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ON WEAK %-METRIK

Ingo Bandlow

Introduction and basic notation.

A w-metrik.on a topological space X is a function (4 which

agsigns to each x X and each regular closed subset C of X a non=-
negative number g(x,C) and satisfies some raturally conditions
(Scepin [3]):

the
the

(81) o(x,C) = 0 <> x€C

(82) C15 02 = _(’(xycq)Z_S’(x,cz)

(83) p(x, C) is a continuous mapping for fixed C.

(S4) 1If {Cx} is a transfinite increasing sequence of reguln-
closed sets, then 9(x,[UC°J )=inf o(x,Co).

For a space X we denote by g(X) the set of open subsets of X,

Definition., A weak -metrik on X is a function, defined on

set X x7z(X), assuming non-negative real values and satisfying

following axiomss

A1) 9 (x,W)=0 <= x e[W]

(A2) WieW, == f(x,W,])gf(x,WZ)

(A3) ¢(x,W) is a continuous mapping for fixed W,

(A4) I {Wy} is a transfinite increasing sequence of open
sets, then g(x,UW,_,()z.inf g(x,Wo().

For weak x-metrics all of the main results of Scepin about

-.=-metrics are also valid. The proofs of the following theorems

and

also some others are completely analog to those of the corres—

ponding results of Scepin stated for the case of ¢ -metrics,

Theorem. A product space of weak it -metric spaces is weakly

»® -netrizable,

Theorem, Let X be a weak x-metric compact space., Then every

mapping from X onto any compact space Y can be represented as
a composition of two mapping g and h, £=g h, where h is an
open mapping from X onto any compact space Z and wZ=wY,.

In this paper we prove two main results,

Theorem 1, Let X be a weak »-metric space, £f3X —>1Y a
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c_ontinuous mapping, X'< X such that f[x. is open and perfect
and £(X')=Y, Then Y is weakly 4 -metrizable.

It is an open problem by Scepin [4] to show this fact for =
metrics,

Theorem 2, Every limit space of a transfinite inverse system
with weak X -metric spaces and continuous open perfect and
=uejective projection mapplogs is weakly ¢ -metrizable,

Mo prove thls Fheorenm we construct 8 wesk x-metric on the

ML space, The sssertlon of Theorem 2 for y-metrics and compact
spaces is already proved by Scepin [5]. But his proof does not
contain such a construction and is very difficult, Our proof of
Theorem 2 and also the proofs of other facts show that as a rule
it is easier to work with weak s-metrics than with x-metrics.
Therefore we introduced the new concept of weak »-metrics,

Theorem 2 implies

Corollary. A compact space is weakly »¢ -metrizable iff it is

% -metrizable.

It would be nice to find a construction which yields a x -
metric induced by a weak e-metric, But we do not know (exceptly
for compact spaces) if every weak x-metric space is x-metrizable,

We consider an ordinal to be the set of smaller ordinals, 41l
topological spaces in the present paper are assumed to be comple-
tely regular and all mappings of topological spaces to be conti-
nuous. A transfinite inverse system (X“’Pi)«<g<k is said to be
continuous if for every limit ordinal jy< k the space X, is cano-
nically homeomorphic to the limit space of (X, ,p# )°‘<F<a' . If
{At: teT} is a family of subsets of the space X and ¢ is a fil-
ter on T we set
A EQ} [ Vghel -

See [1], [2] for unexplained notation.

1, Preparations for the main results.
Using transfinite induction one can easily verify
Lemma 1, If p is a weak ¥-metric on X and {W, :wxe A} is
a family of open subsets of X, then

(x, U Wy )=inf (x W, ): B€A, B is finitef.
g’déA“ {?’FL::-‘BB ’ f

Lemma 2, Let p be a weak yx-metric on X, For any closed sub-
get F<X and any point xe X, let e(x,F)= f(x,X\F).
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It {th te T} is a family of closed subsets of X and

Xy

= X, where | is an ultrafilter on T, then

l%m e(xt'Ft)s e(x,i? Ft)'
Proof, We set W_=X\F_ for teT, U,=Int( N W) and
=Xy BP0 5

