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THEORY OF FKECHET CONES AND NONLINEAR ANALYSIS 

M.Fabian, Praha 

In nonlinear analysis, properties of mappings are often expressed 

with help of their Frgchet derivatives. It requires differentiability 

of mappings and so the set of the mappings in question is restricted 

considerably. 

The aim of this short communication is to introduce a more general 

concept - the so called Fr^chet cone of a mapping at a point and show 

that it behaves almost as well as Frechet derivative. We thus obtain 

a possibility of generalizing many theorems from analysis in which 

Frechet differentiability is required. 

First we shall introduce some auxiliary concepts. Let Z be a nor-

med linear space over the reals. A subset CCZ is called a cone (in 

Z ) if 

C ?- 0 , {0} and VXio V cG C /LcEC . 

For £ > 0 , the conic e. -neighbourhood of C is defined by 

Vt (C) = (zEZ I dist (zfO£x||z||} • 

Now, let X,Y be normed linear spaces, take Z = X*Y and endow 

it with, e.g., the maximum norm. In what follows, we shall not distin­

guish between a mapping and its graph. Let F : X—»Y be a mapping, 

continuous at some x QE int D(F) . 

For r> 0 define 

Cr(F,xQ) = {A((x,Fx)-(x0,Fx0))| X G D ( F ) , 

||((x,Fx)-(x0,Fxo))||<r , X>0} 

and set 

T(F,xУ = Гl C
г
(F,x ) . 0

 г>0
 г
 ° 

The last set, if it is ?-{o} , is said to be the tangent cone of F 

at x • This cone has been studied by Flett, Nashed etc. If, in addi-
o 



u 
i £ >0^r>0 C r ( F t x 0 ) C V £ (T(F,xQ)) , 

then T(F,x< ) i s c a l l e d the Frecnet cone of F at x and i s deno­

ted by C^(F,x0) . 

Fr£chet cone i s a natural genera l i za t ion of Fr^chet derivarive as 

the fo l lowing theorem shows. 

Theorem (Durdil CMUC 1974) . Let F : X-** be a mapping, continu­
ous at some x r t€ i n t D(F) • Then F i s i?r£chet d i f f e r e n t i a t e at x 

o o 

i f and only i f c£(F ,x Q ) e x i s t s and belongs to < £ U , ¥ ) . In th i s c a ­

se 

C f(F-x ) = dF(x ) , o* T o ' o' 

For computing with Frechet cones, statements similar to those from 

differential calculus can be formulated. Namely, under some assumpti­

ons, the following rules hold: 

C ^ F ^ F x ^ =[cf(F,x0)]-
1 , 

c£(F+G,x0) = c£(F,x0)+dG(x0) , for G : X~* Y FrSchet differ en tiable 

at xQ , c£(H*F,x0) =- dH(FxQ)*C^(F,x0) , for H : \T-*U Frechet diffe-

rentiable at Fx . It should be noted that Frechet differentiability 

in the above formulae cannot be replaced by the requirement of the 

existence of Frechet cone. Further, with help of Theorem of Durdil, 

we can easily derive from the above rules the well known ones from 

differential calculus. 

A mean value theorem also holds. First, for a cone CCZ , define 

IMIx = 8 u p ( | j i | ! I <x>y>€c » <x'y} * w,o)} • 
We remark that, if LE^(X,Y) , then L is a cone in X*Y and 

•jJLjL is equal to the usual norm ||L|| • 

Theorem (Mean value theorem). Let HCD(F) be a nonempty open 

convex, r>09 and assume that, for each x€£L , F is continuous 

at x and 

Kl*,x)||x< ̂  . 
Then. F is Lipschitzian on XL with the Lipschitz constant ^ • 

So we have built a theory of FrSchet cones and we can apply it in 



to 

generalizing many theorems from analysis in which Frechet differen­

tiability is required. As illustration, let us formulate 

Theorem (on nomeomorphism.). Let X,Y oe Banach spaces. Let F : 

X—»Y be continuous and have Frechet cone at each point of a nonempty 

open convex set D.CD(F) . Furthermore, let there exist 

LGlsom (X,Y) and e € (0,j| L-1jJ mml) such that 

Vx€H||<(F,x)-l4 UL-IJI-1. € . 
Then F(.Q ) is open and the mappings F/Il , (F/il)"1 are Lip-

schitzian. 

Theorem (on global homeomorphism). Let X,Y be Banach spaces and 

F • X—*V a mapping, with 0(F) - X , continuous and having Frechet 

cone at each x€EX * Suppose that, for each a€X , there exist a 

neighbourhood & u of a , i^Glsom (X,Y) , and £ u € (O^L^tl*
1) 

such that 

^eQjIcf^.xj-LjI^IlL;1!!-1-^. 
Finally, let sup {|| [c^F-x)]"1!^ j x€ x) < + oo . 

Then F maps X onto Y homeomorphically. 

.Also, we can define a Gateaux cone and formulate statements analo­

gical to those dealing with Frechet cones. 
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