almost complex structure. The relations among

102 3
the tensors F, F\, F' are the following

1 2 3 3 2 2 3 1 1 3 3 1 2 2 1
(2)  Fl'=—F2Fl=F2F} F}=—FFFi=FFF}; FI=F2Ft=—F2F}

1

1 3
i.e. that the three structures F, ,F define an almost antiquaternionic structure.

12 3
Let A, = (M,,T, F,F, F) be an almost antiquaternionic space with a torsion-free

affine connection T.

Definition 1. A curve & z" = zh(t) in A, is called {-planar, if the tangent vector
M = dx"/dt, being parallely transported along this curve, remains in the linear 4-
dimensional space generated by the tangent vector A* and the corresponding vectors

1 2 3
Fhye, FMe and Fie,

A curve is 4-planar if and only if the equations

d\ PN
TN =Y p Fhe
dt . s=0$

hold, where F h= 6}, ', are components of the affine connection on A, and p =p (t)
s S

(s =0,...,3) denote functions of the parameter t.
Any geodesic curve is a special case of a 4-planar curve where p; = p; = p3 = 0.

Consider two spaces A and A, with the same underlying manifold M,, and the

same almost antiquaternionic structure (F F F ) but with two different torsion-free
affine connections I" and T, respectively.

Definition 2. A diffeomorphism f: A4, —)_/1,, is called a 4-planar mapping, if it maps

any geodesic of A,, to a 4-planar curve of A,.

Remark. In the following we shall attach to each local map ¢ around a point p € A,
the local map po f~! around the point f (p) € Ap. This means that any point z € A4,
and the corresponding point f(z) € A, will have the same local coordinates.

The following theorem holds [14]:
Theorem 1. A diffeomorphism of A, onto A, is a 4-planar mapping if and only if

in every local coordinate system z = (z',z%,...,z") the conditions
3
—h $ h
(3) Ti,(z) =Th(z) + 2% ¥
S=

hold, where T and f?j are components of the affine connections I and T, respectively,

¥ (2), s=0,...,3, are covectors, and (i) denotes a symmetrization of indices.
S
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Using Theorem 1 one can prove that all 4-planar curves of A, are mapped onto
4-planar curves of A,. _
Finally, we will consider a special case of A,, namely an almost antiquaternionic

- 123 -
Riemannian space V,, = (M,, g, F, F, F') in which I denote the Levi-Civita connection
of g.

The following theorem holds (see [14]).
Theorem 2. A diffeomorphism f: A,— V, is a 4-planar mapping if and only if the
metric tensor gi;(x) satisfies the following equations:

- 2 - z a - Sa
(4) Gijk = (wk Go(i Fii+ ¥ Gj)a Fk) ,
s=0 \° s

where comma denotes the covariant derivative in A,.

Recall that the covariant derivative of § in V, is zero.

The proof follows from the fact that formulas (3) and (4) are equivalent in our
special case.

2. Now we shall prove the following two lemmas.
Consider the spaces A,, 4, and let ”,” or ”|” before an index denote a covariant
derivative w.r. to the corresponding local variable on A, and V,, respectively. Now

S
and further we will suppose that the affinors F} defining the almost antiquaternionic

S
structure are traceless, i.e. F$=0,s=1,2,3.

Lemma 1. Let a {-planar mapping A, — A, be given and let v ; denote the corre-
S

sponding covectors from (8). Then

(5) Fe=F2,  s5=1,2,3.

i

holds if and only if the covectors i , are ezpressed by formulas
S

n? +2n s n? —6n
IR Fe s=1,2, [P L
n2—2n+8wu i 3 1:-/xj' n?—2n+38

The proof of the Lemma 1 is a consequence of (5) and the fundamental equations of
4-planar mappings (3). We use also the algebraic properties (1) and (2) of antiquater-
nionic structures.

3
6 ¢,= Yo P, =Y

A manifold with an affine connection I' and an almost complex structure F is said
to be an Apt space (see [4], [9], or nearly Kdihlerian space or Tachibana space [4], [6],

12 3
(7], [8], [10], [19]), if its structure F satisfies F%, = 0; a space A, = (M,,[,F,F,F)
to be an almost antiquaternionic Apt space, if

Fe=0, s=1,23.

Lemma 1 implies that an Apt space A, is 4-planarly mapped on an Apt space A,
iff (6) holds. Obviously, antiquaternionic Kahlerian spaces are Apt spaces.

Contracting (3) with respect to h and j we got the lemma
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Lemma 2. If for a 4-planar mapping A, — A, the formulae (6) hold and the spaces
A, and A, are equiaffine, then the vector v); is a gradient, i.e. there erists a function

’l/) such that 1,/),' = ’l,[)y,‘.

