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SOME MORE X -FULLY NORMAL SPACES 

KLAAS PIETER HART 

0. Introduction 

In [Ma] Mansfield introduced the notions of K -full and almost-

-K-full normality. One of the problems still left unanswered is 

the solution of the equation: 

X -full normality = almost- X-full normality + (P . 

In £juj Junnila essentially showed that almost- K -fully normal 

orthooompact spaces are K -fully normal, so the problem was raised 

whether orthocompactness might be a solution of the above equation 

(it was the only known candidate). The purpose of this note is to 

show that this isy at least consistently, not the case. We find 

under GCH (actually somewhat weaker assumptions suffice) that for 

every K there is a K-fully normal space which is not orthooompact. 

1. Definitions and preliminaries 

1.0. Covering properties 

Let X be a topological space. Let ZL and 2/~ be (open) covers 

of X . Let X >/ 2 be a cardinal. We say that V~ is 

- a X -star refinement of ZL iff whenever V" s l^has cardinality -s x 

and n # V & f there is a U eU. with \JVKz. U 4 

- an almost K -star refinement of ZL iff whenever X6 X and 

A 9 St(*.,Z>~) has cardinality <K , there is a U«IL with A * U. 

Also an open oover & of X is interior-preserving iff for every 

&x sO- f r\&% is open. 

We call a space X 

- (almost-) X -fully normal iff every open oover of X has an open 

(almost*) K-star refinement; 

- orthocompaot iff every open cover of X has an open interlor-

- preserving refinement. 

As noted in the introduction (almost-)K -full normality was defined 

by Mansfield in [Ma] y for more information on orthocompactness 
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see [So] . 

1.1. Functions from CO to C«-> 
to 

As usual Co is the set of finite ordinals, and UJ is the set 
of functions from to to oo . 

Let f,g e ^UJ we define 

f <# g i f f £n 6-OJ : g(n) -< f ( n ) } i s f i n i t e . 
A se t <D s ^ou i s said to be dominating i f f 

V f e ^ a / 3 gcr® : f < , g . 

A scale in ^ is a dominating subset of <*J whloh is if ell-ordered 

by < * . 

Scales exist in some models of ZFC and don't exist in others. Xt is 

easy to show that CH implies the existenoe of an to? -scale (i.e. 

a scale of order-type Co ) t on the other hand adding CO •• Cohen 

reals to any model of ZFC will produce a model without scales. For 

more information on these matters the reader is refered to [vDjf • 

All other undefined notions can be found in [En] or [KU2J . 

2. A 2-fully normal space which is not orthooompaot 

The space of this section was desoribed first by Burke and 

van Douwen in [BUVDJ , later Fletcher and Kunzi (FJLKuJ showed that 
A Uf 

it is not orthooompaot. Let < f^ : o£&A> be a scale in <" , with 

X a regular cardinal. Of course we assume that c*6/S<s-A -* f^ <^ f, , 

Ve also assume that eaoh f^ is striotly increasing. 

We topologize the set A U ooxoJ (disjoint union) as follows: 

- the points of Co* Co will be isolated, and for convenience 0 &/L 

will be isolated too. 

- for p>Got&\ and n^cu we let 

U(c<:,̂ ,n) =f/s^]ul<k,l> : f (k)<l^f#<(k) and k * n } 

then for <*<_-A\{o] {u(*,/*fn) : /.^ and nec~} will be a local 

base at ©< . 

The basio properties of this space were investigated in /BuvDJ , we 

show here that i& is 2-fully normal but not orthooompaot. To this 

end we first prove a lemma* 

2.0. Lemma 

Let for every <?C^AMOJ a basio neighbourhood U (*,/*.< ,n*) be given. 
Then there are a stationary set S cA , n<s-cu and ordinals 

b ^ . . •>*> = 0 suoh that 

(i)e<e S -:> /^s b Q and k ^ n -* ffe (k) < f^k) 
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(11) i<S m -» (k> n -> f. (k) < f. (k)) and n > n. 
toi+1 toi ^1 

QW.L.O.G. Assume that for k^ n^ £*(%L) < f*(k) whenever c*«A\fo{ . 
Then by the pressing-down Lemma [KujII.6. 15J| ve can find a sta
tionary S sA , b <s-A and n eeo suoh that for <*. e S ̂  A, s b 

' o o / *• o 
and n^ a n . Now simply let, in oase b,> 0 , b. . =/J. . Then 

b > b« ... so we can find m <£<̂> with b = 0 . Now beoause o i m 
f.o ^ fb :for i ^ m > i* is easy to find XL^XI such that 

(ii) (and (i)) is satisfied D 

Using an observation one to Kunen [KulJ we can even get a little 

more: 

2.1. Lemma 

The assumptions are as in 2.0. The additional oonolusion is 

(ill) V g *"UJ 3*6 s : (k>n -> g(k) <fK(k)) . 

