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ON WEAK ^-METRIK 

Ingo Bandlow 

Introduction and basic notation, 

A ae-metrik.on a topological space X is a function j> which 
assigns to each x s X and each regular closed subset C of X a non-
negative number £(xfC) and satisfies some naturally conditions 
(Scepin [3]): 

(51) p(xfC) = 0 <==-> X € C 
(52) G^G2 ==£> j>(xfC1)>p(x,C2) 
(53) p(xfC) is a continuous mapping for fixed C 
(54) If ^C^} is a transfinite increasing sequence of regulrr? 

closed setsf then f (xf [ U 0^1 )=inf p(xfQ*). 

For a space X we denote by r(X) the set of open subsets of X. 
Definition. A weak tf-metrik on X is a function, defined on 

the set X*z:(X)f assuming non-negative real values and satisfying 
the following axioms 1 

(A1) <p(xfW)=0<=5> xe[W] 
(A2) W 1 ^ W 2 =-=-> j?(xfW1)>p(xfW2) 
(A3) p(xfW) is a continuous mapping for fixed W. 
(A4) If {W^} is a transfinite increasing sequence of open 

sets, then p(xf UW^)=inf f(xfW^). 

For weak *-metrics all of the main results of Scepin about 
.-metrics are also valid. The proofs of the following theorems 

and also some others are completely analog to those of the corres
ponding results of Scepin stated for the case of #-metrics. 

Theorem. A product space of weak ^-metric spaces is weakly 

x -metrizable. 
Theorem. Let X be a weak &-metric compact space. Then every 
mapping from X onto any compact space Y can be represented as 
a composition of two mapping g and hf f=g hf where h is an 
open mapping from X onto any compact space Z and wZ=wY. 

In this paper we prove two main results. 
Theorem 1. Let X be a weak *-metric space, ftX—*-Y a 
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continuous mapping, Xf ̂  X such that f [_£, is open and perfect 
and f(X')=Y. Then Y is weakly #-metrizable. 
It is an open problem by Scepin [4] to show this fact for 
metrics. 

Theorem 2. Every limit space of a transfinite inverse system 
with weak *c-metric spaces and continuous open perfect and 
^ N H ^ % ^ \ N % ^xot^VLoxx ma^ix.\g>B 1B weakly ^--^^trizable. 
^ p̂ccrê  ̂ \.B \fo&QTfe\&. ̂ ^ cotm^xuet a ̂ eak «.-metric on the 

\\sA& BT§B^% ̂ ^ aBB̂ x̂ loti ot T̂ eoxeiL 2. tor *-metrics and compact 
spaces is already proVed by Scepin [5J» But his proof does not 
contain such a construction and is very difficult. Our proof of 
Theorem 2 and also the proofs of other facts show that as a rule 
it is easier to work with weak ^-metrics than with *-metrics. 
Therefore we introduced the new concept of weak ^-metrics. 

Theorem 2 implies 

Corollary. A compact space is weakly ^-metrizable iff it is 
ae -metrizable. 

It would be nice to find a construction which yields a H-
metric induced by a weak je-metric. But we do not know (exceptly 
for compact spaces) if every weak ac-metric space is #-metrizable. 

We consider an ordinal to be the set of smaller ordinals. All 
topological spaces in the present paper are assumed to be comple
tely regular and all mappings of topological spaces to be conti
nuous. A transfinite inverse system (X0Cfpe5)£><< . is said to be 
continuous if for every limit ordinal %< k the space X^ is cano-
nically homeomorphic to the limit space of (X^ fpJJ ) oe<»<^ • If 
{A., s teTj is a family of subsets of the space X and J Is a fil
ter on T we set 

-OS A. = n [ U K~\ • 

J v Ez} Lt€B t-

See [1], [2] for unexplained notation. 

1# Preparations for the main results* 
Using transfinite induction one can easily verify 
Lemma 1. If j> is a weak # -metric on X and / W^ i <*£ A} is 
a family of open subsets of Xf then 
f(xf U W0<)=inf{ p(xf U L ) i B£Af B is finite]. 

o(a J pe B p 

Lemma 2. Let p be a weak *e-metric on X. For any closed sub
set F^X and any point x€Xf let e(xfF)= <p(xfX\F). 
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If {Ft: teT} is a family of closed subsets of X and 
x t — ~ — xf where 7 is an ultrafilter on Tf then 

lim e (x t f F t ) . s= e(xfIim P t ) . 
Proof. We set Wt=X\Ft for t f iT , UE=Int( n « t ) and 

t € E 
VB=[ U F ^ for every E ej . Hence, VE=X\UEf B 6 J , and 

t € B 

lim F.=X\ \J XL™. Let a be a real number < lim e(x+. fP+.). Then 
3 t E 6 3 B 3 * * 

E o ^ ( t £ T : e ( x t f P t ) > a } £ j . Since j?(x t f W t )=e(x t ,F t ) for every 
t e i \ (A2) implies p ( x t f U E ) > a f E€"3 f E £ EQf t € E. Hence, by 
(A3)f f (x fUB) > a and in v irtue of Lemma 1 f p ( x , U UB) > a. 

