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BILШEAR MAPPINGS AИD OPERATOR ШEALS* 

Ac Braunß and H0 Junek _ 

Summary 

Th r ar sev ral possiЪilities to g n rat id als of multilinear 

mappings Ъy common operator id als
0
 W discuss h r som of these 

procedures and study their mutual relations* Por sake of simpli-

city w restrict us to id als of Ъilinear mappings
0 

1• Operator Ideals and Ideals of Bilinear Mappings " 

In connection witћ tћ theory of holomorphic functions d fined on 

Banach spaces on tћ one side
f
 and the theory of t nsor products 

on th oth r side, ideals of multi-lin ar forms hav Ъeen stu- , 

died mor or less extensively during the last y ars (cf
в
 /3/,/4/)« 

Several results conc rning concret multi-ideals hav Ъeen 

oЪtain d in this røay0 Horø ver, no general theory of multi-ideals 

does exist up to now0 Encouraged Ъy th r acћ th ory of operator 

id als Pi tsch outlined an axiomatic theory of multi-id als and 

sugg st d th furth r d v lop m nt in /1/
0
 This pap r cЗn Ъ 

consid red as a contriЪution in this direction
0
 Only for вak of 

simplicity w restrict ours lf to th study of vector-valued 

Ъilinear forms. W shall us her th notion used in /1/ and /5/
0 

Let us recall tћ Ъasic d finitions
0 

л 

L t E and P Ъ any Banach spaces
0
 By £ (EfP) w d note th 

Banach spac of all linear Ъounded operators mapping E into P
0
 We 

put ìč :» Lj £ (E fP) f wh re th union is tak n ov r all pairs 

EfP of Banach spaces,. By & we d not th suЪclass of all finit 

rank op rators
0
 A suЪclass QL S % with tћe components 

*) This pap r is in final form and no version of it will Ъe 

suЪmitt d for puЪlication elsewher 
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«(E
f
F) ;=* ØĹr\ í£1(EfF) is calleđ an operator idealf if th 

following conditions ar satisfi d: 

(i) Each component ć£(EfF) is a lin ar suЪspace of & (E
f
P) 

containing <F(E
f
F)

0 

(ii) If R € ^ 1 ( Б
o f
B ) , TЄ<*(E,F)

f
 and S €£ 1(F fF 0) f then 

STRб a ( E
0 >
P

o
)

0 

A non-n gative function T —»•• // T/ťЯ// d f i n d on an operator 

id a l Ct І S c a l l d a norm i f th following com s tru 

(i)// -(&// i s a norm on ach compon nt Л ( E f P ) and 

íí a и y \(%\l m flaŕ*|lylí for aб E« and y б F 0 

( i i ) I f RЄІC 1 (E o f E) f T € # ( E f F ) f and S є £ 1 ( F f F 0 ) f th n 

||sтR|aflá-||sMJт|aMІRÏ . 

A pair ( б t f | | -/&// ) i c a l l d a normed id a l i f the compon nts 

<Я.(EfF) ar compl t with r spect to the norm//-/(Я/J# I f th com-

pon nts of OL ar compl t with r spect to th uniform op rator 

norm, th n & i s ca l led a closed idealв For mor d t a i l s wв r f r 

to /5/« As exampl s l e t us mention the following id a l s * 

б f łLiftOfX- d not th c los d id a l s of a l l approximaЪl f compactf 

w akly compact and paraЪle rank operators, r sp c t iv ly* 

ïl denot s th norm ď id a l of a l l nucl ar op rators* Recall that 
an operator S б £ ( E f F ) i s said to Ъ nuclear, i f ther i s a 

r pr s ntat ion 

oo ^ 

S • 2.— a. <x> Уц f or som a.Є E1

 f y. £F with > ; Ila.ll II y. II < oo # 

i=1 * x г x i«1 * Ł 

oo 
In th i case v?e put || S ІП l| = inf > II a±\\ || y±\\ f wh re th infimum 

is tak n over all possiЪl r pr sentations of S« 

KL is th id al of all operators which are factorizaЪl through 

som HilЪert spac . This id al can Ъ normeđ Ъy th d finition 

IІTІ2.II я inf ||R|| ||S||
 f
 wher the infimum is taken over all possiЪl 

factorizations T » R»S through som HilЪert space* Pinally
f
 7 and 

Џ d not th id als of all integral and all aЪsolutely siдmming 

operator , resp ctively* Th y ar norm d id als as well
# 

Now l t us turn to id als of Ъilinear mappings* Por any Banach 
p 

spac s E
f
P

f
G w d not Ъy £ (EfF;G) th Banach spac of all 

Ъounded G-valued Ъilin ar mappings d fin d on E ҳ F quipp d with 
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the uniform norm
0
 This spac is m tric isomorphic to th Banach 

