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SOME CONVEXITY PROPERTIES OP MUSIELAK-ORLICZ 

SPACES OP BOCHNER TYPE 

A.Kaminska 

Abstract. It is shown here that if a Banach space X and Musie-

lak-Orlicz space Lm are both locally uniformly rotund or uniformly 

rotund in every direction then the space L^(x) of Bochner type has 

the same properties. Moreover criteria for these properties have 

been given for a subspace of finite elements E^fX). 

Introduction. Many authors have been examined the question 

whether a geometrical property lifts from a Banach space X to the 

Leb.esque-Bochner space LP(X). M.Smith in £7] has given a brief sur

vey of those problem. Similar questions have also been considered 

for Orlicz or Musielak-Orlicz space. H.Hudzik in [4j has been shown 

that if X and Musielak-Orlicz space L<p are both uniformly rotund 

then L(p(x) is also uniformly rotund. N.Herrndorf in [3] has proved 

that Bochner-Orlicz space L<p(X) is locally uniformly rotund iff 

both X and L& have this property. Here we consider two geometrical 

properties:local uniform rotundity(LUR) and uniform rotundity in 

every direction (URED),in the context of Musielak-Orlicz spaces of 

vector functions. In paper [5] there have been presented criteria 

for the above properties in Musielak-Orlicz spaces of scalar fun

ctions L-n fexpressed in terms of function tp . Here it is shown 

that Musielak-Orlicz space L<p(X) of Bochner type is LUR(URED) iff 

both X and L<p are LUR(URED) .Similar results are also shown for 

the subspace of finite elements E<p(X) of the space L™(X). Subspa-

ces of this kind play an important role in the theory of spaces of 

Orlicz type. 

Since the paper is a direct continuation and generalization of 

results from [5] , we refer a reader to those paper for basic nota

tions and definitions as well as for some Lemmas and Theorems. Nowf 
we give some additional notations and definitions. For u f v e B f 

let us denote max(ufv) - uvv, min(ufv) - U A V . The Musielak-Orlicz 

This paper is in final form and no version of it will be submitt* 

ed for publication elsewhere. 
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space L<n(X) of Bochner type is a family of all strongly measurable 
functions x : T — > X such that ^ ( ^ x ) - S CD (A l|x(t)ll tt)dyU,<oo 

for some IX > 0 dependent on x, where X is a Banach space. The space 
Lcp(X) is equipped with Luxemburg norm. The subspace of finite ele
ments E(p(X) is a family of all strongly measurable functions x 
such that Iffl(Xx) < oo for every X > 0. Suppose in the following 
that measure /JU is (3 -finite. There exists an increasing seouence 
(T.) such that /A/T1< CO ,/<,(T N. U T i ) " ° and 

(o.l) sup <p(u,t) < a> 
W*li 

for every u € H and i € U • Indeed, let (A.) be a sequence of pair-

wise disjoint sets such that jU/Ai< co and yU,(T ̂  \J^i) " °* ^e^ 

Anm " { t € Ai : tp(n.t)^ m}. Since ( V - I ^ ( A ^ A J J - 0 

as m—»OD . Therefore, for every £ >0 and n € W there exists nr 

such that JU,(A^ AJ^ ) < 6/2n. Hence yLc(Ai ̂ /Hj A ^ ) -S? 

^ 2 , (Ais Anm )< fc * Denotlng 4 " 0 A n m w e h a v e 

n«i n n-»1 n 

sup., CP(n tt) < oo for every i , n c U . Let us take a sequence ( B C ̂ *; 
t€B£ T v ' * K & r r ' j 
where ( £ .) is a sequence tending to zero. So fwe have 

/*(« N o 0 4 ) -f £/-{Ais ^ 4 ) - °« 
' i-1 j-i *y fr,/^ 1 j-1 fedy 

because / f c ^ N U -£ ) *£ A(Ai X B£. ) < £ j f or ail j « JJ . 
J™ ' J J 

Finally, we transform the sequence (B,. L ; . into ( T . ) with desi-
J 

red properties. 