VE=[t\élEFt'] for every E €] . Hence, Vg=X\Uy, E€ J, and

Iim F, =X\ U Ug. Let a be a real number < lim e(x,,F,). Then
o P Y Ve in o(xy, Fy

Eon(teT: e(xt,Ft) > aled. Since f(xc’wt)=e(xt'Ft) for every

tel, (A2) implies ?(xt'UE)> a, E€}, E€E , t € E. Hence, by

(43), p(x,Uz) ='a and in virtue of Lemma 1, P(x,EU Ug) > a.
€]

Consequent’ly, e(x,fgn-x Ft)z a. //

Lemma 3, Let T ©be a family of closed subsets of X and

e: X x%

[0,00) be a function satisfying the following

conditions:

(B1)
(B2)
(B3)

(B4)

e(x,F) is continuous for fixed Fe¥ ,

x¢F =—> e(x,F)=0, where x¢X and Fe¥,

For every point x eX and every neighbourhood Ox of x
there exists an F ¢ ¥, F< Ox, such that e(x,F)> 0,

If {Fy36€T}<¥, x —g=x, where J is an ultrafilter

~on T and e(xt,Ft)>a>O for every te T, then there

exists an Fe ¥, Fe l_gl.-Ex Ft , such that e(x,F)=a,

Then the formula

p(x,W)=sup{e(x,F):Fe¥ and FN W=p }

defines a weak & -metric on X.

Remark. By Lemma 2 the conditions (B1)-(B4) are satisfied
for the function e(x,F)= g(x,w), where We¢ v(X) and p is a weak
¥ -metric on X,

Proof of Lemma 3. Axioms (A1) and (A2) are clearly satisfied.
Now we prove (A3). It is easy to see that {x: p(x,W)>a}is an
open set for every real number a. We show that {x: _()(x,W)_>_ a}l 1is
a closed set, Let xt g% where ] 1s an ultrafilter on T
and g(xt,W)z a for every t € T, Let £ be a positive real number,
For every t €T there exists a set Fy € F such that e(xt,Ft)> a-¢
and Fﬁ_n_W==¢. (B4) implies that there exists an F € ¥ such that
F e 1§m F; and e(x,F, )2 a-¢ . Clearly, F, N W=p, Hence,
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P(x,W)> a.
Proof of (A4): Let {Wy }.x be a transfinite increasing sequenc~
of open subsets of X and set w= dUk W, , a=inf ¢ (%W, ),

<

9(x, W), Assume b< a. Then for every e <k there exists an
Fy € ¥ such that Foe N W, =P and e(x, F‘x)>-2(a+b) Let g be
an ultrafilter on k , 1 2 { (p k): g< kij. . By (B3) there exists
an F € T such that e(x,F)> 2(a+b) and Fg lélim F . It is easy to

see that FNW=@, Hence, [4 (x,W)=> %(a+b); a contradiction. //
Lemma 4, a) If £f:X—*Y is a perfect mapping, {At.té T} a
family of subsets of X and J a filter on T, then f(lim At)‘
_1.’;1un fAt . J

b) If £:X—>Y is an open and perfect mapping, {Bt: te T} a
family of subsets of Y and J a filter on T, then

..1B

f-1(]-.§l-1- Bt)=]T3.FI-l f y

The easy proof is omitted,

2., Main results,

Theorem 1., Let I be a weak & -metric on X, f:X—=Y,

X'« X such that f'X' is open and perfect and £(X')=Y., Then
9'(y,W)=sup { o(x, £=1): xe £~ y Nx'}, yeY and Wez(Y),
defines a weak »-metric on Y,

Proof. It is easy to check (A1) and (A2) for ¢'. Now we prove
(A3). Let y € Y, We z(Y) and ¢ > O, For every x,e f 1y NX' there
exists a neighbourhood Ox such that |g¢(x,£” U)— o(x ,£ 1U)|<£
for each x € Ox . Since £ y n xt is compact, there exist points