spac J£(Ef fc?(PfG)) and w will id ntify thes paces in all the 
p 

following0 As in th cas of op ratorsf ЇC denot s the class of 

all Ъounded Ъilin ar mappings
0
 A Ъilin ar form ШGÌC (EfP;G) is 

called to Ъe of finit rank (Mc\F(E
f
P;G)) if it is a lin ar comЪi-

nation of Ъilin ar forms of th following typ : Given a é E f
f Ъ e P

f

f 

and zeG, then a Ъilinear form M « a ® Ъ s> z is d fined Ъy 

M(x
f
y) » <x

f
a> <УдЪ> z

0 

A suЪclass vЯ of ІC with the compoц nts c^(E
f
P;G) :» iMniC(E

f
P;G) 

is call d a Ъiid al if th following conditions ar satisfied: 

(i) Each component ***(E
f
P;G) is a lin ar suЪspac of )C (E

f
P;G) 

containing ^(E
f
P;G)

0 

(ii) If M€^(E fP;G) f R€.£(EofE)f S€^(P Q fP) f and a?€c£(GfG0) f then 

TM(R -,S-)€^(E 0 fP 0;G 0) o 

Giv n two op rator id als 6L and ІУ
 f
 th r ar s v ral possiЪilities 

to g nerat Ъiideals
0
 In this paper we shall study troo of th m

0
 No 

1 2 
confusion will app ar if w writ ІC instead of *sC >,£ • 

101 D finition (i) L t Oi andi^Ъ operator ideals
#
 Let E

f
P

f
G Ъ 

any Banach spac s* Then £ ( &f#0(EfP;G) is th set of all 

Ъilin ar forms Mє£(EfP;G) for which th r ar operators 

SЄ&ÍE^P-j), Te^P^P-ţ) and a Ъilinear mapping Ћe)C{Ћ^
 f
P.j;G) 

such that M admits th factorization M « H(S
f
T)

0 

(ii) Suppos that ( &
 t
 II-I&Ц) is ev n a normed operator id al

0 

Por all Banach spaces E
f
P

f
G d fin 

O
f
# ] (E

f
P;G) =- Ä(E.*(ïfG)) • 

It is easy to s that Ъoth constructions lead to Ъiideals
0
 Since 

X(ðtf&) is d fin d Ъy a factorization
f
 the structur of this 

id al is v ry cl ar
0
 In opposit to this th id al [ #

f
 !r>] is 

rath r difficult to handl
 0
 îîext nv ar int rested in finding 

conditions for the coincidènc of th id als £(&,#-) anđ [Ä,55-J 0 

Por this purpos YI giv a slight g neralization of D finition 1 # 1 0 

1 02 Def inition0 L t JФ Ъ any Ъiideal and l t OC and ír> Ъ any 

op rator id als
0
 Por any Banach spac s E

f
P

f
G l t 

t# ( бt
f
 #0(E

f
P;G) Ъ th s t of all Ъilin ar mappings 

Mє5C(E
f
P;G) which admit a r presentation 

M » N(S
f
T) 
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for some operators S6&(EfE.-)f T€i?(PfP.-)f and some bilinear 
mapping Nc J* (E-, fP1; G) , 

It is obvious that t#((Zfi>) is also a biideal* 

1.3 Proposition. If fl',^ are any operator ideals and if Jt> is 
even a normed ideal, then 

£{<*,&) S [#.**] . 

