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RENDICONTI DEL CIRCOLO MATEMATICO DI PALERMO
Serie 11, Suppl. 71 (2003), pp. 163-183

THE GENERALIZED A,-ALGEBRA STRUCTURE ON BGG
SEQUENCES AND GENERALIZED ASSOCIATIVE OPERAD

PETR SOMBERG

ABSTRACT. We discuss from scratch the structure of a generalized A-algebra on
the set of pieces of Bernstein-Gelfand-Gelfand (BGG) sequences. This algebra is
determined by a curvature endomorphism, BGG differential operators, cup product
and higher multilinear differential operators. We compute explicit form of higher
operations of this generalized A.,-algebra, e.g. the pentagon condition.

In the second part, we show that these generalized .A-algebras are algebras over
certain operad in the monoidal category of graded vector spaces with a distinguished,
not necessary nilpotent, endomorphism.

1. INTRODUCTION

There are two main directions of interest in the study of A.-algebras arising in
geometry. The first one is related to problems in the study of suitable subsequences
(subcomplexes) of the twisted de Rham sequence (the de Rham complex) and its
corresponding Hodge theory. The second one (in some sense related to the previous
problem) originates in the problems of deformation theory of geometrical structures
on manifolds, e.g. the structure of the formal moduli space of flat connections on a
fixed vector bundle over base manifold.

We shall focus in this article on the first problem. The discussion of the second one
can be found in [1].

In the first part of this article, we shall motivate the origin of our example of gen-
eralized A-algebra in parabolic geometry by comparison with A..-algebra structure
associated to (real, complex etc.) Hodge theory of Ké&hler manifolds and we shall
indicate their similar and different features.

In the second part we discuss in more (than in [1]) detail the origin of these gener-
alized (or sometimes called curved) Ax-algebras. In particular they are determined
by quadratically nilpotent codifferential on conilpotent tensor coalgebra (®.4)¢ canon-
ically attached to a given type of parabolic geometry. We add moreover many explicit
formulas, for example the (generalized) pentagon relation.

2000 Mathematics Subject Classification. 55U05, 18D50.

Key words and phrases. BGG sequence, generalized Ao.-algebra, generalized .A.-operad.

This work was supported by grant GACR No. 201/00/P070 and partially by VZ MSM 11300007.
The paper is in final form and no version of it will be submitted elsewhere.



164 PETR SOMBERG

In the last part, based on this example of the generalized A.-algebra and standard
constructions in the universal algebra, we give the definition of generalized associative
operad over which the (generalized) A -algebra lives.

1.1. Ay -algebras and Hodge theory. In this subsection we shall first review a few
basic facts concerning Hodge theory and related .A..-algebra on a compact Kéhler
manifold M and than compare it to its counterpart in parabolic geometry. As we

shall see, the Hodge theory in parabolic geometry is accompanied by generalized Aqo-
algebra.

Let A*(M) be the algebra of real differential forms on M, A**(M) the algebra of
complex differential forms with Hodge gradation (on a general manifold only the Hodge
filtration) together with differentials of degree one:

0: A (M) — AT (M) 0: A**(M) — A>T} (M),
d=0+0:A(M)— A (M), d. =10 —id : A*(M) — A" (M).
Their conjugates (w.r. to _tkhe Ké&hler metric and Kéhler form (2) defined by (80—, -) =

(=,0=), (0—,=)=(-,0), (- AQ,=) = (-, ¥*L-) are linear operators
0% : A**(M) — A7 (M) , 8 A" (M) — A**"Y (M),
=049 A (M) = AN (M), di=id" —id : A (M) = AY(M).
The Laplace operators (depending on the K&hler metric) are defined by
Dy = 00" + 09, Dz=00 +09,
Ng=dd* +d*d, Dy, = ded; + did,
and simple algebra gives
1
27k
The sl(2)-algebra of operators {9, 0, 2*} € End(A**(M))
[*, 3] = —i5*, [*,0] = i6*, [Q*,d] = id},
determines the Lefschetz decomposition of A*(M). Finally, the Hodge decomposition

implies that there is an orthogonal decomposition of w € A**(M) on the harmonic
part and the images of 9, 9*:

(1) w = w|ker(a) ® {00510* (W) + 8*A5'0%(w)}

and similarly for 9, d, d..
Let us recall a few standard facts concerning the origin of A.-algebras in Hodge

theory. We shall start with review of strong homotopy associative algebras for K4hler
manifolds, see [6].

e The real A, -algebra of a K&hler manifold M is based on the subcomplex of
the de Rham complex (Z/2-graded differential algebra)

() (A*(M)|Ker(as), d) C (A*(M), d)

Do=D5==Dg==A

=
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with strong homotopy retract Q = dCA;IQ*. By elementary algebra
1-[d,Q)=1-[d,dA7'Q] = (dd. = —d.d) =
14d[d, A7) = (A = Ad) = 1+ d.A7'[d, Q"] =
(d=d)=1-d A7 S = ker@)
where the last equality follows from Hodge theory (i.e. 1 — d.A7'd? is the
projector Mker(ar) : A*(M) — A*(M)|keraz)). The space A®(M)|ker(as) car-
ries a structure of Ay -algebra, such that we have py = d, po(—,—) = (1 -

d.A7'd:)(— A =) etc. Note that the product of two d*-closed forms is again
d*-closed form.

e The complex A-algebra of a Kéhler manifold M is based on the subcomplex
of the Dolbeault complex (Z/2-graded differential algebra)