In virtue of (0.1) it is seen that E (p(X) is always nonempty, be
cause all characteristic functions of T, belong to E <p . Condition 
(0.1) has appeared in [2j ,in the context of decomposability of 
the subspace of finite elements, but the author has not given 
a proof. 

For a Banach space (X, II II) we define the following moduli 
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of rotundity 

*(y, t ) - inf (1 - ||(x + y) /2 | | : | | x | U l f II * - y II > £ } 
for | |y | | - 1, and 

5 ( £ t * « ) - inf (1 - | |((x + Xz) + x ) / 2 | | : . | |x | | £ 1, ||x + A z ( U 1, 
IIX«II>£ ) 

for z i- 0. The space (x, II | | ) i s LUR(URED) i f f 5 (y , f c )> 0 
( S ( £ f ->z) > 0 ) for every £ >0 and every y belonging to a unit 

sphere of X (every 0 + z € x ) [ l ] . If X i s separable and y strongly 
measurable function then compositions 5 ( y ( t ) t £ ) , 5 ( 6 ,-* y(t ) )are 
measurable functions. It i s t r i v i a l to check that Theorem 0.2 , 
Lemmas 0 .3 ,0 .4 ,4 in [ 5 ] are also true for the space L<p(X) of Boch-
ner type. 

For arbitrary x ,y€X we have | |x + y | | v | | x | | ^ 1|x i y | | ^ 
Hyll - l |x | | > | | y | | - ( | | x + y | | v | | x | | ) . It implies that 

( 0 . 2 ) | | x • y | | v ||xH >, Uyl l /2 
for every x f y € X . This simple inequality plays a similar role to 
Lemma 2 in [5] . 

Results. 
1 .Lemma. If <p doesn't satisfy condition A 2 then there exi

sts a sequence (yk) C E ^ such that ^ ( y ^ ) — » °
 and II y ^ l l c p — * 1 

and M T N U supp y v ) > 0. 1 v k-1 K / 

ł 
Proof. I t i s easily seen that condition A 2 * s fulfilled iff 

h (t)diju < CD for some n 6.Wf where 

h n ( t ) - sup{(f)((l + i ) u , t ) - 2 n c p ( u , t ) } . 
U 6 B V 

Let (u.) be the set of rational numbers and 
Anmi " b 6 Tm :: <f ((1 • sK'*) > &<?(*„*)) • . 

where (T m) is a sequence from condition (O.l). Putting 

hn^Jj - { t tiXA <*)}•.- a n d 

Anmi 
«£) - jjpJffO + J)».t) i <f ((i • JHt) >2V».t )} 

we get 
gn(t) - sup Y ( ( i +JKXA co.t) 

1-, n ' v nmi 
- »jp (p((1 *im„(t).t). 

It is evident, that x^e E y for each j.nfiU. If condition A 2 
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is not satisfied then 

£ «n(t)d/t - ® 

for each n 6 -N f because gn(t) >
 n

n(t)
# Cutting 

gnl(t) - max tp ((. + i)xJn(t),t) *te have g ^ t ) f gn(t) as 

1 -» oo and hence 

for every n £ K and some lfn) e H . -Denoting 5L(t) «-*--max x^ n ( t ) f 
^ U3^1(n) j n 

we have 

«nlfn)fr> " T((1 • j ) V * ^ ) « 
We find an increasing subsequence (-^k)^^ and a sequence (A^) of 
pairwiee disjoint sets such that 

