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Radon Measures 

DAVID FREMLIN 

Colchester 

Received 15. March 2004 

In these lectures I discuss some relationships between topological properties of a Haus-
dorff space and the properties of the Radon measures it carries, concentrating on ideas 
involving cardinal functions. Essentially all this material may be found in may treatise 
'Measure Theory,. 

1. Measure spaces and algebras 

I begin with the basic measure theory we shall need. 

1A Definitions (a) A measure space is a triple (X, Z, ju) where X is a set, Z is 
a cr-algebra of subsets of X, and \i: Z -* [0, oo] is countably additive (FREMLIN 
00, 112A). In this case, the null ideal of \i is 

Jf{li) = {£: 3 F e Z, E c F, /iF = 0}; 

(FREMLIN 00, 112D); this is a cr-ideal of subsets of X. \i is totally finite if 
\iX < oo (FREMLIN 01, 211C), complete if J^(fi) c Z (FREMLIN 01, 211A) and 
atomless if for every non-negligible E e Z there is a measurable F = E such that 
neither F nor E\F is negligible (FREMLIN 01, 211 J). 

(b) (See FREMLIN 07?, §511.) If X is a set and J is an ideal of subsets of X, 
then the additivity of J is 

add , / = m i n { # ( j / ) : s4 c . / , \Js/$J) 

(if ( J , / e . / , write add , / = oo); the cofinality of J^ is 

ciJ = m i n { # ( j 3 / ) : j / c j 9 V / e J^ 3 A e s/9 I c ,4}; 
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the uniformity of J is 

nonJ = m i n { # ( y l ) : ^ c X, A £ J) 

(if X e J9 write non J = GO); the covering number of J is 

cov J = min{#(sJ):sJ ^ . / , [JsJ = X} 

(if (J J 7-= X, write cov J = oo); and the shrinking number of , / is 

shrJ = m i n { K : : V y l E ^ X \ t / 3 5G[y l ] - K \ t / } 

(if Keyset shrj^ = 0). 

J is a (7-ideal iff addJ> cox. Provided that [J J = X $ J, we have 

add , / < cov J^ < cf,/, add , / < non , / < shrJ < cf J 

(FREMLIN07?, §511). 
Remark If (X, Z, JJ) is a complete totally finite measure space and K is a cardinal, 
then ft < add«yV(/i) iff ^((J^^E^) is defined and equal to T^<KJLLE^ for every 
disjoint family < F ^ < K in Z (FREMLIN 07?, §511). 

(c) If (X, Z, JU) and (Y, T, v) are measure spaces, a function f: X -* Y is 
inversemeasure-preserving if \if *[F] is defined and equal to vF for every F e T 
(FREMLIN 01, 235G). 

IB Measure algebras (a) A measure algebra is a pair (21, ju) where 21 is 
a Boolean algebra and Ji: 21 -> [0, oo] is a functional and 

21 is Dedekind cr-complete, that is, any sequence in 21 with an upper (resp. 
lower) bound has a least upper (resp. greatest lower) bound; 

Ji is countably additive, that is, JiO = 0 and ^(sup^^a^) = Sw°°0^/i f° r a n v 

disjoint sequence <a„>nG^ in 21; 
Ji is strictly positive, that is, Jia > 0 for every non-zero a e 21. 

(FREMLIN 02, 321 A). 

(b) If /i is finite-valued, that is, Jl\ < oo, we say that (21, Ji) is totally finite. In 
this case 21 is ccc (that is, every disjoint family in 21 is countable) and Dedekind 
complete (that is, every non-empty subset of 21 with an upper bound has a least 
upper bound; FREMLIN 02, 322G and 322B). If Jul = 1 I will say that (21, Ji) is 
a probability algebra. 

(c) For any measure space (X, Z, /i), Z n JV([I) = \x *[{0}] is an ideal of 
the Boolean algebra Z, so we can form the Boolean quotient algebra 
21 = Z/Z n jV(fi); we have a functional Ji: 21 -> [0, oo] defined by saying 
that Ji(Em) = LiE for every E e Z. Now (21, /l) is a measure algebra (FREMLIN 02, 
321H). 