3) (A**(M)|ker(e, ) C (A**(M),0)
with strong homotopy retract Q = iaAglﬂ*. A simple algebra gives
(4) 1- [d, Q] =1- 8A510* = HK"(ac) s

which is again by Hodge theory the projector
Mker(or) : A% (M) = A**(M)|Ker(5+)-

The space A**(M)|ker(s+) has canonical structure of A-algebra, such that
p1 =0, pa(—, =) = (1 —8A;'8*)(— A=) etc. In particular the product of two
0*-closed forms is again 0*-closed.
e (Au-algebra of Calabi-Yau manifolds)

In the case the base manifold M is a Calabi-Yau manifold there is, for a suitable
Q,d, an A-algebra structure on the graded algebra A*(TM)® A*(T" M) with
multiplication given by the wedge product. Its full definition together with
applications in the context of Mirror symmetry can be found in [3].

We would like to emphasize that Hodge theory just reviewed is based on two differ-
ential operators, e.g. 3, 3*. This will not be the case in our example called parabolic
geometries, which will occupy almost the rest of this article.
e Let (G,9, P, M,w) be a parabolic geometry on M given by a principal fiber
bundle G — M with typical fiber P and a Cartan connection w, w : T,G —
g (Vu € G). For every finite dimensional irreducible g-module W, the twisted
exterior differential operator d® is a linear map (acting on smooth sections)

(5) d?: T(M,ANm* @ W) — [(M, A" 'm* @ W),

where m := g/p (resp. (g/p)* =~ m* via Killing-Cartan form) is isomorphic to a
typical copy of the tangent (resp. cotangent) space in a given point of M (the
isomorphism comes from the Cartan connection w). The Eilenberg-Chevalley
algebra codifferential 6.+ acts on the chain complex

(6) O ¢ Co(m*, W) — Co_1(m*, W)

and it is P-equivariant. It follows that &y, descends to an algebraic operator
drp on M. Harmonic theory for the couple (d?, d7+a), 8iven by the differential



166 PETR SOMBERG

operator of first order and the algebraic operator is based on the differential
operator of first order (08 = d%¥r.pr + 67+md9, such that its inverse (197! is
differential operator of finite order.

The subsequence of twisted de Rham sequence (Z/2-graded differential al-
gebra)

(7) (A*(M) ® Wlgymew), D) C (A*(M) @ W, d9),

where W is the bundle on M induced from a finite dimensional g-mod W, is
called BGG sequence. The réle of a retraction homotopy from the twisted de
Rham complex to BGG sequence is played by Q = [08~'67.,, such that the
BGG sequence is in the image of [1? = 1 — [d% Q]. Note that II® is not in
general a projector, but rather fulfills IT9? = IT¢ + QR?Q for the curvature RS
(see the next section for more properties of these operators).

2. A.-ALGEBRA STRUCTURE ON PLACES OF BGG SEQUENCES

2.1. Summary of basic operations and their properties. In this article, we shall
restrict ourselves to the case of the regular normal parabolic geometry (see the next
notation for the explanation of adjectives regular and normal).

Notation 2.1. We shall first recall the set of operators entering the definition of
reqular normal parabolic geometry (see for example, [1)):

o d? i JYAKT*M)® W) — AMYT*M) @ W is the twisted exterior covariant
derivative (twisted de Rham differential) associated to a g-module W and acting
on the first jet bundle of the tensor product bundle.

e proj o — denotes the composition with the projection from Ker(8) to the Lie
algebra homology Ker(8)/Im(d), and —o repr denotes the choice of a represen-
tative from the quotient space Ker(6)/Im(8) in Ker(6). Ezcept a few cases, we
shall suppress ezplicit notation of these two operations. The set of differential
operators

(8) I : [NT*"M @ W) - T(AMT*"M @ W), k€N

then have their images in Ker(d), vanish on Im(8) and induce identity map
on the FEilenberg-Chevalley homology of 4.

o R® is the curvature of d®, i.e. (d9)2 = RS. For the reqular parabolic geometry
it is the zero-order differential operator (i.e. it is an algebraic operator). The
action of R® on s € T(A\*T*M ® W) is given by wedge product with 2-form
part of Ky € T(M, A’T*M ® gur) followed by the action of gar part of Ky on
W -values of the section s, i.e.

(9) R?: se T(NT*"M QW) - Tr(X = Ky A X -5) e (AN T*"M @ W),
where X € gu and gy is the vector bundle on M induced from the p-module g.
e The Kostant’s quabla differential operator (0° and the chain homotopy defor-

mation retract (differential) operator Q8. Their explicit form will be discussed
in the next paragraph.

Let us briefly summarize a few basic facts necessary for the construction of a gen-
eralized Ao.-algebra structure on the set of pieces of BGG resolutions. The source for
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all these results (although without much details) is [1]. Note that in many formulas
we suppress the superscript g, i.e. we shall write @ instead of @9, O instead of [1° etc.

¢ The homomorphism dII is a map dIl : Kerd — Keré:
édll = (O — d6)I1 = (611 = 0) = OII = (OIl = §RQ = §RO1§) = 6RO'4,

and so instead of BGG operator D := IIdII one can use the shorthand notation
D = dII. We shall often add a subscript to D, which simply means that we
restrict D to a particular graded component.

o (Leibniz rule). Let us use a shorthand notation for the sheaves of sections, i.e.
O(Hi(W)) instead of I'(M, V(Hx(W))) (which means the space of sections of
the vector bundle V(H(W)) induced from the p-module Hi(W)).