(1.2) C cp((i +5»)£n<t),t)d/a. 1 
Ak k k 

for each k€.N, by condition (1.1) and Lemma 1.7^ in [6]. We can 
take a sequence (A^) in such a way that / ^ ( T v L jAk ) > 0. .Moreo
ver, we get 
0 - 3 ) <p((l •5)*n(t),t)>2ncp(*n(t),t) 

for each n e H , by definition of sets A . and functions x • Let 
us put 

**w - %w X ^ • 
It is evident that y^e E <p . Moreover 

-«p(yk) - { < P ( V t ) , 1 : ) <-/*-

< i/2
Dk £ <f(0 +sk) ^ * ) . t ) ^ 

, nk ^ 
* 1/2 * _ * 0 , 

as k-*oo, by (1.3) and (1.2) . But 1^(0 + «j )y k) * 

* O cp((l + 1 ) xn (tj^d^u, •- 1 for each k £ U . Hence 
A-̂  k k 

HykHV ~ 1 /0 + ( l / n k ) ) - - 6 l , ^ 
as k -* 00 . This ends the proof, because \J supp y v » L7Air • 

k~1 K k-1 * 
2.Lemma. If,X is locally uniformly rotund, C^(#

ft) is stri
ctly convex for t £ T s T , where T is some null set,then for every 
6, oC|, oCg^ (0,00) , pc (0,1) there exists a measurable function 
q : T—>(0,1) such that 
tp(ll(u + v)/2||,t) :£ (1 - q(t)) (cp(||u||,t) + f(||v||ft))/2 
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for a l l t e T ^TQ and a l l u f v€X satisfying the following conditions 
. Hu - v | | > e (Mia || v | | v | | ) f ( p ( | | u | l v | | v | | f t ) € [ d C 1 f oC2J f 

v i 0 and S ( v / | |v/ | f £ / 2 ) >, p. 
Proof. Let £ , be some fixed pos i t ive number such that 

( 2 . 1 ) 6^ < p/ (2-p) A p/(l+p) A t / 2 . 

If | Hull - llvll | > E ^ l l u l l V l l v l l ) then applying Lemma 1 
of £5 J we get the desired inequality with some function >:. 
q1 : T - * ( 0 , 1 ) . 

Suppose then | l| u II - llvll | < £.. ( / lu |l V | /v / / ) . We consider 
two cases . If If u | | -$ II v/l then 

(1 - £ r ) l l v l / < M u l U I | v / l and | | u / l l v l l - v / | | v l / II £ £ , -
-by-our assumptions. Hence and by the local uniform rotondity of X 
-and by (-2.1-) i t holds 
(2 .2 ) 1l(u + v ) / 2 l U (1 - 5 ( v / l l v n , e ) ) l l v l l 

< ( 1 - P)/(1 - t ^ O l u l l + | lvl |) /2 
* (1 - p ) / 0 - - p / (2-p) ) ( l |u | | + | lvl l ) /2 
- ( 1 - p / 2 ) ( | | u / | + l/v/Q/2. 

If l | u | | > llvll then we have 
( 2 . 3 ) (1 - e ^ l l u II < l lvll < H u l l . 
Moreover 
-•-£ < l l u / | | u | | - v / l / u / Z l l < II u / l / u l l - v / l l v l / l l + (1 - llvll/Hulj) 

$ H u / / | u | | - v / / l v l / II + / 2 , 
by the assumption ||u - v II > £ ( l l u | | v l l v l l ) and inequal i t ies 
(2.1) and ( 2 . 3 ) . Then | | u / 2 | l u l | + v/2 llvll fl < 1 - S (v/llvl/f € / 2 ) . 
Hence and by ( 2 . 4 ) and (2 .1) we obtain 
( 1 / lfv||)||(u + v ) / 2 | | - l l ( | lul l / l lvl l )u/2| |u | | + v/2f/vII II 

« | | u / 2 | | u | | + v/2 II vi l l i + (1/2) ( l lu| | / | |v | | - 1) 
$ 1 - S ( v / H v | | f £ / 2 ) + £ ^ 2 ( 1 - £ .,) 

£ 1 - P + (P / (1+P)) /2 (1- p/O+p)) 
- 1 - p/2 f 

since the function £1 1—• £ . / 2 ( l - £ ^) i s nondecreasing. Hence 
and by I |u | | > J |v | | we get inequality ( 2 . 2 ) immediately. Nowfit i s 
enough to apply the convexity of if , to get thes is of the lemma 
with the function q ( t ) - min(q 1 ( t ) f p/2 ) . 