_ 3. Now we shall show that if a 4-planar mapping from A, onto a Riemannian space
Vn is given, then the formulae (3) and (4) are both equivalent to the following formula:

.o 3 .8 . P
(™ == (0,5 Py 320 F))
s=0
where §¥ is the inverse matrix of metric tensor g,;. In fact, (7) is a consequence of the
ldentlty gl{k = _gaﬂ‘kgaigﬁj.

In what follows we shall asumme an antiquaternionic structure on V;, which is Her-
mitian, i.e. we have

(8) Gia FO+ G0 FP=0,  s=1,2,3.
(8) is equivalent with
. . . 8 .
(9) GeFifgeFiz0,  5=1,23,
or with
(10) G FiFi=e,59, s=1,23, e=ey=-1, e5=1.

Using (9), the equations of 4-planar mappings are simplified to
(11) 3% =-2g" - 3 ¥ 3" F.
s=0

Suppose now that the covector 1; is a gradient, i.e. ¥; =v¢ NERE where 1 is a
0

function. We define the tensor

al = ez’l’g’j .
Then (11) can we rewritten in the form
(12) Hh=3 ) B,
where i
(13) ,s\iE—z,s[)ag“i.

By the definition of the tensor a¥/ (10) is equivalent with
(14) a®? ls'“;ﬁ'g=esaij, s=1,2,3.
Due to the fact that V, is Hermitian and using (13) we see that the formula (6) is
equivalent with
2 2
; n?+2n s, i n"—6n .3, by
= oy §=1,2 =0\ F., M=)\
19 3 =gy fos=bh } =gy e 5
Now we come back to the affine case. Let a space A, be given as before and
let the system of equations (12), (14) and (15) have a solution for a regular matrix
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function @ and a vector function X*. Then one can prove that the inverse matrix
1G]l = |la”]|™" defines a Riemannian metric § on M, and the covector A\*,; is a
gradient grad 9. By the conformal change §; = €?¥ §;; we obtain a new metric g
for which A, becomes a almost antiquaternionic Hermitian space V;,. Moreover, there
exists a 4-planar mapping A, — V,.

Now we can conclude the above results with

Theorem 3. Under the condition (5) an equiaffine space A, admits a {-planar map-
ping on an antiquaternionic Hermitian space V, if and only if there ezists a regular
tensor a” on A, satisfying (12), (14), and (15).

This result coincides with the result by N.S. Sinyukov for geodesic mappings and
the results by V.V. Domashev and J. Mike$ for holomorphically projective mappings
of Kahlerian spaces etc., see [12], [13], [18].

4. In the following we will analyze the equations (12), (14) and (15). We consider
the covariant derivatives of (14) in A,, i.e.

o8 FiFi4 o Fi Fita® FLFj, = e,a” =1,2,3
a‘,k a ﬂ"‘a ak ﬁ+a PY mk—e,a k> r=14,09.
Putting (12) into the above equation we get

(16) Z ( /\ @ FJ) /\ F(: FJ)Fﬂ> = g°f F(’ FJ)

For r = 3, using( (2) and (15) we have
n®—2n+38
4(n+2)

and contracting (17) with respect to j and k we have the following expression of the
vector A

o 3.3 3. 3.
(17) Aigl) — xe FEF) = a® FC F

n?—2n+8

(18) A= 4(n + 2)?

aﬂ i 3 Y 3 i 3 Y
Fi FFiFD)
It implies that A’ can be expressed as linear functions in a¥. It implies
p

Theorem 4. Under the condition (5) an equiaffine space A, admits a 4-planar map-
ping onto a Hermitian almost quaternionic space V, if and only if the following system
of differential equations of Cauchy type is solvable with respect to the unknown func-
tions a¥:

3
(19) =y 2O R,
s:O
where
2 2
iy i ne+2n L% _ i_ . n -6n .3
A —6\ , i\ ——2n+8/\ F.,s=12, 2{\ = ——2n+8/\ F
n?—2n+8

9 i aﬂ 31 31'3'7
(.‘0) /\ —_—W F +F0Fﬂ,"r 5
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and the matriz (a¥) satisfies the algebraic condition
(21) 9| #0  and  a*? f’;ﬁs’g=es ¥, s=1,2,3.

The system (19) does not have more than one solution for the initial Cauchy con-
ditions a¥(z,) =a* under the conditions (21). Therefore the general solution of (19)

does not depend on more than N, = (n/2)? parameters. The question of existence
of a solution of (19) leads to the studium of integrability conditions, which are linear
equations w.r. to the unknowns a¥(z) with coefficients from the space A,.

Remarks. If the antiquaternionic structure is covariantly constant in A, i.e. Isﬂ"] =0,
s =1,2,3, the under the conditions of the Theorem 4, the 4-planar mapping is only
affine. This follows from the fact, that by (20) A* = 0, \* = 0 and by (19) a” , = 0.

This is equivalent to §;;x = 0, which is the condition for the mapping A,— V/, to be
affine.
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