For s, € O(Hk(Wl)),Sz € O(Hl(Wz))

Dirti(s1Usg) =
(Dksl U 32) + (—)k(sl U D[Sg) + [Hk+l+1((QRHksl A H132)+
(—)*Mis1 A QRIL;s; — RQ(Iisy ATLisy))],
because
dIT*(Ils; A Tlsp) =
(I1? = I1 + QRQ) = dII(Ils; A IIs,) + dQRQ(IIsy A Ilsy) =
(dII =Ild+ QR - RQ) = Hd(l'[sl A HSz) + QR(HSl A HSQ)
— RQ(ITs; A Ilsy) + dQRQ(IIsy Allsy) = (Id = I+ dQ + Qd)
= IId(IIs; A Ilsg) — TRQ(ITsy A Ilsy) 4+ Im(8) = (d(ILsy A Ilsy)
= (dls; A llsp) + (=)*(IIs; A dlls,)) = T(dILs; A Isg)+
(—=)*I(ITs; A dllsy) — IRQ(IIs; A Tlsy) = (Id = [T + dQ + Qd)
= {II(IIdI1s; A Ils,) + I1(dQdIIs; A Ilsy) + IT(Qd%Is; A Ilsg)}+
(=)¥{1 & 2} - IRQ(IIs; A Tlsy) = (dIl : Kerd — Kerd,
Q(Kerd) =0)
= (Dys1 U s2) + (—)k(.‘}] UDis2) + [Megi1 ((QRIIksy ATLjsg)
+ (—)"l'[ksl A QRILisy — RQ(Iksy A H132))] .
2.2. First four structure operations of the generalized .A.-algebra struc-
ture on BGG sequence. The purpose of this section is to explain the origin of the
structure operations of the generalized .A-algebra on the BGG sequence.

Let us recall that we shall consider regular (i.e. the geometric weights of the curva-
ture are negative) parabolic geometry with exterior covariant derivative d®. This means
that d°K)s = 0 (differential Bianchi identity) and dr«pm Ky = 0, i.e. Kz is uniquely
determined by its (dr-m-homology) class K := [Kpls,.,,- Because Ky = ILK, we

have DK = 0 for D, (invariant differential operator) on BGG torsion-free sequence
of the g-module g. Moreover, for s € O(Hk(W)), we get

Di41Dis = KU 8 = Iiyo(IK A Tis) = Mo (K A TIks) = M2 R¥IN;s,
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where we used homomorphism (given by the g-action on W) g @ W — W and we
again suppressed the symbol “proj o” for the projection on é7+3-homology.

Definition 2.2. Suppose R C R[g] is a subring of the ring of finite dimensional
representations of a semisimple Lie algebra g, freely generated by the set of irreducible
representations Wy, ..., W,. For example, one can take R ~ C[W,, ..., Wiank(g)] with
Wi, ..., Wrank(g) the set of fundamental representations of g. Using the notation W :=
Wi @ ... W,, we define the structure of Lie algebra on the vector space given by the
semi-direct product g x W:

(a1, w1) o (ag, ws) = ([a1,a2]’0) , a,a €g, w,we €W

(with the commutative ring structure on W). The universal enveloping algebra U(g x
W) is g-module via

(g — U(g)) = End(U(g x W)).

An equivalent definition relies on the notion of the semiholonomic enveloping algebra.
It is defined by

9 Tc(goW)/{I=a®d—¢®a—a-¢} =
={CoCo(goW)oCe*(goW)®...}/I,¢cTc(sgdW),a g,

such that the action of g is diagonal on g ® W (i.e. ad, ® Id + Id ® a) and extended
diagonally to the whole tensor algebra.

For any differential form s with values in the associated vector bundle of this Lie
algebra, we have

(10) Diy1Des=KUs—sUK , DK =0
and for s; € O(Hx(W1)), s2 € O(H(W,)), equation (10) reads as

Dk+l(31 U 82) = (Dksl U Sz) + (—)k(sl U Dls2)

— (K, s1,82) + (51,K, 82) — (51,52, K)

with
(’C, 81, 52) = Hk+1+1(H2’C A Q(Hksl A H[Sg)) - Hk+¢+1(Q(H2)C A Hksl) A H;sz) ,
(s1,K, s2) (=) M 4141 (Miesy A QT2 A Tis3)) — M1 (Q(Misy A TLLK) A TLsy),
(s1,52,K) (=)¥ k441 (Tesy A Q(Iisg ATIRK)) — TMeyr1(Q(Iksy A Tisg) ATLK) .

More generally, for s; € O(H(Wy)), s2 € O(Hi(W2)), s3 € O(H,»(W3)) one can define
a trilinear differential pairing

(== =) : O(H(W1)) ® O(H;(W2)) ® O(Him(Ws)) — O(Hit14m—1(Ws))
by

(1) (51, 52, 83) =(=)* Mp14m—1(Tks1 A Q(Tis3 A T 83))
= Mt 14m-1(Q(Mes1 A TIisg) ATl s3)

using for all terms a fixed homomorphism W; @ Wa @ W3® — Wy of g-modules.
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The deviation from non-associativity of the cup product U together with (in the
non-flat case appearing) quartylinear products of the form (K, sy, so, 83) is measured
by

Diestem-1(81, 52, 83) = (81U 83) U s3 — 51 U (82 U 83) — (D31, $2, 83)
= (=)¥(s1, Disa, s3) — (—)**(s1, 52, D)