Proofs Suppose M£J£( #f#){.EfP;G) and let M « N(S,T) be some 
representation of Mf where SeftlB^), T6J5<PfP1)f and 
N€£(E 1 fP 1;G). Since Hx e £(P.- fG) for all x € E.-f we get 
NxTe#(PfG)* Next we prove N(-^-)€ fctE.- ,#(PfG)). In fact, the 
function N(-fT-): E.- — ^ »(PfG) is linear in the first coordinate 
and we have 

lH(x fT-)l«P fG) || = !U(xf-).T/#(PfG) || 
S I U x l « ( F 1 f G ) | • II l | #» .* - , ) II 
* I U ! l - l i x | | * | |T|>V(P fP1) | | 

for all x € E-j . 
This shows N(-fT-)€ ^(E.- f #(PfG)) * Since S e t f ^ E . - ) , this proves 
N(SfT)ea(Ef #(PfG))* 

2t Pactorization Results 

Let OL and #- be any normed operator ideals* In this section we 
will give necessary and sufficient conditions for the validity 
of the equation 

£(<*,#) = [<9tf&lo (*) 

2*1 Proposition* Let ( f l f II - /&/ / ) be any normed operator 
Then t&9& ] = £(?-% OC) holds true* 

ideál* 

Proof* Let E fP, and G be arbitrary Banach spaces* Por any a s IS1 

and S€#(P fG) we have a x S ( f )* Obviously, the forms 
a O S f a e E 1 , S t # ( P f G ) generate the space [ F9 &] (E,P;G)* 
This proves the assertion* 

2*2 Proposition* Por each operator idea l Oc holds 
C^f^]=- £(<Z9 £). 



BILINEAR MAPPINGS AND OPERATOR IDEALS 29 

Proof• Let 
B; ^T(PfG)xP — • G defined by B(T fy) » Tyf y e P f T€#(P f G) f be 

the canonical valuation .map* Suppose 
J-U[<2,£](E fP;G) « # ( E f £ ( P f G ) ) * Since 
M(xfy) « B(Mxfy) « B(M f1j l)(x fy) for a l l X6E and y s P f we obtain 
M » B ( M f 1 p ) e ; £ ( # f J f ) o 

Next we sha l l give a necessary condition for the va l id i ty of 
equation (») in terms of the transposed b i l inear mapf which i s 
defined as follows • Por every M€£(E fP;G) f x e E f and y e P we put 
MT(yfx) « M(xfy)* Then MT€ £(P fE;G)* Obviously, r i s a metric 
isomorphism between the Banach spaces £(E fP;G) and J£(PfE;G)« 
Por every b i ideal %M we denote the complete image. of jt under 7" 
in iC2 b y ^ T

# Clearly,**/7" i s a b i i d e a l , as well*,. 

The next statements are evident* 

2*3 Propositiono Let & and #* be normed operator Ideals* 
Then £ ( t f - f & 0 T - £ ( # , # ) • 

2*4 Corollary* Let (X and # be any normed operator ideals* 
Ihen [ # , < * ] » £ ( # , # ) implies £.#><* J7" li [&9»] * 

In preparation of the next resu l t we need the notion of the dual 
operator ideal (cf* / 5 / ) * 

2.5 Definit ion* Let ft be a (normed) operator ideal* An operator 
S€Sr:(EfP) belongs to the dual operator ideal # d u a l i f 
S f £ a ( P f

f E f ) » In the normed case the dual ideal norm 
1 - I « d u a l II i s defined by || S I ftaual || « || S» | ot\\ • 

2*6 Proposition* Let (X and & be normed operator ideals* Then 
[&>OtlT£ [&f*] implies & g « d u a l * 

Proof* Suppose T€>5<EfP)* Then we have KFT6,»(EfP") > where Kp 

denotes the canonical in jec t ion from P into i t s bidual Pfl* The 
operator K̂ T can considered as a b i l inear form 
KpT€*(E f £ (P« f C)) » * ( E f O : ( p i f C ) ) * I t s transposed map (KpT)T 

corresponds to the dual operator T f € ^ ( p ,
f E t ) by the equation 

(KpT)T(bfx) » KpT(xfb) »<b fKpTx> » < T x f b > » <X fT'b> 
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for 3C€Ef b € P f o Using the assumption, we get 

Tf - ( % I ) T e [ f t f # ] (P f
f B|«) » # ( P f , E ' ) . , i . e . T*tfd u a l . 