1C Cardinal functions of Boolean algebras Let 21 be a Boolean algebra. 
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(a) The Maharam type T(21) of 21 is the least cardinal of any subset A of 21 such 
that 21 is the order-closed subalgebra of itself generated by A (FREMLIN 02, 33IF). 

(b) The 7i-weight 7c(2I) is the least cardinal of any subset A of 21 such that every 
non-zero member of 21 includes a non-zero member of A. 

(c) The weak distributivity wdistr (21) is the least cardinal of any family si of 
maximal antichains in 21 such that for every maximal antichain B in 21 there are 
Ae si, b e B such that {a: a e A, a n b 7-= 0} is infinite; or oo if there is no such 
family s4. (FREMLIN 07?, §511.) 

ID Standard measure algebras For any set 7, let v7 be the usual (completed) 
measure on {0, l}7

 (FREMLIN 01, 254E), T7 its domain and (237, v7) its measure 
algebra. Then T(237) = # (/). If I is infinite, 237 is homogeneous in the sense that 
it is isomorphic, as Boolean algebra, to all its non-zero principal ideals; in fact (237, 
v7) is homogeneous in the sense that if b e 237 \ {0} and T)b is the principal ideal 
generated by b, there is a Boolean isomorphism n : 23 -> T)b such that 
v7(7ia) = v7b • v7a for every a e 237 (FREMLIN 02, 331K-331L). 

IE Maharam's theorem If (21, Ji) is a totally finite measure algebra, there is 
a partion <a;)IG7 of unity in 21 such that each principal ideal 2Ifli, with the restricted 
measure Ji \ 2Ifl/, is isomorphic, up to a scalar multiple of the measure, to (23K., vK.) 
(MAHARAM 42, or FREMLIN 02, 332B.) Now T(23) = supIG/ K{ if the right-hand-side 
is infinite (FREMLIN 07?, §513). 

IF Associated facts (a) If (21, Ji) is a probability algebra and K > max (cO, T(21)) 

then (21, Ji) embeds in (23K, vK) in the sense that it is isomorphic, as measure algebra, 
to (G, vK T G) for some subalgebra G of 23K (FREMLIN 02, 332N). 

(b) If (21, Ji) and (23, v) are probability algebras and each embeds into the other 
then they are isomorphic (FREMLIN 02, 332Q). 

2. Radon measures 

2A Definition Let (X, 2) be a Hausdorff space. A totally finite measure jn on 
X, with domain E, is a Radon measure if 

X .= S (so that all Borel sets are measurable); 
\x is inner regular with respect to the compact sets, that is, 

ju£ = sup [iiK: K ^ E, K is compact} for every E e E; 
ji is complete. 

(FREMLIN 03, 411H). 
For any set 7, v7 is a Radon measure on (0, l}7 (FREMLIN 03, 416U). 

2B THE PROBLEM For a given Hausdorff space X, describe the possible 
types of Radon measure on X in terms of topological properties of X. 
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For a random example of what can be said, see 4J below. 

2C Theorem Let (X, X, Z, /i) be a non-empty totally finite Radon measure 
space, and (Y, T, v) a complete measure space. Let (91, Ji) and (23, v) be the masure 
algebras of (X, Z, JJ) and (^ T, v) respectively. If TT : 91 -> 23 is a mea
sure-preserving Boolean homomorphism, there is a function g:Y->X which 
represents n in the sense that g J[F] eT and (g *[£])* = n(E°) for every E e l . 

skeleton of proof Let W, Z be the Stone spaces of the algebras 91, 23 respectively; 
for a e 91, let a be the open-and-closed subset of W corresponding to a. Then we 
have continuous g : Z -> IV such that g ! [a ] = 7ia for every a e 91 (FREMLIN 02, 
312P). Let 0 : 23 -> T be a lifting (that is, a Boolean homomorphism such that 
(0b)m = b for every 6 G S ; see FREMLIN 02, 341K). Then we have a function 
h'.Y^Z defined by saying that hl[b] = 9b for every b e 23. Set WQ = 
= (JjX* : K - X i s c o mPa c t}> a n d define / : W0 -> X by saying that / ' [X] = 
= X* for every compact K c X (FREMLIN 03, 416V). Take g: Y-> X extending 

(For details see FREMLIN 02, 343B and FREMLIN 03, 416W.) 