+ (K, 81, 52, 83) — (51, K, 52, 83)
+ (S], S2, Ka 53) - (31: S2, 83, ’C)

(12)

for s; € O(Hk(Wh)), 52 € O(H|(W?)), s3 € O(H,n(W2)). Let us verify equation (12).
It follows from the definition that

(81U 89) U sz = Iieyrpm(Teqi(Tlesy A This2) A Tlns3)
+ Hk+1+m(Q(H2,C A Q(Hksl A H[SQ)) A Hm33)

(13) = Mi14m(Q(Q(Misy A Tisg) A TIoK) Almss),
81U (82U 83) = Iiprym(ITksy A Ty (Ts2 A TLs3))
+ Mit14m(Iks1 A Q(IIK A Q(ILsy A TLs3)))
- Hk+l+m(Hk31 A Q( (H182 A Hm33) A HQIC))
and

(Dis1, 82, 83) =
My tm (=) g 1d sy A Q(Tisg A TLns3))—
Mt 14m(Q(Meq1dMlksy ATLsy) ATl ss),

(81, Disa, 83) =
My st ((=) T8y A Q(Iiy1dTNis2 A Is3))—
Mt t4m (Q(Misy A Ii41dILso) A Ilps3)

(81,52, Dms3) =
My t4m((=) sy A Q(IT;52 A T y1d11,83)) —
M t14m(Q(Iksy AILs2) A Mg dIl,s3) .

Moreover, the identity II = Id — dQ — Qd gives

dQ(Ixsy A TIisg) = (Iksy A Thsg) — My (TTksy A TTsp)
- Q(dIIksl A HISQ) - (—)'Q(Hksl A dH[S2) .

Because IIdII = dII on Ker(d), we have

dIIII = (dIl = Ild + QR — RQ) = IdII + QRII = (QRII C Im(8)) =
= IIdIl = I1%d + IIQR — TIRQ = I1d + QRQd — [IRQ = Ild — IIRQ.
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Both latter displays enter the computation of LHS of equation (12):

Diti+m-1(51, 82, 83) =
Wit r4md((=)*Ts1 A Q(ILisy A y53))
= Miey14md(Q(ks1 A Tl;sg) ATl s3)—
— M 4m RQ((=) esy A Q(Isg A TLs3))+
Mi414m RQ(Q (k51 A Is2) A Tls3)
= (=) My 1ym(Mes1dTis; A Q(Misg A Ins3))+
(=) k4 14m(QIIK A Tis1) A Q(ILs A I,s3))—
= (=) et 14m (Q(Mx s A TIK) A Q(Iys5 A I,53))
— Mept4m Tkt A Ty (Tisy A Tns3)) -
— Mptprm (Tes1 A Q(I41dITisp A Tlns3))
— M pt4m (Mesy A Q(Q(IIKC A TLs2) A Il,s3))+
+ M pipm (e sy A Q(Q(Is2 ATIK) ATly,s3))—
(=) Mk t4m(Tis; A Q(Misg A ILpyydIl,n83))—
— (=) M t4m(es1 A Q(Iisg A Q(IIK A TLns3))) +
(=) Mt 14m(Tisy A Q(Iisy A Q(Iyss A TIK)))+
+ Micpipm (ks (Tiesy A Tisg) A Tls3)+
Mt 14m(Q (Mk41dMksy ATLsg) A Tlms3)+
+ Mipipm (Q(QUIIK A Tksy) AILisp) A lns3)—
Mt 14m(Q(Q(Iksy A TI2K) ATLsy) A Tl,s3)+
+ (=) M 14m(Q(Misy A Tiy1dTLsp) A Tlnss)
+ (=) M 14m(Q(Misy A Q(IT2K A TIi52)) A lpy53)—
= (=) M 14m(Q(Mesy A Q(Iisy A TIoK)) A Tlns3)+
(=) M 14m(Q(Mks1 A TIisg) A Ty 1dTlmss)+
+ (=) s t4m (Q(Mesy A Thisp) A Q(II2K A Tlnss))—
(=) Mg 14 (Q(Mks1 A Tisz) A Q(ILns3 A TIK))—
= () Misrsm(T2K A Q(Misy A Q(Lisz A ns3)))+
My 14m (K A Q(Q(ITksy A TN;s2) A lss)) .
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After the identification of quarty-linear terms
(K:: $1, 82, 33) =

— (=) 14 (12K A Q(ITsy A Q(ITs2 A Ins3)))+
+ (=) it 14m(Q(II2K A Tis1) A Q(Iisz A Iss))+
Mipt4m(Q(Q(II2K A Tlisy) ATLis) A llss)+
+ Mept4m (T2 A Q(Q(Miesy A IIisg) Al,s3))
= Mt (Q(TI2K A Q(Iksy A Tisz)) Allmss)
(s1,K, 89, 83) =

M t14m(Tes1 A Q(Q(IK A Tis2) A Ilmss))+
+ (=) * M pt4m(Q(Misy A TIKC) A Q(ITsy A TLns3))—
(=) Mk 14m(Q(Iksy A Q(IIK A Tisg) A Il83))+
= Mitigm(TTes1 A Q(I2K A Q(ITysg A Ins3)))
+ M t14m (Q(Q(Ik sy A TIK) ATLis2) A Tlmss) ,

(slv S2, K:) S3> =

Hk+¢+m(nk81 A Q(Q(H[Sz A Hz’C) A Hms;;))—
= (=) Mit1pm(es1 A Q(Iisz A Q(II2K A T s3)) ) —
(—)"Hk+l+m(Q(Hks1 A Q(HzSz A HQK:)) A Hm53)+

