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Let N be integer and let c0,..., cN be positive reals summing up to 2. We prove that if 
f: U -> U is a compactly supported and continuous solution of the dilation equation 

f(x)= icj(2x-n), 
n = 0 

then either f = 0 or f\ (0,N) > 0 or f| (0,N) < 0. 

1. Introduction 

It is easy to show (see [3]) that for every positive integer m the function 
Nm:R -* M, called the B-spline of the order m, defined as follows 

-Vi = Z[o,i), 

Nm+i = Nmi{ N{ for every meN 

is compactly supported with suppjVm = [0,m] and for every xeU satisfies 

1 /m\ 

n = 0 z \n/ 

The present paper is motivated by the fact that for every meN the function 
Nm is positive on (0,m). Our purpose is to show that this fact is a basic property 
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of any continuous and compactly supported solution / : IR -» (R, positive at a point, 
of the dilation equation 

(1) 
N 

f(x) = Z cnf(2* - n), 
n = 0 

where the coefficients C0, . .., cN are positive reals and 

(2) 
N 

V>„ = 2. 
n=0 

Solutions of (1) have been used in several fields such as wavelet theory (see [6], 
[4], [1], [5]), splines (see [19], [9]), subdivision schemes in approximation theory 
and curve design (see [12], [16], [2]), probability theory (see [11]). In the most 
significant applications of (1) the coefficients c„'s fulfill condition (2) (see [8]). 

Equation (1) with nonnegative c„'s was studied in [15], [2], [20], [21], [11], [10], 
[18]. 

2. Two lemmas 

We first notice that using similar argumentation as in [13] it can be proved that 
if / : BR -> IR is a compactly supported solution of (1), then s u p p / cz [0,N]. 

From [18] (cf, also [10]) follows that if c„'s are nonnegative reals satisfying (2), 
then any continuous and compactly supported solution of (1) is either nonnegative 
everywhere on IR or nonpositive everywhere on IR. In the case of positive c„'s we 
know much more. Namely, according to [14], we get the following lemma. 

Lemma 1. Assume N is integer, c0,..., cN are positive reals satisfying (2). If 
f:U^Uisa continuous and compactly supported solution of (I), then f is either 
nonnegative everywhere on U or nonpositive everywhere on U. 

Moreover, if / is nonzero, then f is either positive almost everywhere on (0,iV) 
or negative almost everywhere on (0,jV). 

In our later considerations we will need only the first part of Lemma 1. The part 
moreover has been the second motivation to this paper. 

Lemma 2. Assume N is integer, c0,..., cN are positive reals satisfying (2). If 
f:U-+Uisa continuous and compactly supported solution of (I) and if there 
exists an xe (0,iV) such that f(x) = 0, then there exist y9z e U such that 
y < x < z, \z — x\ < 1, \x — y\ < 1 and f(y) = f(z) = 0. 

Proof. According to Lemma 1 we can assume that / is nonnegative every
where. 

If the set of zeros of the function / is a dense subset of the real line, then the 
assertion of the lemma holds. 
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Fix now an interval (a,b) <= R such that f(x) > 0 for every x e (a,b) and assume 
that (a,b) is an interval of the maximal length in the following sense: 

(3) A {f\(c<i)>0=>d-c<b-a). 
((c,rf)cR 

Observe that to prove the lemma it is enough to show that b — a < 1. 
Suppose that b — a > 1. 
Fix n e {0,..., IV} and x e l^rr). Then 2x — n e (a,b) and hence 

f(x) = £ c„f(2x -n)> c„f(2x - n) > 0. 
n = 0 

We thus get 

(4) / |u .= o ( T ,^ )>0. 

Since b - a > 1, it follows that U M ^ ^ r 1 ) = &T*). Now, according to (4) 
and (3) we see that - r - — j < b — a and hence that (0,IV) = (a,b). This implies 
that f(x) > 0 for every x e (0,N); contradiction. 0 

3. Main result 

Theorem. Assume IV is an integer, cQ,..., cN are positive reals satisfying (2). If 
f:R->Misa continuous and compactly supported solution of (I), then f(x) = 0 
for every x e R\(0,IV) and either f(x) = 0 for every x e (0,IV) or f(x) > 0 for 
every x e (0,IV) or f(x) < 0 for every x e (0,IV). 

Proof. According to Lemma 1 we can assume that / is nonnegative everywhe
re. Assume, moreover, that there exists a n x e (0,N) such that f(x) = 0. The proof 
will be completed if we show that the set of zeros of the function / is a dense 
subset of the real line. 

Using Lemma 2 we fix a real number y such that |T — y| < 2 and f(y) = 0. 
Then 

0 = / ( y ) = Ycnf(2y-n) 
n = 0 

and hence f(2y — n) = 0 for every n e {0,..., IV}. Since supp/cz [0,IV] we get 
f(2y — n) = 0 for every n e Z\{0,..., IV}. Therefore f(2y + k) = 0 for every 
k e Z, which gives 

f(y + k)= Zcjpy + Zk - n) = 0 
n = 0 

for every k e Z. 
Finally, by a simple induction on m we conclude that 
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/ í ^ = o 
for any meNujO}and keZ. 0 

Remark. In the Theorem we cannot omit any of the assumptions. Indeed: 
1. Among all compactly supported solutions of the equation 

/ ( x ) = / ( 2 x ) + / ( 2 x - l ) 

obtained in [17] there are solutions having both positive and negative values; 
2. Since for every positive integer m the B-spline Nm+2 is of the class Cm and 

since for every x e R w e have 

Nm+2(x) = Nm+1(x) - iVm+1(x - 1) 

(see [3]), then the function Nm+2 has both positive and negative values and, 
moreover, is a continuous and compactly supported solution of the equation 

m+2 1 (m 4- 2\ 
N'~+4*)= I 2= ( „ )N'm+2(2x-n); 

„=oz \ n / 

3. In [6] it is showed that the equation 

M = l-^r1f(2*) + ^V^/i2* -1) + ^r^/(2* -2) + 

+ l-=f£f(2x - 3) 

has a continuous and compactly supported solution having both positive and 
negative values; 

4. From [13] it follows that the equation 

/(x) = i/(2x) +/ (2x - 1) + l-f(2x - 2) 

has continuous solutions having both positive and negative values. 

Corollary. Let N be an integer and let c^...,cN be positive reals satisfying (2). 
If (I) has a non-trivial L1 -solution, then there exists a representative f of that 
ll-solution such that f(x) = Ofor every x e 1R\(0,EV) and either f(x) > Ofor every 
x e (0,EV) or f(x) < Ofor every x e (0,iV). 

Proof. From [7] we get that the ^-solution of (1) is compactly supported with 
support contained in [0,EV] and from [16] (cf. also [18]) we conclude that there 
exists a continuous representative f of that LJ-solution such that f(x) = 0 for every 
x G R\(0,IV). Now it is enough to use the Theorem. 
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