2D Corollary If (X, X, Z, li) and (1^ G, T, v) are totally finite Radon measure 
spaces with isomorphic measure algebras (91, Ji) and (23, v), then 

non J^(fi) = non J^(v\ cov Jr(ix) = cov ^ ( v ) . 

proof The case in which \iX = vY = 0 is trivial. Otherwise, let TT : 91 -> 23 be 
a measure-preserving isomorphism represented by g : Y -> X. 

If £ c Y is not negligible then B £ g ![g[B]] so g\B\ is also not negligible 
and non Jr(y) < # (g [#] ) < #(B)\ as 5 is arbitrary, non ^V(ju) < non Jr(v). 

If stf <^ Jr(ti) covers X then {g ![^4] : ̂ 4 e sf} c yV(v) covers Y; hence 
cov ^T(v) < cov J^(JJ). 

2E Elementary facts Let (X, X, Z, //) be a Radon measure space. 

(a) JU is inner regular with respect to the family of compact sets K which are 
selfsupporting, that is, /i(X n G) > 0 whenever G is open and X n G ^ 0 . P If 
X c X is compact and ^ = {G: G e 2 , p{K n G) = 0}, then li(X n ( J^ ) = 0 
and X \ ( J ^ is self-supporting. Q 

(b) If ji is atomless and non-zero, there is a function / : E -> {0, 1}W such that 
Lf-^F] = LiX-vwF for every F e Tco (FREMLIN 02, 343C). In this case, 
Tw = {F: F = {0,1}W, / J[F] e Z} (FREMLIN 03, 4181). 

2F Theorem (FREMLIN 84, FREMLIN 91) If (X, X, Z, /i) is an atomless totally 
finite Radon measure space with Maharam type K > co, then 

cf jr(jn) = max (cf JT(v^ cf \K\-% add JV(H) = min(add ^ (v w ) , add [ic]*0). 
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Remark Here [K]-03 is the O~-ideal of countable subsets of K. Of course add [K]-CO 

is oo if K is countable, co{ otherwise, so I am saying that add Jf(\i) = cLh if K > co. 

sketch of proof All the proofs I know depend on non-trivial facts about measure 
algebras. A possible route is the following, relating the 7T-weight of a measure 
algebra to the cofinality of a null ideal, and the weak distributivity of the algebra 
to the additivity of the ideal. Full details may be found in FREMLIN 07?, chap. 52. 

(a) Gf\K\*° <cf JT{ii)9 add ̂ ( / * )< add [*]*". P There is a family < £ ^ < K of 
negligible sets such that {£: E^ ~~ E} is countable for every E e Jf(\i) (FREMLIN 
07?, §523). Q 

(b) cfjr(vw)<cfJ^(ju), add J^(ii)< add jV(va). P Let f:£ -* {0, If be as in 
2E(b). If s4 ~~Jf(vw) and {Jstf$JV(vw\ then {f~l[A~\: Ae stf} ~~ JT(fi) has 
non-negligible union. If ^ is a cofinal subset of Jr(fi), then {{0, 1}W\ 
\f[X\C] : C G %} is cofinal with J^(vw). Q 

(c) cfJr(ji) < 7i(33K). P It is enough to consider the case in which juX = 1 and 
every non-empty open set has non-zero measure. In this case the product Radon 
measure jiw on XN (FREMLIN 03, 417Q) has measure algebra (91^, Jlw) isomorphic 
to (33K, vK) (FREMLIN 02, 334F). Let D ~~ 2Ico\{0}be an order-dense set. For each 
d e D let Ld ~~ XN be a non-negligible self-supporting compact set such that 
L* ~~ d. Set (j)n(w) = w(n) for weX N and neN, and Ed = ^\U„e^</>n[£j; a s 