+ (=) Mest4m(Q(Misy A Tis) A Q2K A T,y 53))
+ Mept4m (Q(Q(IMksy A TIisy) ATIRK) A llpss),

(sl: S2, 83, K) =

M ttym(ks: A Q(Q(ILs2 ATl s3) A TIK))—

= (=)' Mkst4m(Mesy A Q(Iis2 A Q(Ins3 A TIK))) -
(=) e st4m(Q(Mis1 A Q(Iisz ATlns3)) A TIK)+

+ (=) e 14m(Q(isy A TIis2) A Q(ITims3 A TI,K))
+ M 14m (Q(Q(Iks1 A TLis2) Allmss) A TIK),

we directly recognize all terms of the non-flat homotopy associativity equation (12).

DO
Equation 12 can be conveniently represented by the same picture as in the standard

case (i.e. with trivial curvature endomorphism):

171
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2.3. The structure of codifferential on generalized .4..-algebra. Equations
(10), (11) and (12) are the first four defining operations of generalized .A-algebra. In
this subsection we shall describe in detail the whole generalized A.-algebra. Let us

first recall its axioms, [4).

Definition 2.3. A generalized Ano-algebra is a Z-graded vector space A (over the
field C) together with a collection of multilinear maps

(14) pe : A — A, k€N

of degree deg(ux) = 2 — k, satisfying the compatibility condition

j-1
i .
(152 Z(—)HHHHE‘:‘ el (a1, (St - - Skept)s Skttt -+ Sm) =0

J+k=m+1 =0
j21,k20

for all s; € A of degree |s;].
Note that in the previous subsection we used the notation (—,—,...,—) for multi-

linear map p.
In particular the Z-grading on A, A ~ {®rAx}kez, is compatible with multilinear
operations yy in such a way that
Bkt A-1+1 ® Aga-1)41° +* @ Aiy—1)+1 = A(Gr = 1)+ Gr=1)+1)+1 -

Let us consider the tensor algebra ®A of A and the corresponding projections py :
®A — @AF (k € Ny), such that p : ® 4 — A factors through pi. Let us extend

(16) (b= m): ®A— A
keNg
to a coderivation u¢ of the ténsor coalgebra of A
(17) gl (®A) — (BA)°
inductively by
® pop° = 0 (pop° : ®A — C);

o p1u = p (ppf: ®A — A);
o Apf=(1@u+u®1)A,
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where A : A — AQ® A is the conilpotent coproduct on ®A, defined by
k

(18)  A@m@®u®-Qa)=) (1® ®a)® (4 ® - ®a)
i=1

fora;®a; ® - ®ar € A
Lemma 2.4. We have the equality (u°)? = p°u® = (up°)°, i.e. (u°)2 =0 iff puc=0.
Proof. The proof follows from the definition of the coproduct. In particular,

o po(pp)® = po(ppc) = (pop)p® = 0 = (pop)p° = 2u°u°;
o p1(pp)® = ppt = (pp)p® = p(pp®) = ;1 ()%
¢ by definition, uuc is extended to the coalgebra ®A4 by

(19) App)* = (u°®1+10 p)Ap°,
which is in correspondence with Apu® = (u°® 1+ 1 Q u)Aps.
Combining all three observations together yields the desired equality. a

It is well known that the existence of A-structure on the vector space Ais equiv-
alent to the exxstence of conilpotent coderivation y° on the tensor coalgebra (®.4),

[4].

Our aim in the remaining part of this section is the construction of this codifferential
in the case of parabolic geometry. In this case the A-algebra A has the following
structure. Let U C M be an open set on the manifold M with parabolic structure.
Then A is the sheaf of (smooth) sections associated to the presheaf

(20) AIU = P(Uv @ka(Ll(g X W))))
and the first four multilinear maps are
(21) po:1— A , u(l)=K e O(Hg)),

MI:A_)A ) /-LI=D7
2t AQA— A | po=U,,
3 : ARA®RA— A | ps=(-—)y-

Each of the members in the collection of maps {ux}ien acts, by definition of A, on
the sections of vector bundles induced from Lie algebra homology modules. Let us
now define inductively the collection of multilinear maps {Ax}en, acting on sections
of vector bundles induced from Lie algebra chain bundles:

(22) )\k(al, ey ak) =
- Z (,1 =-1)(i+|aa [+ +|a-|)QA (al, ai) A Q)\j(OlH,l, cey Q)

S
where we define Q)\; := —p;. The relation between {u}reNo and {Me}een, is (for
k> 2)
(23) pr(sn, - ) = (g, ..., TIs) , si€ AVi=1,--oFk

and explicitly po = K, pi1(s1) = Ds;.
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Lemma 2.5. The curvature R® acts on A via

(24) Rg=—/\2(KM®1+1®KM),

Proof. First of all note that the wedge operator A (applied on two elements of A
means to lift them by II to chain complex, then to use the wedge on forms followed
by representation projection on irreducible g-module and finally apply II once again)
has degree one, because it maps

(25) A ABA— A
IA] : Jag] 4 lag] = laa] + |ag] + 1

(or, in degrees shifted by one, {|ai| + 1} + {|az| + 1} — {(la1] + |az| + 1) + 1}). The
rest follows from the fact, that as an element of K)s € A has shifted degree 1. O

Lemma 2.6. The recursive definition of A,

M= Y QuAQN,

jtk=m,j>1k>1
is equivalent to

(26) A=1((@X+ QX)) ® (@A +QN))A.