3.Lemma. If X i s uniformly rotund in every direction, ((>(• f t ) 
i s s t r i c t l y convex for t e T ^ T f where T i s some null set f then 
for every £ f oC-jf oCofi(OfoD)f p ^ ( O f l ) there e x i s t s a measurable 
function q: T - + ( 0 f 1 ) such that 

Cf>(||u + v / 2 | | f t ) .^ (1 - q(t))(cp(||u + v | | f t ) + Cf ( | |u | | f t ) ) / 2 
for a l l t € T vT and every u f v€X satisfying the following condi
t ions 
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llvlf * £ ( | | v + u | | V l l u l l ) , (p(IIv + u | | v | | u | / f t ) e [ o C 1 f c C 2 ] f 

v f 0 and 3 (£ , -»v) > p. 
Proof. Let £., - p>{2-p). If | II v + u || - llu|||>^(||v + u /| v ||u ll) 

then by Lemma 1 of [ 5 ] we get immediately the desired inequality 
with some function q1 dependent on p, «..., oC2» 

Let now | ||v + u | | - IJ u || | £ £., ( ||v + u| | v | | u | | ) . I t implies 
the following inequality 
(3 .1 ) (1 - £ ^ ( l lv + u | | v / l u / / ) $ ||v + u | | A | | u | | . 
Without l o s s of generality we can put l| v + u | | v f |u| | > 0. Since 
l l v l | / ( | | v + ull v II u l | ) * £ f | | u | | / ( | | v + u || v l l u | | ) 4 1f 

|| u + v || / ( | |v + u || v Hull) ^1 and by def ini t ion of the modulus? 
5 (£ f -*v ) we get 

(3-2) | | ( (u + v)+ u ) / 2 | | $ (1 - S ( £ , - * v ) ) ( | | v + u | | v | | u | | ) . 
But 
llv + u | | v Hull £ 1/(1 - £ ,) ( l lv + ull v | | u | | + Ifv + uM Allu|lX2 

-= 1/(1 - t-,) (null + iiu + v\\)/z9 

by-inequality (3.1)* Taking into consideration in (3.2) that 

S(£,-»v)»p and £ 1 -= p/(2-p) we get \\ u + v/2 || £ 
(1 - p/2)(||u|| + llv + u||)/2 • Applying the convexity of tp 
we obtain the thesis with q(t) - min^Ct), p/2) . 

Proposition. If C{> doesn#t fulfil condition A 2 then E <p ISB 

not locally uniformly rotund and it is not uniformly rotund in eve

ry direction. 

Proof. Let (yn) c E ^ be a sequence J-fom Lemma 1 i.e. 
J(p(yn)~* ° a n d "yn"v -*1 and A(T X V- 9UPP yn ) >0m T h e r e 

n / ^ 
e x i s t s a s e t A of p o s i t i v e measure such tha t A C (T \ \J supp y )fiT 

f o r some meJf. We have I<f(u fa) < oo f o r each u > 0 f by ( 0 . 1 ) . 
Since a f u n c t i o n u — * I ( p ( u 7 ( A ) i s , convex and f i n i t e , i t i s con-
t inous and l im I<o(u %A ) ~ CD . Therefore there e x i s t u 1 f u 2 and u n 

U*0D 

such tha t 
I ( p C u 1 0 ( A ) - 1, I(pCu20CA) - 1 /2 , I ( p C u n X A ) - 1 - i y f y n ) « 