Now we are going to give s u f f i c i e n t condit ions for the equation 
( * ) . The proof of the next proposit ion i s based on the fo l lowing . 

2 .7 Lemma. Let (X and i> be any operator i d e a l s . Suppose that & 
i s even normed.ThenTi? f # ] T £ [<X9X'] implies [**•.*] £ £ ( £ f # ) . 

Proof. Let MG[&f«] be g iven . Then we have MTe[<?tf fc] - £ ( # f i?) 
by 2 . 2 f hence Mejtf £ f 6?). 

2 .8 Proposition: Let Ot and # - be operator i d e a l s . Let Ot be 
normedo I f C#f(ZlT£ [&9ic] then f # * # C f # ] £ * ( £ f # ) for every 
operator i d e a l s . I f f addi t iona l ly , #••#£" » <C then 
[£,<*]= %(£ 9Ot). 

Proofo Using 2 .7 we get 

[#•£, *J« [» fa] (£.*) s £(£9et)u:9ie) » £(,c,ao. 

I f #-••£ s «£ then we have 

r/r.ftj.ftf./r f »]S Z{£.0O £ O f <*]. 

Therefore, f £ , ft]- £ ( , £ , # ) . 

In the fol lowing we discuss s u f f i c i e n t conditions for the inc lus ion 

Of#]Ts [*•*] • 

2 . 9 Proposit ion . Let & be a normed operator idea l and l e t W be 
the idea l of nuclear operators. Then [it fOt] £ [&*%] • 

Proof. Suppose that M 6 [ft f C*](E,P$G). Then there are a . e E 1 and 

T±€ft(p fG) such that 

oo oo 

M - L a , O T. and X Z HaJlllTj ft || < Oo o 
i=1 x x i=1 1 1 
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By 2,1 and 2
#
3 we have 

n 

( Ц a _ « .T_)
T
e [&,,<] (F,E,(î) 

i-»1 

Z Z l l ( a ± O T±)T[OL\\ < ZZl la .H HI T, | fc II <<*>< 
1^1 X X i»1 X * 

This implies 

oo 

i-1 x » т_: ) r é [ a fZІ . 

JЦЮ Corollary* Let âí ; anđ *£ľ Ъ operator i d e a l s , l t ØL Ъe normeđ* 
Then t . 

•Г**f. , < * J š *.</Г. Л) , 
_Шй 

rt -.-r - JC -

ţ Һ lл 

"Г/r, • & J - * ( £ , Ã ) . 

2*11 Proposition* Por every olosвđ op rat ;or îđвal OL w have 

Cq,ot3TS [<%>%] . r 

Proofs Suppose that M fc [ £ f fit](EfP;G) * Oj (Ef 0tCFfG)). By defini­
tion of £ there are f inite rank operators Mn^3r(Ef ^(PfG)) with 
limD M - Mnll - 0* Using 2*1 we have M^ £ ( r f # ) # 

Hence Mje£(0t f iF) g fc t , £ ] • By the closedness of (X i t follows 
from 0 • || - lim M̂ "» MTthat MT* £Oi9 X. J • 

2+12 + Corollary• Let a be any closed operator ideal and le t £ 
be an arbitrary operator ideal* Then 

[(}*& t # ] £ £ ( ^ , # K 

If £•<£ « /T then [£,&]<*£(<£->&). 
Especially, f^,ft .]» £ ( ^ , f t ) and [*£, £ ] » £ ( # , # ) • 
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2«13 Def in i t ion . A (normed) operator idea l Ct i s ca l led to be 
i n f e c t i v e i f S € # ( E t P ) t Te#(E f G) f and II Sx II & ll Tx II for a l l x e E 
imply S€<*(EtP) andf i n the normed c a s e j l SKXfl < || T/Gt // # 

2.14 Proposit ion. Let # be any in fec t ive closed operator i d e a l . 

Then T 

[£,*] S [«,*] . 

Proof. Suppose that M e [£t&] (BfP;G). Let U™ denote the unit ball 
of E. Since M(U-g) is pre compact in A(PfG)t there is a sequence 
(T^) of operators Ti€fl:(PtG) such that 

II T±|| —-* 0 and M(UB) £ ac5 {T±X iefll} . 