Proof. The (recursive) definition follows from the associativity of Ay (A is just the
associative wedge product). The composition of (reduced) coproduct with (QA +
Q1) ® (@A + QX;) reproduces 3,4y is1k51 @Aj ® @)y in the recursive definition,
and then the application of Ay gives the result. ]

Lemma 2.7. The following (recursion) relations are satisfied:

(27) AN = X((QX — p1) ® QAN+ QAX° @ (QA — py))A

doX + A(d?)° — A([d®, QIA)° = X2((@) — p1) ® Q(d®) + A(d?)°—
(28) A([d%, QIN)°) + Q(d®A + A(d%)°—
A([d% Q1)) ® (QX — p)) A
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22((QX — ) ® QAK}+
QMK ® (QA —m))A—
-A@X2((Q) —p1) ® K+
Ku ® (QX—p1)))° = 22(Q@2((QX — p1) ® QAK+
QMK ® (@A —11))A® (QN —p1)+
(@X = p1) ® QX2((QX — p1) ® QAK},+
QMK ® (@) —p1))A)A-
A2 (Q@M@X((QX — p1) ® K+
Ku®(QA—p1)))* ® (QX —pi)+
(QX —p1) ® QA(QX2((QA — p1) ® K+
Ku ® (QX—p1))))A.

Proof. Using Lemma 2.6 with Q\; = —p1, we get

AN =
(@A —p1) ® (@A —p1)) AN =
(@ =p)®(QA-—pP))1® X+ ) ®1)A =
(P12A° = X) = X2((QX — p1) ® QAN+
QA ® (@A —p1))A = 2((QX — p1) ® A+
A® (QA—p1)A = X((QX — p1) ® QAN+
QA ® (@A —p))A,

because the second term
2((QA=p) ®A+A® (QA—p1))A =

A((QX = p1) ® M ((QX —p1) ® (RX — 1)) A+
(@A =p1) ® (QA —2))A® (QA—p1))A

cancels out due to the associativity of A, i.e.
Q=@ X(-8®-) =-X(h(-®-)®-)

or (-A(=A=)) =((=A=)A=). In the last equality with the wedge product
the minus sign on the right hand side disappeared in comparison with the last
but one equation containing A, due to passing the first Ay through the second
A2 (in the shifted (suspended) degrees has A, degree one).

e The Leibniz rule yields d®g(— @ =) = —Xo(d® — ®—) — Xa(— @ d?-) (d?,
|d®| = 1, passes through elements with suspended grading by one, i.e. A; has
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suspended degree 1).

4N+ A(@)° = A([&8, QI° =

d*X2((@X = p1) ® (QX —p1)) A+

Q@) —m) ® (@) — p1))A(d®)°~
22((QX = p1) ® (@A — ) A([d%, QA =
Aa(=d*(Q)A — p1) ® (QA — p1)+

(@ —p1) ©® —d*(QX — p1)) A+

A2((@X = p1)(d°)° ® (QA — p1)+

(QX —p1) ® (QA — p1)(d®)) A~

= 22((QX = p1) ® (@) — p1)([d% QIN)+
@ —p)([d% QN @ (QA - p1)) =
22((@X = p1) @ {=d*(QX — p1) + (QX — p1)(d®)°—
(@ = p1)([d% QNI+

{=d%(@X — p1) + (@) — p1)(d%)°~

(@ = p1)([d% QIN)} @ (QA —p1))A.

The term in any of the last two curly bracket can be reorganized as

—d¥(QA —p1) + (@A = p1)(@®)° — (@A = p1)([d%, QIA)° = (d°Q + Qd° = [d°, Q]) =
— [d%, Q1) + QdoA + d% + QA(d%)° — d® — QA([d®, Q]A)° + [d2, QA
= Q@A + A(@)° - A([@%, @JA))

(29)

which is the formula (27).

o Let us treat both terms of the LHS (28) separately. Using recursive definition
of A\, we get

M((@) = p1) ® QAKj+

QMK ®(QA—m))A =
A2(QX2((QX = p1) K}y ® (@A — p1)+
(QA=p1) ®(QX— ) K}) A ® (QA — p1)+
+(QA = p1) ® @A2((QX — ;1) K5y ® (QA —p1)+
(@A —p1) ® (QX —p1)Kj)D)A
= X(QA2(QAK} ® (QA —p1)+
(QX —p1) ® QAK})A ® (QX — p1)+
+(QA = p1) ® Q2(QAK} ® (QA — p1)+
(QX - p1) ® QAK})A) A+
A2(Qr2(=Kjy ® (QX — p1)+
(@A —p1) ® —Kj)A® (QA —p1)+
+(QX = p1) ® QAa(—Kjy ® (@A — p1)+
@\ —p) ® K5 A)A
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A@QX2((Qr—p1) ® Ku+
Ky®(@Q\—pm))) =
A2((QX — p1) ® (QA — p1)) A(Q@A2((@X — p1) ® Km+
Ku ® (QX—m)))*
= X((@X = p1)(@2 (@) — p1) ® Km+
Ku®(QA—p1)) @ (QA—p1)+
QX —p1) ® (@) — p1)(QXA2((QA — p1) ® Km+
Ku ® (QA—p1))))A
= (@M@ ((QX — 1) ® Km+
Ku® (Q\—p1))°® (QA—p1)+
(@) —p1) ® QAQX2((QA — p1) ® K+
Ku ® (QA—m))))A+
A2(=QA2((QX — p1) ® K+
Ku ®(QX—p1)) ® (QA—p1)+
(@) —p1) ® —QX2((QX — p1) ® K+
Ku®(@\—m)))A.
In the difference of LHS of the last two equations exactly the second terms of RHS
cancel out, i.e.
(29) - (30) =
M2(@2(QAKG; @ (@A — p1) + (QX — 1) ® QAK)A ® (QA —p1)+
QX = p1) ® QA2(QAK}y ® (@A = p1) + (@) — p1) ® QAK})A) A~
A2(@MQX2((QX —p1) ® Ky + K ® (@A — p1)))° ® (@A — p1)+
(@A —p1) @ QAQX2((QX —p1) ® K + Ku ® (@A — p1)))°) A