Let us put 
ziCt) • ^ %ACt) , z2(t) - u2xACt) , 
z1n^ " unXA^> * TnW • ^ ' ^ ^ 

The above a l l f u n c t i o n s belong to E <p f by ( 0 . 1 ) . We have I M(Z*)-

• - 1 and l{f(z2) - 1/2 . Hence / / z ^ / ^ - 1 and | | z 2 l t y < 1 . We have 

a l s o I cpCz 1 n ) - 1, I <pCz 2 n^"^° a n d " z 2 n " < p " ~ * 1 - S l n c e 

la-jCt) - z 1 n C t ) | > l y n C t ) | , so | | z 1 - z 1 n l | ( f ) > l l y n H ( p - + U Howe-
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v e r Il0»1 • a m) / 2 »y > J? (CZ1 • zm) / 2> * V ^ H * unV2)% A) + 

i c o ( y n / 2 ) > I cp( u
n % A ^ * " 1 " I < f ( y n ^ - ^ 1 > a s n — * Q D # T h i s s h o w s 

that E<p is not locally uniformly rotund. 

Taking into consideration z2 and z2n we obtain I^(z2 +
 z2n) ** 

I<p(z2) + I(p(
22n) ̂  1 f o r sufficiently large n. Hence || z2 + z2nll(p 

.^ 1. But, the inequality | z2(t)/2 p z2n(t) |- 0/2)|z2(t)| + 

K n ^ ' > ' z2n(t^ imPlies II */2 • z2n "<f > "
 z2n "f "^ 1' as 

n—*OD • It shows that E(0 is not uniformly rotund in every direc
tion and ends the proof. 

Theorem. If X is separable then the following conditions are 
equivalent 

(1) L<p(X) is MR.(DEED) f. 
£2) X and L cp are LUR (URED) 9 

(3) Eq>(X) is LUR (URED) f 
(4) X and E q> are LUR (URED) f 
(5) the function cp is strictly convex and satisfies condition A 

and X is LUR (URED) . 
Proof. Implications (1)—>(2) and (3)—*(4) are immediate,be

cause X and It m or E<n are isometric subspaces of Lcp(X) or E^(X) 
respectively. The implication (1)—»(3) is trivial. Implications 
(2)—*(5) and (4)—* (5) are results of Proposition and Theorem 0.1 
in [5J , because L </> - E^ if cp satisfies condition A,-,. So it is; 
enough to prove that (5) implies (1) . Some ideas of the proof are 
included in [5] , but for clarity we present the investigation on 
the whole. First, we will show that L^(x) is locally uniformly ro
tund. Let £>0 and yeL<p(X) be such that I^(y) - 1. Consider the 
set of all x for which I<p(x) - 1 and I^(x - y) ̂ g .By condition 
A 2 there exist k> 0 and a nonnegative function h,such that 

^ S, h(t)d/jt <(1/16)£ and Cf (2uf t) < k <p(uf t) • h(t) 

for a l l u f iE and a . e . t e T . We find also constants c 1 f c 2 such that 
c 2 > c1 > 1 and 

(2) S Cp(2 | | y ( t ) | | 9t)&p < ( l / 3 2 k ) e where 
T1 

^ - l t 6 T ; < p ( l l y ( t ) | / f t ) < 1/C 1 v Cf?(2| |y(t) | | f t ) > ^ ) 
and 

(3 ) e^/o2 £ ( 1 / 3 2 ) ( £ / k ) / ( k + ( 1 / 1 6 ) £ ) . 

Tx - { t 6 T : ( p ( 2 | | x ( t ) | | f t ) > c 2 ) . 

Put 
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Denoting TQ(x) - T v(T1 UTX) we have 

To(x) - [t€T : 1 /C 1 £ (f(lly(t)ll , t ) A <f>(2 l ly(t)l l , t ) ^ c,} r\ 

£ t € T : cp(2 | |x(t) l | , t ) 4c2). 
Supposing that I m ( ( x - y ) X T ( x ) ) < ( 3 / 4 ) £ we have 

I<p((x - y)XT UT ) > 0 / 4 H » b y t h e assumption I<p(x - y ) ^ £ . 