> 

MMf^Baaach space oQ(G) .is defined by 
cQ(G) «{(z±h z±e G, || (z±) || - sup|| zt || < 00}. 

Next, define an operator 

Tt P — ^ cQ(G) by Ty » (^y^gjj * « ye P. 

Then we get 

n 

K l y - 2 _ . J i ^ y II - sup II T ^ II $ sup II T j II y II 
i=>1 i > n i > n 

for each ye Pt where j4 denotes the canonical injection from G into 

the i coordinate of c/ri(G). Since lim sup II T4 II -=* 0t it follows 
o ^ _ ^ .* ^ — J-n —*-00 i > n 

n 
T « ii •(! - iim Yl a±M et(ptG). 

n - • o o i«T x x 

I f we put P1 « TTT7f we obtain T€ft(PfP-j) by the i n a c t i v i t y of ^ # 

Uowt we can define a b i l inear map Ni T(P) * E —-•» G by 
N(Tyfx) « M(xfy) for x e E and y e p * Let t > 0 and x^Ug by given 
Then there are numbers A^ and an operator R€#(P tG) such that 

00 00 

Z l*V, l < 1 t HRII < 1 t and ttx » 2 _ A * ^ * + £ R . Howt i t f o l l o w s 
i»1 X ia1 X X 
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00 

from M(x,y) » 2 ^-4^y + eRy that 
i=1 x x 

00 

|| M(xfy) || < XII HA sup || T,y || + t| | y|| 
i«1 i -

Hence 

l|N(Tyfx) || « || M(xfy) || < ||Ty|| + l || y l| for a l l y f F f and £ —~ 0 

proves the continuity of N* 
Therefore, N can be extended to some bilinear map belonging to 
«^(P1fE;G)* This extension is denoted by Nf as well* 
Now, the assertion follpws from M T = N(Tf1fi) e [<2f*f] (.FfE$G)* 

2.15 Corollary* Let Otbe any infective closed operator ideal and 
let C be an arbitrary operator ideal* Then 
[£*£ 9 OL\ C £ ()C9 & ) * If, additionally, £• <C » <C then 
[CC9GL1 « £(*T fO:)* 

As a spec ia l case , we get C ^ , d l ] » £(&9&) and 
[<£f <£J» £ (c£,<£)0 

3o Examples and Counterexamples 

To provide us with examples of pairs (J-*,#) of normed operator 
ideals which do not satisfy the equation (*) we will use the 
following two propositions*, 
The contrapositions of 2*4 and 2.6 yield* 

3*1 Proposition* Let 6L and Ĵ -be any normed ideals* If 
^ f l ^ u a l then [*,#] 4 Z{&9<2). 

3.2 Proposition* f# f£-] ^ LW9Sc] * Especially, 

£w9r>o]T $ Lw9ie) , [p9nolr £ [w9x] , and 

Proof.Ohoose (E,F,G) - (1.. ,-Log ,12) and define 
Ms 1, * !«, —•- 1 2 by M(f ,A. ) = ( | i*-i)itjr » I e - 1 » * e -oo -
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Then M: 1-| —•- ^ r d o o f l 2 ) « ^ ( l o o f l 2 ) » Th diagram 

M 
^ U o ç ^2/ 

Id 

where M.-(f) • D^ f f € l2t and Dg (^) = (f i / ^ ) ^ t yields a 
factorization of M by Id6^(l1fl2) = j£2 (llfl2) by Grothendieck

fs 
Theorem (cfo /5f 22o4*4/K 

This shows Mcf/B tK](l-]ilo0 ;12)<> 

The transposed bilinear map vFi 1 ^ —*> fc(l-jfl2) is given by 
M T U ) =- D^ for £ € loo • Since || D^ : 1.- —->• 12|| « || K. W^ f M

T is 
even an isometric embedding, and this map cannot be weakly 
compact, since 1^ is not reflexive# This proves M7"̂  [77C9^3 • 

Nowf 2#4 together with 3*1 f 3o2f and some well known relations 

between operator ideals yield several pairs of operator idealsf 
which do not satisfy the equation (*)• 
Simultaneouslyf this table shows that the positive results giren 
in section 2 are optimal* 

Æ x xo џ £ 

? 

эзo 

+ + + + + 

+ + + + 

+ + + 
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