which proves the third equation. 0

(30)

The following Theorem lies in the heart of this article.

Theorem 2.8. The linear map u° is quadratically nilpotent coderivation
(i.e. (co)differential) on tensor conilpotent coalgebra @A, i.e.

(31) ppe=0.
Proof. As follows from Lemma2.4, it is sufficient to prove pu® = 0.

pps =
. (K + d® + A)I[TI(Ky + d® + A)I]° = (po[[I(K s + d® + NI = 0,
(32) p1p° = p) = TNd°TI[II(Kps + d® 4 AT + IIN[IT2(K s + d® + M)II)° =
d°I1? K 1 + T1d°T1%d°TI + TIdPTI2AIT + TIA[TT2( KOs + d? + M)TT)°.
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Because
projIId*I? =

(33) (projIld®Il = projII(d® — R*Q)) = projIl(d® — R°Q)II =
(611 = 0) = projI1d°Il = projII(d® — R°Q),

the first term of (32) is trivial:

MId°TI2 K11 = T1(d® — R*Q)K 11 = (0Knm = 0 = Kyl € Kerd) =

= MId*TIK 11 = d° K11 = TId® K11 = (d° K = 0) = 0.

The second term of (32) reduces to

I1(d? — R°Q)d°II = (d°II € Kerd) = I1(d%)*I1 = IIR%, I,

the third term of (32) gives ITd°II?AIl = [1(d® — R8Q)AII , the fourth term of (32) can
be reduced using
o (2K )T = K11,
o [1%d9)°MI = (MId®TIrepr = (d® — QR®)IIrepr) = [II(d? — QR?))Il = (IIQ = 0) =
[(d8 — QRO
o [T\ = (II2 = I1 + QR9Q) = [TIA + QRQN[TI

and so we acquire

(34) (32) = IIR®p,IT + T1(d® — RPQ)AIL
+ II\[Knm + d® — QR%py + IIA + QRPQA|°II.
The previous terms can be collected and further simplified in the following way:
L)
TIdPAIL + TIA(@®)°TT + IIA(ITN)°IT = TI(d®X + A(d®)° + A(TIA))I,
[ ]
~TIMN(QR®%p))°IL + IA(QRPQN)TI = —IIN(QR®(p; — QX))°Il = (Lemma(2.5)) =
IMQX2(Km ® (1 — QA) + (p1 — Q) ® Kn)°)II,

K}, I = TDG((QA — p1) ® (QA — 1)) - AKyIT =
(@A - ) @ (@ - p) (K5 © 1+ 10 Ky) - AIL,
IRy, IT — IR QNI =
MR%(py — QAT =M(Kny ®1+1® Kuy)(QX —py)IT =
(Lemma(2.5)) = MMAy(Km ® (QX — p1) + (QA — p1) ® Kym)II,
and so we get
(34) = II(d®X + A(d®)® + M(TIN))IT + IANQM2(Kpm @ (p1 — Q)
+ (51— QN @ Ky))T
+ I ((QX — p1) ® (@A — 1)) (K © 1+ 10 Kj)ATI
+ 2 (Knm @ (QX — p1) + (QX — p1) ® Kum)IL.

(35)



THE GENERALIZED A_-ALGEBRA STRUCTURE ON BGG SEQUENCES, ... 179

Concerning the first term of (35), we use
(IX)¢ = ((Id — d°Q — Qd®)N)° = X° — ([d®, Q]N)°

(note the appearance of the Z,-graded commutator and |@| = 1 = |d®|). The third
and the fourth terms of (35) can be combined,

M2((QA = p1) ® (QX — p1)) (K ® 1 + 1@ Kjy) All+
I (Ky ® (@A —p1) + (@A — p1) @ Ky)Il =
M (QAK} ® (@A — p1)+
(QX — p1) ® QAK§) Al
and so finally
(35) =
TI(d®X + A(d9)€ — ([d8, QIN))IT + II(AX)IT + TINa(QAKG, ® (QX — p1)+
(QX = p1) ® QAK ) AL + TIN QAo (Kn ® (p1 — Q@A) + (p1 — QX) ® Kiy))IL.

Now the application of recursion relation in the Lemma 2.7 to all terms (36) makes
them trivial due to the associativity of Ay. This completes the proof. O

2.4. Generalized pentagon (associahedron) condition. In the previous discus-
sion we have explored the generalized associator on the set of pieces of BGG sequences,
i.e. the expression (s; U sp) U s3 — s3 U (82 U s3), in the framework of generalized Ao-
algebra.