We have also 

(4) U ^ X i U T ) i S (f ( l ly ( t ) l l , t )d« , + 5 <f(ny(t)l|.t)«vu, 
T A 1 u xx T >• T ' T1 

< e.jyu.(TxN T .) + ( l / 3 2 k ) £ 

<(c./c2) 5 (p(2 HxCt)!!,*)..^ • 1/32k 

4 ( C l / c ^ ( k I ^ ( x ) • S h(t)d/«,) + ( l / 3 2 k ) € 

«(c1 /c2 ')(k + ( 1 / 1 6 ) £ ) + ( l / 3 2 k ) £ 

«(1 / I6k)6 , 

by (1) , ( 2 ) and (3) . Therefore 

£ / 4 < I ( p ( ( x - y ) X T l U T x ) ^ C k / 2 ) ( I ( p ( I X T 1 u T x ) + J<P (*XT^ T X » + 

5 h(t)d/x, ^ ( k / 2 ) l t p ( x X T o T ) + ( 3 / 3 2 ) € . 

Hence I ^ x ^ o T ) > ( 5 / l 6 k ) £ . This fact joined with (4 ) gives 

an inequality I<p(y% T ( x ) ) - I<p(x X T ( X ) ) > 0 / 4 k ) £ . Now, 

applying Lemma 0.4 from [5] there e x i s t s a posi t ive number oC de
pendent only on £ ,k such that 

(5) I<p((* - T ) % T (X\) »<*. 
O* 

for every considered x. Denote VX(A) - Iq>((x - y) Xk(\T CXO* 

These set functions satisfy assumptions of Lemma 3 in [5] f if we 

put x in place of t . Indeed, V X ( A ) ̂ (1/2) I^(2x X A O T CX))+ 

0/2)l(p(2y X A H T ( X ) ) ̂ ^ C 1 + C
2)/

2)AA" I% imPlies t h a t 

VX(A) £ £ if /A-A £ 2£/(c1 + c2) . Moreover yu(T% T^ < oo and 

Vx(T.j) - 0. Putting T^ • T > T1 we arhowBd the first assumption 

of the lemma. 'The second assumption is obvious by [5] •Therefore, 

taking the function- S (yCt)/ llyCt )ll, oC/16) as qCt) in this lemma, 
there exists p > 0 such that 

(6) M ( x - y ) X T Y x ) n T ' > > ( 3 / 4 ) 0 C » 
OЛ 

where TQ- { t € T : S ( y ( t ) / l ly(t)ll , oC/16 ) £ p } . 
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Now, let q(t) be the function from Lemma 2 chosen for oC/16, 1/c1# 
c'2> p in place of £ f oC^9 cC 2, p. Applying again Lemma 3 in the 
context of (.6), there exists a constant qe(ofl) such that 

(7) 1(0 ((x - y)X T ( x i A T ^ T
1 1 ) ^ °C/2t 

» o ' o o 
wher6 T0 - { t e T : qCt)> q ) . Denoting UCx)« TQCx) A Ton T o , l e t 
T2Cx) - ( t £ U ( x ) : | |xCt) - yCt ) | | ^ ( o C / 8 ) (| |xCt)ll v |lyCt)l|)l . 
If t€T 2Cx) then values xCt) and y ( t ) sa t i s fy assumptions of 
Lemma 2 and so 
<p(l|(*Ct) + y C t ) ) / 2 | | , t ) - i (1 - q ) ( < p ( l l x ( t ) | | , t ) + <p(l |y(t) | | , t )y2. 
Therefore 

(8) I<p((x + y ) /2 ) ^ ,1 - C q / 2 ) ( l ( f ( x % ?2(x)) • xcpfr * T 2 ( x ) ) -