Ld ~~ (X\Ed)
N, Ed e Jf(\x). If E e Jf(\x), there is a sequence (Kn}neM of compact 

sets in X such that Kn ~~ X\E and \iKn > 1 — 2~n for each n. There is a d E D 
such that d ~~ (Y\neNKn)

m, and now Ld\Y\n(=NKn is negligible; because Ld is 
self-supporting and n ^ ^ " *s C l° s ed, Ld ~~ Y\neNKn, so that E ~~ Ed. Thus 
{Ed : d E D} is cofinal with J^(/J); as Q) is arbitrary, cf Jf(\\) < 7r(9Î ) = 7i(33K). Q 

(d) TT(S3K) < max(cf [ K : ] ^ , 71(33.,)). P If J £~ [K]W is cofinal, and for I E J we 
set (£7 = {ET: E ETK is determined by coordinates in / } , then every (£7 is 
isomorphic to 33w and 33K = {JIej&i. Q 

(e) (CICHON KAMBURELIS & PAWLIKOWSKI 85) n(95w) < cf Jf(vw). P Let s4 be 
a cofinal subset of Jf(yw). Let + be the group operation on {0, lj° = ZN, and set 
Q = {q:qE{0,lf, l i m ^ ^ q(n) = 0}. For A e s/, A + Q is negligible; let 
KA gz {0,1 f be a non-negligible self-supporting compact set. Let 'V be the countable 
set of open-and-closed subsets of {0,1 f and set D = {((KA n V) + q)m : A E S/9 

VEr,qEQ}~~ 33w. 
If b E %5W in non-zero, let K ~~ {0,1}° be a non-negligible compact set such that 

K* = b. By the zero-one law (FREMLIN 01, 254S), K + Q is conegligible and 
includes KA for some AE s/.By Baire's theorem, there are q E Q and VE if such 
that K + q~2KAnVy^0. Now KA n Fand KA n V + q are non-negligible and 
0 -^ ((KA n V) + q)# ~~ b. As b is arbitrary, D is order-dense and 
TT(S3W) < #(D) < #{s/); as stf is arbitrary, n(&a) < cfJ^(vw). Q 
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(f) add Jr(ii) > wdistr(U). P Let (E^}^<K be a family in J^(fi) where 
K < wdistr(2l). For each £ < K let A% c= 21 be a maximal antichain consisting of 
sets of the form Km where K c X\E^ is a compact set. Let B .= 21 be a maximal 
antichain such that {a: a e A^ a n b / 0} is finite for every b e B. Given E > 0, 
we have a c e 21, a finite union of members of B, such that ju(l\c) < s; by 2E, 
there is a self-supporting K _= X such that li(K\K) < 8 and K# ^ c. For each 
£ < K, there are a0> •••> #w

 G -4«* s u c h that c <= sup,<n a„ so there are compact sets 
Ko, •••, Kn c XXE,, such that K\lJI<nK/ is negligible. As K is self-supporting, 
K c y /<n K. cz X\£^. As (̂  is arbitrary. [j^<KE^ c X\K, which has measure at 
most 8. As s is arbitrary, (J^<K £<* is negligible. Q 