In this subsection, we shall write down explicit formulas for the generalized associ-
ahedron as the next multilinear operation of A-algebra. Equation (15) implies, for
m = 4 and s, € O(Hk(Wh)), sz € O(Hi(W2)), s3 € O(Hm(W3)), 53 € O(Hn(Wa)), the
following coherence condition:

0=

Ha(pa(s1, 82, 83, 84)) — pa(pa(s1, 82, 83), 54)

— (=) pa(s1, Ha(52, 53, 84)) + Ha(pa(s1, 2), 83, 54) — Ha(s1, 282, 83), 54)
(36) + p3(s1, 2, ma(s3, 84)) — {pa(pa(s1), 52, 83, 84) + (=) (51, p1(52), 83, 84)
+ (=) * (51, 52, p1(53), 84) + (=)™ pa(s1, 82, 53, p1(s4)) }

+ ps(po(1), 81,52, 83, 84) — p5(51, o(1), 52, 83, 84) + ps(s1, 52, (1), 83, 54)

— ps(s1, 52, 53, o(1), 84) + ps(s1, 82, 53, 84, po(1))
and (or) in terms of invariant differential BGG operators, (36) amounts to

Dittemin-1{51, 52, 53, 84) = (51, 52, 83) U 84 + (=)*s1 U (83, 83, 84)—

(81U 89, 83, 84) + (81,52 U 83, 84) — (1, 82,83 U s4)+
(Dis1, 82, 83, 84) + (=)*(s1, Disa, 83, 84)+
(=)¥* (51, 52, Dins3, 84) + (=)FTH™ (51, 52, 53, DpSa) —
(K, 51, 52, 83, 84) + (81, K, 82, 83, 84) — (51, 82, K, 83, 54)
+ (s1, 82,83, K, 54) — (s1, 82, 53, 84, K) .

@7
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In the conventional graphical form are equations (36), (37) represented by picture
(where we use parenthesis instead of trees):

((e0)(ee))
(o @ (00))

(s(e(0e)))

(s(e0e))

((s(00))0) (o(00)0) (o((00)e))

3. GENERALIZED GRADED A.,-OPERAD

The structure of the .A-algebra on the set of pieces of BGG sequences, studied in
the previous sections, is an example of generalized strongly homotopy algebra, i.e. a
standard A..-algebra equipped with a strong unit o : 1 — A. In this section we are
going to define the operad over which this algebra lives.

In the standard situation, [4], the differential graded operad A for strongly homo-
topy Aco-algebras is the free operad living in the category of differential graded vector

YY)

where the first term represents ps, the second us etc., the grading of n-ary operation
is deg(pn) = |pn] = 2 — n, with the differential given on generators by

o

i+1.. i+1
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and extended by derivation property. In the previous summation, we have used the
notation I :={k+l=n+1|k=2,...n—1, [ =2,3,...n— 1}, and in what follows
we shall use for these relations the notation {Ry}nen,-

Let us consider the case of generalized A-algebra, which (probably for the first time)
appeared in [2], and corresponding generalized A-operad:

Definition 3.1. The generalized Ao-operad is the free graded (non-differential) op-

(YY)

equipped with linear map d acting on generators by

i+1
i _i+2.n+1

12...n . 1. . o1
d < \Y > + Z (—1)+1 =E Z (—1)H+i0+1
=0 I =0

where [ :={k+l=n+1|k=2,...n—1, 1 =2,3,...n—1}, or in a more compact
form

i+1.. i+l

l..i/i+l+1l.n
(_1)1+i(l+1)
1=0

where I' :={k+l=n+1|k=2,...n-2,n-1,n+1, 1 =0,2,3,...n— 1} and the
linear map d is extended by derivation property.

Note that this operad lives in the monoidal category of graded vector spaces with a
distinguished (and not necessarily nilpotent) endomorphism.

Remark 3.2. The previous definition, based on the preferred choice of the linear map

d, can be rewritten in the following way. The generalized A.-operad is the quotient
space of the free graded operad
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(YY)

by the ideal generated by { R} nen, -
Note that this definition is more standard (classical) in the sense that the generalized
Aoo-operad lives in the monoidal category of graded vector spaces.

Note that we have tacitly omitted in the previous definition the adjective differential.
The reason for that is d? # 0, i.e. the linear map d is not a differential in Hom(A®*, A).
Consequently, we do not get (on the tree level) the (graph) complex but instead only
the (graph) sequence.

Remark 3.3. The results of the previous section concerning the codifferential property
of the map p° : (®A)* — (®A)°:

P +Y+Y+

make it possible to compute the homology of p° (recall that (u°)? = 0), i.e.
H*((®A)°, 1°).

Regrettably we did not find in the literature any explicitly computed example of
this homology of the generalized .A,-algebra.

Example 3.4. In the case of n = 3, we have

4
d, p3j(—, —, — -)t eyl —
o) D S
= /"2(“2(_) _)) —) - P'2('-1 [1,2(—, _))
with pg = (=, —)g = Ugus = (=, =, —)g 4 = (~,—,—,—)g and BGG operators

d = D. Taking into account the gradings of evaluation elements sy, s3,83 € A, we
reproduce immediately equation (12).

Remark 3.5. (Corrections) In the sources cited in the article there are some miss-
prints. A

In the reference [5] there is mistake on p.2 in the last equation concerning the sign e.
The summation over |a;| should end by |a,|.

In the reference [6] there is mistake on p.4, equation (3). In the first summation
there should be k + 1 = n instead of k+1=n+1.

Acknowledgment: It is my pleasure to thank M. Markl for many discussions on
universal algebra, and D.M.J. Calderbank for patient explanation of his results.
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