If t € U ( x ) s T 2 C x ) then Cp(||xCt) - yCt) II f t ) < (oC/8 )(cp (|| x(ti) || f t ) 

+ <p(llyCt) I I , t ) ) . Hence I<p ((x - y) Xu (-x ) v T ( x ) ) ^ oC/4 • Sof In 

virtue of ( 7 ) we have I<p ((x - y ) XT CX)) > ° ^ * • Now> w e find 

a constant k1 and a function h1 such that 
Sh^(t)djuu £ oC/Q and Cf(2uft) -£ k cp^u . t ) + h^ ( t ) . 

Then I < { > ( * % T 2 C X ) ) * V 7 X T2Cx) ) ^ C^/^)^ cp((x " 3r) X ^ x ) -

S h1(t)d/ju) £ (2 /k^ ( 0C/4 - cC/8 ) - oC/4k1 . Hence and by (8) 

we get the following estimation 

C9) I<p((* + 7)/2) -£ 1 - qoC/8^ 9 

which ends the proof in virtue of Lemma 0.3 in [5 J • 

Nowf we will show that LQ^C-O is uniformly rotund in every 
direction. Let z 6 L & 9 z f 0 and I(7>CX)^1 an^ *(£) (x + z ) < 1» 
Assumptions of Lemma 4 in £5j are satisfied with functions z and 
x. Then, there exist constants cfdfoC>0 such that 

IcpC2 XW0(x) ̂
 > c« 

for arbitrary x satisfying Iin(x) < 1f where 
w o ( x ) - w 1 n w x f 

W1 - [ t e T : 1/c .^ c p ( | | z C t ) | | / 2 f t ) and cp(2 | | a ( t ) | | f t ) ^ c \ , 
Wx " h € T : ^C2 l lx( t ) | | f t )< d) . 
Since zCt) V 0 for every t*W1 f S ( 6 , -> z ( t ) ) > 0 for t€WQ (x) . 
Moreover ^W^ < CD . Applying Lemma 3 in [ 5 ] for set mappings 
VX(A)- I<n(z x w ( X ) O A ) a n d t h e f u n c t i o n S(tt -* z ( t ) ) f there 

e x i s t s p e ( O f l ) such that 

Jcp(z XWQ(x)n W1) > 0 / 4 > < * . 
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where W1- -[t€T : 5 (fc , -*z (t)) >> p ̂  . Let q(t) be a function from 

Lemma 3 chosen for constants oC/8f l/cf (c+d)/2, p taken as £, oC*9 

oCofP* Applying again Lemma 3 in [5] we obtain 
Jy(Z Xw 0(x)AW

,AW , ,)^^/2 , 

where W11 - (teT :q(t)^q]f for some q € (0f 1 ) . Let 

W2(x) - (t€W(x) : llz(t)|| >, (oC/8) (||z(t) + xCt)l| V llx(t)||),} 

where W(x) - WQ(x) n.w'n W.
M If teW 2Cx) then values of zCt) and x(t) 

satisfy assumptions of Lemma 3 with constants oC/8, 1/c,(c+d)/2fp. 

Indeed 1/c £ Cf>(||z(t) )| /2, t ) < cpC|| z(t) + x(t) II V || x(t)||, t ) £ 

(c • d)/2 for t€WQCx)f *by the inequality (0.2). Therefore 

Cf(||z(t) + x(t)/2||ft)<(l - q)(cp(||zCt) + xCt)ll ft) + 

cp(||x(t)|| ft))/2 for teW 2(x). In the sequel,proceeding simi

larly as in the previous proof beginning from inequality (8) f we 

get an estimation of the type (9) • So, in virtue of Lemma 0.3 in 

[5], the proof is finished. 

Remark. The separability of X is used only for measurability 

of compositions 5 (y(t), £) and 5(£ f-*y(t)) • The above theorem 

is a generalization of some results from [3j and [8j . 
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