(g) Let Sf be the family of subsets ^ of N x N such that #(S[{n}]) < 2" for 
every neN. Write I for the 'localization number', that is, he smallest cardinal of 
any set F c NN such that for every S e ^ there is an feF such that 
{n : (n,f(n)) $ S} is infinite. Then wdistr(93(0) > I. P Let S be the countable algebra 
of open-and-closed subsets of {0,1}W and for n e N let Sn = {V: Ve S, vwV< 4~"}. 
Suppose that K < I and that (A^)^<K is a family of maximal antichains in 93(0. For 
£ < K, n e N let K& .= {0,1 }w be a set of measure greater than 1 - 8 n such that 
K*n meets only finitely many members of A^. Express {0,l}w\K£n as (J,>n V^ni where 
VaVzni < 8 ' for each i and each V& belongs to S. Set f^(n) = ( J , ^ V^ni e Sn for each 
n. Because K < I there is an S c {(n,V) : n e N, Ve Sn} such that #(S[{n}]) < 2" for 
every n and {n : (n, f(n)) <£ S} is finite for every £ < K. Set Hn = [ji>n (J S[{*}] f° r 

neN. Then vwHn< Ef=n 21 • 4 ' = 2~n+1 for each n. Set cn = l\H*n, b0 = c0, 
bn = cn\cn j for n > 1; then B = {bn: n e N} is a maximal antichain in 93(0. If £ < /c 
and m e N , there is an n > m such that (i, f(/)) e S for every i > n. So 

Hm 2 []i>_nfli) = [Ji>n V,ni = {0,lf\Kzn 

and bm ^ cm ^ K*n meets only finitely many members of A%. As <^><^<K is 
arbitrary, wdistr (93w) > I. Q 

(h) I > add JT(v^). (BARTOSZYNSKI 84, or FREMLIN 07?, §521). 

(i) Assembling these, 
- (a) and (b) show that 

cf JT (fi) > max (cf JT (va), cf [K]*°), add JT (/i) < min (add JT(vw), add [K]*0); 

- (c) - (e) show that cfJr(ji) < max (cfJT(vm)9 cf ^[ ic]*0) ; 
- ( f ) - (h) show that if K = co then add JT (\x) > add Jr(v(a). 

2F A problem From 2D and 2F we see that, at least for atomless totally finite 
Radon measures \i (and atoms in Radon measure spaces are trivial), the cardinals 
add JT (fi), non JT (li), cov JT (\JL) and cf JT (\x) depend only on the measure algebra 
of fi. I do not know whether this is true of the shrinking number shr JT (fi). 

In particular, let Z be the Stone space of 23 w and X its usual Radon measure, 
defined by setting Xb = vwb for every b e 93w (FREMLIN 03, 41 IP). Then the 
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measure algebra of X is isomorphic to (©«,, vw) (FREMLIN 02, 32IK), and Jr(X) is 
the ideal of nowhere dense subsets of Z (FREMLIN 02, 322Q). Now shrJr(v(0)< 
< shrJr(X). P There are inverse-measure-preserving functions / : Z -> {0,1}'J and 
g : {0,1}" -> Z such that f(g(x)) = x for every x e {0,1}° (FREMLIN 03, 453M). If 
/I c= {0,1}° is non-negligible, so is #[-4] -= Z, so there is a non-negligible 
B - d\A] such that # (B) < shr ^ ( / l ) ; now f\B] ^ A is non-negligible and 
# (f\B]) < shr ^ ( 2 ) . Q But is it consistent so suppose that shr JJ()) > shr Jf (vw)? 
In random real models over a ground model in which the continuum hypothesis is 
true, shrJ / '(vaj) = (Dx\ what happens to shr,yV(/l)? 

3. Maharam types of Radon measures 

The results in §2 show that, at least for the questions considered here, properties 
of a Radon measure can often be inferred from its Maharam type. It therefore 
becomes natural to ask which cardinals can appear as Maharam types of Radon 
measures on which topological spaces. Since there seems to be no simple answer 
we come to another definition. 

3A Definition If X is a Hausdorff space, write MahR(X) for the set of those 
infinite K such that (93K, vK)is isomorphic to the measure algebra of some Radon 
probability measure on X. 

It is easy to see (using the homogeneity of the algebras (93K,vK)) that 
MahR(X) = (J{Mal^(K): K c X is compact}. 

3B Lemma (FREMLIN 03, 416O) Let X be a Hausdorff space and v a functional 
such that 

(t) dom v is a subalgebra of SPX and v is a (finitely) additive functional; 
(X) vE = sup {vK: K E dom v, K ^ £, K is compact} for every E e dom v. 