XgpeeeyXp€ £7 y N X' such that £~ yﬂX'G UOxi . O_if\,lf(Oxin X')

is a neighbourhood of y .. Let O' be a neighbourhood of y such that

0'< 0 and £7%0'N X! € Y,0x; . It is easy to verivy that for every

yeO' we have | ¢'(y,W)=~ ' (y,,W)| <€ .
Proof of (A4): Let {W xluck be a transfinite increasing se-
quence of open subcets of Y and let a be a real number
< inf g'(y,Wu e For each x< k 1let us define
Fy={x¢€ f'1yn Xt ?(x £ 1W“)z a .
For each X Fy 1is a nonempty compact set. Since {F, §x<k is a
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decreasing sequence, we conclude: ( F, AP ., Hence, there exists a
point xe£-1ynX' such that g(x,f“1W“ )>a for each x«<k .
Consequently, y(x,f"]( UW, ))=>a and 9'(y, UW, ) = a. //

Let 8=(X, ,pf( )‘,‘< Bek be a transfinite inverse continuous
system with open perfect and surjective projection mappings. Let A
be an arbitrary subset of lim S, Scepin [4] introduced the follo-
wing notation

dA)=1{ x<k s p A$(p% +1)_1p A,
« +1 3 <

One can easily verify

Lemma 5. d([A)) € d(a).

Lemma 6 (Scepin [4)1). Let {A2t e T} be a family of subsets.

of lim S.E 7 1is an ultrafilter on T, then

d(l%m A e (s { 61 xedAp)ledl}

If there exists a natural number n, such that Id(At)I £ n,
for every t, then Id(f%?n Al=n

[0}

Proof, Assume that E={t: x¢ d(A;) } € §J , x<k , Then
Poc+1At=(P ;‘+1)'1p¢ At for every te¢ E, In account of Lemma 4 we
have (3% ") ™pu (1m Ap)=(pZ ") (1w by Ap)= T X TRk
= 1im p,, 4A4=P . 4q 1im Ay, die.  ocd d(lin Ap). //

Lemma 7 (Scepin [3])« The family of open subsets W of lim S
such that d(W) is finite is a base of 1lim S .

Theorem 2, Let S=(X, ,pi ) e B < k be a transfinite inverse
continuous system with open perfect and surjective projection
mappings. If all X 's are weak Xx-metric spaces, then the
limit space of S 1s also weakly x-metrizable,

Proof, Let . [ be a weak -metric on X, foc STy x<K o
For o< k define e  (x,F)= . (x,X\W), xeX, F closed subset of
X o+ Then e 1is a function, satisfying conditions (B1)-(B4). We
denote by I the set of all closed subsets F of X=1lim S such that
d(F) is finite, Define e:X x T—>[0,00) by ’

e(x,F)ﬁm mi.n{e‘x +1(P #1500y 4q Pt xed(U) } .

We show that e satisfies conditions (B1)=(B4).
(B1) is clearly fulfilled, If x¢F, where Fc J , then there exists
an o« ¢d(U) such that px+1x¢p“+1F. Hence, L +1(px+1x,p“+,|F)=O
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and ‘e(x,F)=0, i.e, (B2) is also valid,

Proof of (B3): Let xeX and Ox be a neighbourhood of x, By Lemma 7,
there exists an open set WeX such that d(W) is finite and xeW,
(W] € Ox. Hence, by Lemma 5, [W] € I . We put B =max a([WI)+1.
Consequently, p;"‘p wl=[w], o Pg (X\[W]):XF\ Pp ([W]) and

Py (M Npy (X\[WD)=0, Thus, p, (x)¢[py (X\[W]) , e, (py(x),.

) pFL'W_])>0 and e(x,[W])>o0,

Now we prove (B4). Let {F :teT{<c T, Xy —g> X, where 7 is an
ultraﬁlter on T, and e(xt, t)> a >0 for each t e T, Hence,
ld(Ft)|<— for every teT. Since J 1is an ultrafilter, there
exists a natural number ng, such that E _{te'l‘:ld(Ft)\_n }€J. By

Lemma 6 we have F=lim Fye ¥ and Eg ={t €E ued(Ft)}eg ’
®ed(F), If x€ E, , then e“+1(p“+1(xt),pd+1Ft)> n_ a. Hence,
by Lemma 2, €, 4 (pow_,]x I%m P41 t)? n_ a., By Lemma 4 we have

1§m | S Ft=po<+,|(11jm Ft)' i.e, eoa+’I(Poc+’Ix’&+’l F)_>no a and

e(x,F)>a. //
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