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SINGULAR PERTURBATIONS AND LINEAR FEEDBACK CONTROL
V.Dragan and A.Halanay, Bucharest

1. Introduction

The results reported here center around the classical regulator
problem: a linear control system with a quadratic cost function.
We shall consider two situationsS; the first one corresponds to the
case of fast variables in the control system, the second one to
“cheap control". A crucial point in solving these problems is the
behaviour of the optimal cost and to study it one has to consider
singularly perturbed matrix Riccati differential equations. Refe-
rences for these problems are [1] ’ [2] ’ [:3] .

2. The control problems and the associated Riccati differential
equations

A, Let thg control system be
= A(t)x + B(t)u, x(to) = x,

T
J(u) = x"(T)Gx(T) + tf[x*(t)F(t)x(t)m*(t)H(t)u(t)]dt

Gz0, F(t)zo0, H(t)>0 .
The matrix Riccati equation giving the optimal cost is

P = - 34T ()P - 2PA(t) + HEB(OE (DB ()P - F(t)

P(T,e) =G
and for P(t, 9'2 = ¢R(t, ¢) we get
(1) gR = =A*(t)R - RA(t) + RU(t)R - F(t), R(T,e) =3a .

The problem is to study the behaviour of
R(t,e) as —0.
B. The "cr.xeap control" problem is defined by
= A(t)x + Bo(t)u° + Bl(t)ul y x(t)) =
J(u) = x*(T)ex(T) +

T ,
+ J[x*(t)F(t)x(t) + us(H (t)u () +

o
+ ful (£)8 (t)uy (1) ]at .
The associated Riccati equation is
2P = - g2 A*(t)P + PA(t) = PM_(£)P + F(t)] +

+ IE&(t)Hl (t)B, (t)P ,

P(T, &) =
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The problem is again to study the behaviour of P(t,¢ ) as
£ —0 .

3. The singularly perturbed Riccati equations

A. Let M(t) = D*(£)D(t), F(t) = C*(t)C(t), (A*(t),C(t))
completely controllable, (A(t),D*(t)) stabilizable, 4,C,D,

A
Lipschitz. Let R(t) be the unique positive definite solution of
the equation

A¥(t)R + RA(t) - RM(t)R + F(t) =0 .

Let R(t, g/)\ be the solution of the Cauchy problem (1). Then
lim R(t, e) = R(t) for t<T .
£—0

To prove this result we first consider the solution ’ﬁJ(t, €)
of the equation in (1) with R(T,¢) = R(T) and the solution
R,(t,e) of the same equation with RO(T,g) =0.

Denote by C (s,t, ¢ ) the fundemental matrix solution of the
system €x’' = A(s)x where A(t) = A(t) - M(t)R(t) is Hurwitz
for every t .

We use the representation formulae

R(t, & ) = CH(T,t, £ JR(TIC(T,t, £) +

+

o=

T :
Je’zs,t, g )[F(s) + ﬁ(s)M(s)ﬁ(s)Je(s,t, £ )ds-

®

T' % "~
Jas,t, £)R(s,g) - ﬁ(s)] M(s).
A A
-r(S,e) - R(s)]c(s,t, £)ds ,
R(e) = exp (B*(1) LHR() exp (A(e) Ib) +
T,
+%thm<ﬁu)%h@u)+&wmw&wl

«@Xp (K(t) s—?)ds
and A A
Cls,t,£) = exp (A(t) 22%) + w(s,t,e) ,

2 2
|w(syty )| < E‘Iék (-s;—t) exp (-o&(‘—g-?-))

to obtain Iﬁl(t,a) - ﬁ(t)| ke .

Denote next S(t,g) = R, (t, £) = ’fa’(t, ), and let g(t,to, €)
be the fundamental matrix solution of the system <x = A(t, e )x,
where A(t,e) = A(t) - M(t)R(t,€) .