Then there is a Radon measure fi on X, extending v, such that 
(*) for every E e dom JLL and s > 0 there is an F e dom v such that 

jn(EAF)<s. 

sketch of proof Let ji be a maximal extension of v satisfying (t), (X) and (*); write 
Y_ for the domain of \i. 

(a) If G _= X is open, set 

lix((E n G) u (F\ G)) = sup fi(E n H) + inf IJ{F\H) = 
HG__,H^G HE__,H^G 

= lim ii(E n H) ME n H) u (F\tf)) 
He£,H£G,HT 

for F, F e S; show that L^ satisfies (t), (t) and (*), so /^ = fi and G e S . 
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(b) If <^>nG^ is a non-increasing sequence in S with empty intersection, then 
lim^oo \iEn = 0. P Given e > 0, we can find compact sets Kn c= £n such that 
jn(En\Kn)<2n£ for each rz. There is some rneN such that P|/<mK; = 0, so 
infnGN L/F„ < fiEm < 2s. Q 

(c) If (En}neN is a non-decreasing sequence in S with union G, define /^ by the 
formula in (a); show that /^ satisfies (t), (t) and (*). Hence S is a cr-algebra and 
(using (b) again) L£ is a measure. It is now easy to check that fi is complete, so is 
a Radon measure. 

3C Theorem If X is a Hausdorff space and co < K < X < MahR(X) then 
K e MahR(X). 

sketch of proof Let fi0 be a Radon probability measure on X with measure algebra 
isomorphic to (23A,v;); let <F^>^</L be a stochastically independent family of 
measurable sets all with measure ^ Let T ^ dom fi0 be a subalgebra of 3PX, of 
size K, containing E^ for every £ < K, and such that for every E e T and n e N 
there is a compact K e T such that K ^ E and fi0(E\K) < 2 n. Apply Lemma 3B 
with v = k^otF 

3D Theorem Let X and Y be compact Hausdorff spaces and f: X -> Y 
a continuous surjection. Then MahR(Y) ^ MahR(X). 

sketch of proof Let X be a Radon probability measure on Y with measure algebra 
isomorphic to (SK,vK). Set vf_1[F] = IF for F e dom 2 and apply 3B. 

3E Theorem If X is a compact Hausdorff space, then the following are 
equi veridical: 

(i) X is not scattered, that is, there is a non-empty subset of X with no isolated 
point; 

(ii) there is a continous surjection from X onto [0,1]; 
(iii) co e MahR(X). 

scheme of proof (i) => (ii) => (iii) => (i); see FREMLIN 07?, chap. 53. 

3F Theorem For any Hausdorff space, sup MahR(X) is at most the weight xv(X) 
of X. 

proof If /i is a totally finite Radon measure on X with measure algebra 21, and 
°U is a base for the topology of X, then {if : U e °ll) generates 21. P For any open 
G <= X, 

G# = sup {KT : K _= G is compact} = sup {if: U e <%, U c G}; 

for any E e dom li, E* = sup [K? : K c K is compact}. Q 

3G Theorem Let <X,>/G/ be a family of non-empty Hausdorff spaces with 
product X. Then an infinite cardinal K belongs to MahR(X) iff either 

30 



K < #({i: i e I, #(X) > 2})or K is expressible as sup/G/ KX where KX e MahR(X,) for 
every i e I. 

proof FREMLIN 07?, chap. 53. 

4. Precalibres 

When we come to the problem of determining MahR(X) for given topological 
spaces X, the most interesting results are associated with the following idea. 

4A Definition Let (21, Ji) be a measure algebra. A cardinal K is a mea-
sure-precaliber of (21, Ji) if whenever <a^>(.<K is a family in 21 such that 
infi<K Jia^ > 0 then there is a T e [K]K such that [a^: £ e V} is centered, that is, 
inf£G/ a^ y£ 0 for every finite I ^ V. 