D If not then for every n <£<-*» we oan find gn<s i" suoh that V»<<?s 

3 k > n suoh that en(--0 >
 f*(k) • Define e<-?^by g(n) a 

s max g. (n) + 1 • Now < f^ : «* 6- S > , being a oofinal subset of 
i<n x 

a soale, is dominating. So piok ote s and m 6̂ > suoh that for 

k ^ m g(k)<f^(k) . By assumption we oan find k^m with f^(k)^ 

^g (k) <g(k) <f*(k) which is a contradiction. So we oan enlarge 

our original n <£*>-* somewhat to get (ill). Q 

Ve now verify 2-full normality and non-orthooompaotness. 

2.2. Our space is 2-fully normal 

D Let u be an open cover of our space. 

For every <x<*A\tO( pickle*, nrf €<+J and O^efr suoh that 

U(*,A^fn^) £ O<0 Apply Lemmas 2.0 and 2.1. to obtain S, b 0,M.,b B 

and n satisfying (l),(li) and (ill). Let 

H 5 (U(h i ,b i + 1 ,n ) : i4m}u{u(c< ,b 0 ,n ) jc (6 s} (/{{xi: x ^ x u / ( / { o l } . 
Clearly It. is an open refinement of O". 

Let U . p U ^ ^ satisfy U ^ U ^ / ^ . 

If Uj or U 2 oonslsts of one point then there is nothing to 

prove. It then follows from (i) and (ii) that there are«^ f^ 26 S 

with U. = U(*.fb fn) (i s 1,2), in the other oase. 

Set g(k) a m a x f f , (k),**,* (k) l (k e<-o ) and f ind cK 6 S suoh 
1 ^2 J 

that k > n g(k) < f^ (k) . 
3 



58 K. P. HART 

Then U,j (/ U 2 s U(«< ,bQ,n) c O ̂  . 

Thus ZL is a 2-star refinement of 0" . £7 

2.3. Our space is not orthocompact 

OLet Z^be an interior-preserving open cover of our space. 

For t<eX\{o] set V^ = H [v <s-V~: *<s- v] and pick A* <s- * and n^e<-o 

with U(^,/Vin<)«.V^ . 

Find S . b , •••,b. and n as above. 
V o m 9 

Let C = { SeA : V̂ <5-<T V m *c^3^*£s(k *n -> f (k)+m -cf (k))j . 

As usual C is a closed and unbounded subset of . For un-

boundedness use (iii). 

Fix S* S r iC , then for <* e Srt (bo,4~] ,c<e U(<T,^o,n) €. Vj- , so 

U(<^,bo,n)c:V^ * V^ . Thus C^;u(«,bo,n) :** (bQf J"! n sj c Vj- . 

Using the fact that <T<e c it is straightforward to verify that 

F ={<k,l> : f*(k) < l] £</{u(*,b ,n) :**(b ,<f7̂  s} £ V^ . 

Now for no *G-h\\o\ does U(<,0,0) contain F . 

It follows that H = ̂ U(«,0,0) : *<f-/K{o({ o {<*}.. ̂ e-cox~o/of f 

does not have an interior-preserving open refinement Q 

3. Generalizations 

Xt is straightforward to generalize the construction from section 

2 to higher cardinals. 

Let X be an infinite oardinal number, and let yU a X* (the cardinal 

suooesor of K ), 

Define a pre-order <» on y- as before: 

f <,g iff 3 «<*/<. ( f\>,« -> f(^) -< g(/>)) • 

Ve let < f^ :«**A> (A regular) be a scale in^*-, such a scale 

exists if e.g. 2 =^a^is assumedjand A = M-* in this oase. 

Ve topologize X v/tx/t as above. 

The proofs in section 2 go through almost verbatim, for X -full 

normality observe that if ^ £ ^t has cardinality £ x then 

g(°0 = sup [f(*)+1 : f 6r^) (*<£/<) is well-defined. 

We leave the details to the reader. 

The result is a X -fully normal spaoe which is not orthooompaot. 

4. Question 

¥9 know now that orthooompaotness does not work. But the problem 

remains as to whether there is a nontrivial topological property P 

such that X -full normality = almost- K-full normality + ̂  . 
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