We obtain the representation formula



and
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-1 1 Ty
S(t, £) = =Cx1,t, )[BL(m) - 2 th(T,s,s n(s).

~% -
.Glr,s, £ )as]™C(T,t,¢ )
a lemma in singular perturbations [1] gives

1 TN )
un JC(T,S, e M(s)Clr,8,¢ )as =L
£

A .
where A(T)DL +IA*(T) = <U(T) .-

and
tem

and

The representation formula gives then the estimate
Is(t,e)| k' exp (-(EZH)) .
To perform the last step denote S (t,e) = R(t, 2 ) = R (t, €)
let Co(s,t, ¢ ) be the fundamental matrix solution of the sys-
ex'(s) = A (s, £)x(s) with A (t,e) = A(t) - M(t)R (t,€) .
Then a representation formula for So gives

Soty £) SCHT, L, £) 260, (Tyt, £)
since |C°(s,t, 2)] =k exp (-M(S-t)) the result is proved.
B. For the "cheap control" problem assume

F(t) = B (£)F(t)B () >0, G = B} (T)aB (T)>0 .
Define

Qt, £) = 2B ()P(t, £ ), R(t,2) = 2B} (£)B(t, £ )B) (1),

Fo) = B, G=8B(ma.
Then P(t;£), Q(t,c), R(t, ¢ ) is a soluuon of the problem
P f -A*(t)P - PA(t) + PM_ (t)P + QHl (t)Q - F(t),
RHl (4)Q - €QA() + £QM, (t)P - B3 (t)P - F(v),

ER = RHl (t)R - F(t) - £B3(t)Q = €QB,(t) +
+ efau (1),
P(T,e) = G, Q(T,e) =26, R(T,e) =23 .
We start w1th the equatlon
RHl (t)R - F(t) .

Denote R(t) the unique positive definite stabilizing solution

of the algebraic equation R.Hil(t)R = F(t) .

Denote R, (t,e) the s solution of the differential equation

with R (T, z) = 0 and R (t, ¢ ) the solution of the same equation
with R (r,e) =23 .

We have the representation
~ -
Ry(t,e) = R (t, £) = Ch(T,t, € U™ (s, €)C (T,t, €) ,

T,
Ult,e) = U1+ % JCO(‘I‘, T,e )Hi‘l('r ey, T, )ar
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where Co is defined by
dac -1 .
£ge = -By (s)R (s, = )c, Coltyt, € ) =E.
A crucial point in the proof is the estimate
v, £)] 2 ——rT
2/5\?2 + 1 = exp (=2 (=)
Define Q ,as the solut:.on of the Cauchy problem
Q—R(t,g)lil(t)Q-F(t), (T,e)——G.
We prove that
1lm Q (ty,e) = Q (t) for t<T

where Q(t) = Hl(t)R “LF ) .
Consider now P defined by
e 4Be, £) = Tty 2ELOIT, (4,2 ) - QXIEL (), ().
(<} 0 0 (o}
A long series of estimates give finally -
<
N /L +2/$92 + 1 - exp (-Zox(T"t))
Let us state now the final result.
Define Ll':’Q from the Cauchy problem
P, = -[a% () = F*)F L (0)B) ()] 7, - B [A(t) -

- By (1)F (1), (¢) + B [M (1) + B, (t)F'l(t)B )]p, -
- [F(t) - F*(t)F‘l(t)F(t)] ,

A gl N

P, (T) =G=-G"G G.
Let Q and P be defined as above with Fl replaced by
B (t)p, (t) + F(t) .
Then

P(t,e) =P (t) + gP(t, £) + gP(t,¢)
Qt,e) = %)(t, £) + Ve (t,e)
R(tye) = R (t,e) + ¢R (t,¢)
where P;, Q;, R, are bounded for t=<T .
To prove this result we denote

*
(39
Q@ B
and show that J . is the solution of the problem
€D == A (4, )0 -Th(t,e) + IM(t,6 )P = F(2,e),