4B Lemma (FREMLIN 07?, §524) For an infinite cardinal TC, the following are 
equi veridical: 

(i) K is a measure-precaliber of (SK,vK); 
(ii) K is a measure-precaliber of every totally finite measure algebra. 

sketch of proof If K is a measure-precaliber of (93K,vK), (21,/!) is a probability 
algebra, and <a^>^<K is a family in 21 such that inf^<K Jia^ > 0, let £ be the 
order-closed subalgebra of 21 generated by {a^: £ < K}. Then T((£) < K SO (£, /7 f G) 
can be embedded in (23K,vK); this makes <ac>^<K correspond to a family in 23K which 
must have a large centered subfamily. 

4C Proposition (a) co is a measure-precaliber of every totally finite measure 
algebra. 

(b) If K is a regular cardinal greater than non J^(fiw) and cf [2]<w < K for every 
X < K, then K is a measure-precaliber of every totally finite measure algebra. 

(c) If K < m (that is, if MA(JC) is true), then K is a measure-precaliber of every 
totally finite measure algebra. 

(d) If K is either co or a strong limit cardinal of countable cofinality, and 
2K = K + , then K+ is not a measure-precaliber of (23K,vK). 

sketches of proofs (a) If (2l,/l) is a totally finite measure algebra and Jlan > S for 
each n, choose a strictly increasing sequence <rife>K6N such that /l(sup^<n<^na„)> 
>/l(sup >nkan) — 2 k lS for each k. Then <bK>Ke^ is centered, where bk = 
= supn,, n<nk + lan for each k. If A is a maximal centered family in 21 containing 
every bk, then for every k there is an n e [ftK,nK+1[ such that an e A. 

[b] Let <a£>£<K be a family of non-zero elements of 23K. For each £ < K, there 
is an E{ e TK such that F* = â  and £^ is determined by coordinates in a countable 
subset I^ of K (FREMLINOI, 254O). Because K > co, K > c; because K>CO2 is 
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regular, there are a T0 G [K]K and a £ < K such that I^nln c £ for all distinct 
£,r/ G T0. Because cf [£]*<» < K and K is regular, there is a J G [C]"w such that 
r , = {£: £ G T0, ^ n C c J} has cardinal K. Identify {0,1/ with (0,1}J x { 0 , l f 
and set F^ = {w: 6 {0,1/, VK V /£^[{W}] > 0} for £ < K. Then v ^ > 0. Let 
6: 937 -> Tj be a lifting, and set F^ = OF?. Because non Jf^ < K9 there is 
a non-negligible set A c {0,1/ of cardinal less than /c; now A' = {w:we {0,1/, 
3 w e / 4 , {r/: w'(r/) ^ w(r/)} is finite} has full outer measure and #(A') < K. SO 
every F{ meets A'; let w e A' be such that T = {£: £ e Tj w e ij?} has cardinal K. 
If X G [ r ] < - then 0(inf^ Ff) = f ^ i ? ^ 0 so v y ( f | ^ ^ ) > 0 and 

vK(inf^eX^) = vK(f]^KE^) = \{]]^KVK\jEz[{\v}])vj(dw) > 0 . 

(c) FREMLIN 07?, §542. 

(d) Because K is a strong limit cardinal of countable cofinality, non ^V(vK) > K 
(FREMLIN 07?, §522). Enumerate {0, if as < x ^ < K + . For each £ < K+ let 
K^ <= fy : rj > £} be a compact set of measure at least ^ If T e [K]K then 
n W - ^ f = 0 so there is a finite set / cz T such that P)^6/K^ = 0. Accordingly 
<K£>£<K+ witnesses that K + is not a measure-precaliber of (SK,vK). 

Remarks For any Boolean algebra 91, we can say that a cardinal K is a precaliber 
of 91 if if whenever <^>^<K is a family in 91\{0}then there is a T G [K]K such that 
{a£ : ( e T } is centered. If cf K > w and (9I,ju) is a totally finite measure algebra, 
then K is a measure-precaliber of (9I,/i) iff it is a precaliber of 91. The point of (a) 
and (c) here is that cardinals of countable cofinality can be measure-precaliber 
without being calibers. 