E €2 

Consequently, e(x,lim Pt)> a. // 

Lemma 3« Let T be a family of closed subsets of X and 
e: X * 5" —fO,oo) be a function satisfying the following 

conditions: 
(B1) e(x,F) is continuous for fixed F e J . 
(B2) x*F =2> e(xfF)=Of where x e X and Fc-I, 
(B3) For every point x e X and every neighbourhood Ox of x 

there e x i s t s an F e ? , F£ Oxf such that e (x ,F)> 0. 
(B4) I f { F t : t € T } £Tt x t „ - x f where 3 i s an u l t r a f i l t e r 

on T and e ( x t f P t ) > a > 0 for every t € T f then there 
e x i s t s an P € J f F£ lim P t f such that e ( x , F ) ^ a. 

Then the formula 
f(x fW)=sup{e(x fP):F 6 I and F O W=0 } 

defines a weak <K -metric on X. 
Remark. By Lemma 2 the conditions (B1)-(B4) are satisfied 

for the function e(x,F)= j>(xfW)f where W e r(X) and j? is a weak 
tf -metric on X. 

Proof of Lemma 3« Axioms (A1) and (A2) are clearly satisfied. 
Now we prove (A3), -̂ t is easy to see thatfx: j>(xfW)>a] is an 
open set for every real number a. We show that -fx: ̂ (x,W)>a } is 
a closed set. Let x^ —=-»• xf where J is an ultrafilter on T 
and j>(xtfW).£ a for every t e T. Let £ be a positive real number. 
For every t £ T there exists a set Pt £ T such that e(xt,Ft)> a-r 
and Ptn W=0. (B4) implies that there exists an F £ J such that 
F Q lim Pt and e(xfP£ ):>a-£ . Clearly, F£ D W=0. Hence, 
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p(x,W)> a. 
Proof of (A4): Let (Vi/<S}0<<K be a t r a n s f i n i t e increas ing s e q u e n t 
of open subsets of X and s e t w= U Ŵ  , a=inf o (x,W . ) , 

B= j?(x,W). Assume b< a. Then for every et<k t he re e x i s t s an 
F^ € J such t h a t F ^ O W^ =0 and e(x,F t K ) > ^ ( a + b ) . Let J be 
an u l t r a f i l t e r on k , 3 S> { ( p , k ) : p< k j . By (B3) the re e x i s t s 
an F 6 I such t h a t e (x ,F)> ^(a+b) and F ^ l i m F . I t i s easy t o 

d 

see that Fnw=0. Hence, j> (x,W)> ̂ (a+b) 5 a contradiction. // 
Lemma 4. a) If f:X—**Y is a perfect mapping, { A.. :t£ T ] a 

family of subsets of X and 3 a filter on Tf then f(Iim At) = 
=fim fA. . J 

3 t 

b) I f f :X—^Y i s an open and pe r f ec t mapping, { B..: te Tj a 
family of subse ts of Y and 3 a f i l t e r on T, then 
f " 1 ( l i m B j = l i m f~ 1 B. . 

3 t a t 

The easy proof is omitted. 

2, Main results. 

Theorem 1. Let j> be a weak <*-metric on X, f:X- ~Y, 
Xf S X such that f|x? is open and perfect and f(X

f)=Y. Then 
pf(y,W)=sup{y(x,f-/lW): x£f"1yflX» } , y e Y and W C- r(Y), 
defines a weak K-metric on Y. 

Proof. It is easy to check (A1) and (A2) for ^f. Now we prove 
(A3). Let y € Y, W € r(Y) and £ > O. For every x n e f

1 y OX f there 
exists a neighbourhood Ox such that |p(x,f U)-p(x ,f U)|<£ 
for each x6Ox Q. Since f y n Xf is compact, there exist points 

x1f...,xn€ f~
1y O X f such that f~1yflXf £ ̂ C b ^ . O=iQ1f (Oxifl X

f) 

is a neighbourhood of y . Let Of be a neighbourhood of y such that 
-1 B 

Of £ 0 and f 'Of Pi Xf ^ ^Ox± . It is easy to verivy that for every 

y£O f we have l$f(yfW)~ j>
f(yQfW)| < £ . 