P(T,¢) =0
vhere ("511 J‘ha) (“11 o) # - (fu 7 12)
ba1  #22 o “2 T a2/
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A1ty 2) = g[A(t) = M (£) (R (t) + £F(t, e))],
#50t, 2) = VE[BI(t) - M (£)F5(t, )],
Biay(ty £) = VEHN(4)G (1, e )
Bpplty ) = =H (LR (¢, 2)
Myt e) = Bu (), Mopy(tye) = g BT (L),
Flitt,e) = eaAX(D)B(t, ) + £Blt, £a) -
- e Bty e M (t)(P (L) + cB(t,e)) -
- R (LM (L)P(L, e) ,
Flo(ty ) = VEBJ(L)B(t, 2) - VEQ(t, e )M ()P (t) +
+ £M (0)P(t, £) - A(D)],
Foplty £) = By(t)QX(t, € ) + Q (t, 2 )By(t) =
£Qy(t, £ )M (£)Q5 (L, £) .
?

We write for Y a nonlinear integral equation, which shows 7
is a fixed point of a certain nonlinear integral operator and we get
the estimates for ¢ by proving that this operator maps a ball in-
to itself.

Let us mention also the esimate

|Ry(ty2) = R(t) | = ek, + Xk exp (- < (B51)) +
° T-t
k, exp (=2e (57%))

+

2/55)9 + 1 = exp (=2 (T t))

ky exp (-o &)

2/&9;, + 1 - exp (—29&( t))

G, (t) = BT )By(p (1) + F0)]
We obtained in this way the required information concerning
the asymptotic behaviour of P(t, s ) . Remark that O’Malley [5]

considered the case F(t)> 0, G = O0; this case is much simpler sin-
ce it implies Q(Tys) =0, R(Ty ) =0 .

1§,y £) = Q8) | <

4. Complementary remarks

In the "cheap control" problem if we want to use a suboptimal
control that might be simpler to compute we have to consider the
behaviour of the solutions of a system of the form

ex = [eA(t) + BOIK*(t)]x
where K*(t)B(t) is Hurwitz for fixed t .
Let C,(t,s8) be the fundamental matrix solution of the system
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x = A(t)x and let y(t, &) =Cy(s,t)x(t, £) . Then

£¥(t, £) = Cy(s,t) [2A(t) + BIK*()]x(t, &) -
&CA(s,t)A(t)x(t,e.) =
Cy(8,£)B(L)K™()C, (t,8)y(t, &)

hence .

£y(t, ) = BX (t)y(t, &)
where

B(t) = C,(s,t)B(t), K*(t) = K*(£)C,(t,8)
hence

E*(£)B(t) = K*(t)B(t) is Hurwitz.
Denote by C(t,s, £ ) the fundamental matrix of the given system
and by E'(t,a, £) the fundamental matrix of the transformed one.
~/
Then C(t,s, £) = Cy(t,8)C(t,s,¢) &
We next prove that
[K*(£)C(ty8, € )| = £kp + (k= £kp) exp (=< (352))
and then
LA ~ < t=8
|C(tysy £) = L(t,s)| = gk + M exp (=2 (¥57))
where L(t,s) is the solution of the Cauchy problem

.

y = “B()[&*(£)B(t)] K *(t)y
T(s,s) = E - B(s)[K*(s)B(s)] 'k*(s) .
If we denote L(t,s) = C,(t,s)L(t,s)
we have
|C(tys,2) = L(t,8)| S k' + M exp (-a(l'%-))
where L(t,s) is the solution of the Cauchy problem

x = [A(t) = B(t) (K*(+)B(t)) K*(t)] x , L(s,s) =TL(s,s).
Let us mention finally the formula
exp ( %; BK*(t-s)) = E - B(K*B)™1k* +
+ BE&*B)™! exp ( & K*B(t-8))K* .
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