Note that (b) relies essentially on the infinitary combinatorics of families of 
countable sets; this is a recurrent theme in this topic. 

4D Precalibers and covering numbers Adapting the method of 4C(a), we find 
that if CD < K < cov ^V(vj the K is a measure-precaliber of (93;,^); this can be 
regarded as sharpening 4C(c). 

Conversely, if covtyV(vA) = co^ then co{ is not a measure-precaliber of ( 9 3 ^ ) 
(use the idea of 4C(d)). 

4E Problem Is it relatively consistent with ZFC to suppose that every infinite 
cardinal is a measure-precaliber of every probability algebra? (From 4C(d) we see 
that this is a large-cardinal problem. See FOREMAN & WOODIN 91.) 

4F Haydon's property Let X be a compact Hausdorff space. If there is 
a continuous surjection from X onto [0,1]K, where K > co, then K G MahR(X), by 
3D. Conversely, we say that an infinite cardinal K has Haydon's property if 
whenever X is a compact Hausdorff space and K G MahR(X), then there is 
a continuous surjection from X onto [0,1]K. Thus 3E tells us that co has Haydon's 
property. 
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We have the following remarkable results. 

4G Theorem (a) (HAYDON 77, PLEBANEK 97) If K > co2, then K has Hay don's 
property iff it is a measure-precaliber of (8wv,). 

(b) (FREMLIN 97) If m > c0! then cO2 has Haydon's property. 

proof See FREMLIN 07?, chap. 53. Here I remark only that the arguments depend 
on a deep analysis of the measure algebras 23*, standard infinitary combinatorics 
(as in the proof of 4C(b)) and straightforward general topology. 

4H If we restrict attention to particular classes of topological space, of course 
the patterns can change. For instance, we have the following. 

Theorem (a) (PLEBANEK 95) The following are equiveridical: 
(i) cow JT(vw) = co,; 

(ii) CO! is not a measure-precaliber of (93W],vWl); 
(iii) there is a first-countable compact Hausdorff space such that cOi e MahR(X). 
(b) (KUNEN & MILL 95) Suppose that cf Jfw = cOj. Then there is a perfectly 

normal compact Hausdorff space X such that cOj e MahR(X). 

proof FREMLIN 07?, chap. 53. (This time we seem to need non-trivial mea
sure-theoretic arguments added to Haydon's inductive limit construction of com
pact spaces.) 

41 Problem Can there be a perfectly normal compact Hausdorff space X such 
that cO2 e MahR(X)? 

Note that a perfectly normal compact Hausdorff space has weight at most c and 
7i-weight at most (o{. Rather few examples are known which can be built in ZFC; 
the standard non-metrizable one is the 'split interval' or 'double arrow space' I1 

(FREMLIN 03, 419L), which has weight c, but as it is a non-scattered compact 
linearly ordered topological space MahR(I ) = {cO}. The same applies to another 
class of familiar examples, Souslin lines. 

4J Exercise Let X be a non-empty Hausdorff space and jn a totally finite Radon 
measure on X. Show that cf Jf(\i) < t(X)(°, where t(X) is the tightness of X. 

Solution If t(X) = 1 this is trivial. Otherwise, set K0 = t(X)(°, K = K0 > c > 
> non ^V(vi0)\ then cf [A]w < K0 = K0 < K for every X < K. SO K is a mea
sure-precaliber of the measure algebra (21,//) of \i, while surely K > co2; thus K has 
Haydon's property. 

Let K c X be compact. As t(K) < K = t([0,l]K), [0,l]K is not a continuous 
image of K and K <£ MahR (K). As K is arbitrary, K $ MahR (X). 

It follows that T(21) < K0. SO 

cf JT(jn < max (cf Jr(vco), cf [K0]
<W) < kg = K0, 

as required. 
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