Proof of (A4): Let < W ^ J ^ ^ be a transfinite increasing se
quence of open subsets of Y and let a be a real number 
< inf j>f(yfWoc)* For each <*<k let us define 

F^ =- { x € f~1y n Xf: p (x,f~1Wx ) ;> a • 
For each <x F^ is a nonempty compact set. Since { F^ \u<^ is a 
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decreasing sequence, we conclude.? (\ F^ £0 . Hence, there exists a 
point x € £~1y n X1 such that j> (x,f""1W^ ) > a for each x< k . 
Consequently, jKx,f~1( U W^ ))>a and p«(y, UW^ ) ;> a. // 

Let Ss(XoC,pP )<?<<^<5C be a transfinite inverse continuous 
system with open perfect and surjective projection mappings. Let A 
be an arbitrary subset of lim S. Scepin M introduced the follo
wing notation 

d(A) = { oc< k s P o 4 + 1A*(p^
+ 1)- 1

P d <
A • 

One can easily verify 
Lemma 5. d([A]) £ d(A). 

Lemma 6 (Scepin [4]). Let {A^t £ 0?} be a family of subsets-
of Ijim S. If J is an ultrafilter on T, then 

d(lim At)s{o(j { ti ex 6 d(At) } £ 3 } . 

If there exists a natural number nQ such that l d(A^) I ^ nc 
Llo" 
3 

for every t, then |d(lim A^) | ̂  nQ 

Proof. Assume that E= { t: ex 4 d(A. ) ) € 3 f <x<k . Then 
P ^ ^ A . ^ p ^ ) p^A^ for every t6E. In account of Lemma 4 we 

have ( p £ + W ( i i - . At.)=Cp«
+V1Clii- P,* At)= lî  (p^)~Vt= 

<j d ^ . 

= lim P^+^t^oC+l 4^ At ' Ue* <**d(l|m At). // 
JLemma 7 (Scepin C3J)* The family of open subsets W of lim S 

such that d(W) is finite is a base of lim S . 

Theorem 2. Let S.-=(X^ f p£ )^ <„ < J, be a transfinite inverse 
continuous system with open perfect and surjective projection 
mappings. If all X ^ s are weak K-metric spaces, then the 
limit space of S is also weakly at-metrizable. 

Proof. Let n^ be a weak de-metric on X^, J?^ < 1t c<< K « 
For oc< K define eD<(xfP)a ^(x.XXW), x<sX, P closed subset of 
X * Then e is a function, satisfying conditions (B1)~(B4). We 
denote by J the set of all closed subsets F of X=lim S such that 
d(P) is finite. Define etlxj—*CO,c>o) by 

We show that e satisfies conditions (B1)-(B4). 

(B1) is clearly fulfilled. If xsF, where F£ J t then there exists 
an oc£d(U) such that P ^ + ^ ^ p ^ ^ F . Hence, ̂  ^(p^^x.p^^F)^ 
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and,e(xfP)=Of i.e. (B2) is also valid. 

Proof of (B3): Let x^X and Ox be a neighbourhood of x. By Lemma 7, 

there exists an open set WsX such that d(W) is finite and xeW, 

[W]£ Ox. Hence, by Lemma 5, TW] £ J .We put p =max d(TWj)+1. 

Consequently, p^1pp[^J=[W], pp (X\[Wj)=Xp\ pp (fWj) and 

Pj W n P p (X\[WJ)=0. Thus, P|3(x)*rPp (X\[WJ) , e (p (x),: 
Ppl^J)>0, and e(x,fWj)>0. 
Now we prove (B4). Let {Ft:t£ T \ ^ y , xt -=-> x, where 3 *-s an 
ultrafilter on T, and e(xt,Ft)> a>0 for each t£T. Hence, 
Id(Ft)|£^ for every t e T. Since 3 is an ultrafilter, there 
exists a natural number n^ such that EQ={t 6 T: |d(Ft)| ==n J £ g # By 
Lemma 6 we have F=lim Ft e I and E^ ={t €E : <xed(Ft)]6 3 , 
oced(P). If cX^E^, then e^+1(p^+1(xt),p^+1Ft)> nQ a. Hence, 
by Lemma 2, eoC+1(p^+1x,lim P.+1Ft)2- nQ a. By Lemma 4, we have 

o 

Y P<*+1 P t = P o < + 1 ^ V ' i<e* eoc+1(poc+1x»^+1 F ) ^ D o a a n d 

e(x,F)>a. / / 
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