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NCNLINEAR NONCOERCIVE BOUNDARY VALUE PROBLEMS 

S. FuSik, Praha 

1. Introduction 

The main purpose of this lecture is to formulate some results 

and open problems concerning the solvability of nonlinear equations. 

The results are not presented in full generality and only the ideas 

©re presented. For more general results see the references. But, of 

course, the list of references is not complete. 

Let JTL be a bounded domain in (R with the boundary ofL suf­

ficiently smooth if N > 1. Let g: [R — > (R be a continuous 

function. We are concerned with the solvability of the Dirichlet 

problem 

- A u C x ) - g(uCx)) = fOc) in -fl 

uCx) = 0 on 9il . 

We shall discuss the existence of a weak solution of (l) under 

the assumption that there exist limits 

U) { 

l i n S ffl = AM , l i a - L - i i = V 

and we shall consider various configurations of u. t v €- L~°0 fOOjr 

2. The case £ = V = ^ € (R1 

For s imp l ic i ty suppose that 

C2) gC§) = ^ § - Y C f ) » | e R l ' 
where oU : IR — > IR is a bounded and continuous function. 
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2.1, Regular case 

Suppose that the problem 

r - A u t x ) - > ( x ) = 0 in A 

L u(x) = 0 on 3jfL 

has only trivial weak solutions,, 

Then (according to the Schauder fixed point theorem ) the prob­

lem (l) with g given by (2) is weakly solvable for arbitrary f £ 

L2 (.fl) • This is the so-called regular (or coercive ) case since 

the operator 

(4) L : u i > - A u - X u 

is invertible in the Sobolev space W Q , 2 ( / 1 ) . For references on 

results of such type see e.g. [3J • 

2.2, Resonance case 

2,2,1, Consider the problem (1) (with g given by (2)) under 

the assumption that the operator L defined by (4) is noninverti-

ble, i.e. the problem (3) has nontrivial weak solutions. Such a ca­

se of (l) was considered first in [l5j • It is included in the the­

ory of the solvability of nonlinear operator equations of the type 

(5) Lu = Su , 

where L is linear noninvertible and Fredholm operator between 

Banach spaces X and Z f and S: X —> Z is a nonlinear complet­

ely continuous mapping. It is possible to obtain the solvability 

of the nonlinear equation (5) using the Schauder fixed point theo­

rem (see e.g. t O ) ; the method of fixed point theorems was used 

in the special case of differential operators in many papers e9g. 
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by the authors: J.Cronin, D.G. De Figueiredo, P.Hess, J.NeCas, L. 

Nirenberg, VoP.Portnov, M.Schechter, S.A.Williams, ... •"It is also 

possible to use Mawhin's coincidence degree theory (for the exposi­

tion, numerous applications and further references see ^13^) or a 

certain variational approach (see e.g. [ll] ,[12]) o 

The results mentioned above, applied to (l) , yield the follo­

wing theoremo 

2.2.2. Suppose that we have, for an arbitrary nontrivial solu­

tion w of (3), 

(6) lim sup ty(?) |w+(X)dx - lim inf W(i) I w~(x)dx 

< f f (x) w(x) dx < 

lim inf 7J/(f) f w+(x)dx - lim sup V(\) I w"(x)dx , 
|-»-co 7 •> Jj^ j^co I *> Jfr 

where w and w~ are the positive and negative parts of the fu­

nction w , respectivelyo 

Then the problem (1) is weakly solvable. 

The existence of weak solutions of (1) follows also in the ca­

se when in (6) the reverse inequalities hold* 

2o2.3o If 

Y(oo) < oj/(j) <- i|/(-oo) , f c l K 1 

( iHoo) = lim fCl) , lK-°°) = c
l i m ^(f)) > then t6) il 

necessary 

is a 
_ — X V .# 1 — X — — M _ 1 " X # # * - » 

and sufficient condition for the weak solvability of (1). 
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2.3. Vanishing nonlinearities 

2.3.1* The set of the right hand sides f satisfying (6) may 

be empty e.g. in the case 

(J) y(-oo) = f(oo) = 0 . 

Then, 2.2.2 gives no existence-result. 

The idea how to prove the existence of weak solutions of (1) 

with g given by (2) where nif satisfies (7) is based on the so-

called method of truncated equations: we change the function 

outside a sufficiently large interval (-A,A) such that for the 

function y obtained,condition (6) gives sense. The main part of 

the proof of existence is to show that an arbitrary weak solution 

u of (1) with g given by 

g(p = :\f - ?cf) , s^R1 

s a t i s f i e s 

(8) Uul l c < A . 

Thus we obtain the following results under the assumption that 

Y is odd. 

2.3*2 (see [9]). Consider (l) with N = 1 . Let a > 0 and 

let 

(9) lim Ç2 min ЧHГ) CO 

and 

(10) [ f (x) w(x) dx = 
JSL 

for an arbitrary weak solution of (3) . 

Then (l) has at least one weak solution. 
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2*3o3 ( s e e D.O]). Consider Cl) with N > 1 . Let a >0 and l e t 

(11) lim J min 11/Cc) -= oo # 

Suppose f G ^(./^nC (Jl) and do) . 

Then (!) has at least one weak solution. 

2«3>4> In [14] the result from 2.3.3 is extended under the 

assumption that 

(12) lim inf ? min 11/(r) > 0 
J->oo retail T 

(instead of (ll)) and that an arbitrary weak solution of C3) has the 

so-called "unique continuation property"• For further generalization 

see £lll • 

2»3«5. OPEN PROBLEM* To prove the apriori estimate (8) in the 

case of (l) with N > 1 it is necessary to estimate 

(13) sup / |w(x)| 
ЧГł Ґ._Л 

:£ const. g. 1 +f dx = const. 
zfl£(w) 

where the supremum is taken over all the solutions of C3) with 

II w II Q - 1 and where 

. / l e (w) = ^ x e / 1 ; 0 <£ l w C x ) | < £ . } • 

Obviously, Cl3) holds with ^ = 0 ; thus we obtain the sufficient 

condition 0-1) in 2*3.3 • If N = 1 then (13) holds with <̂ = 1 

and hence we obtain the sufficient condition (9) in 2.3.2 • If (13) 

were true with some ^ > 0 , it would be possible to replace (ll) 

by 

lim %1+y min 1|/(T) = 00 
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Probably, a proof of (13) with ^ > 0 may be based on the invest­

igation of the nodal lines of the solutions of (3) with using a ver­

sion of the maximum principle. Unfortunately, we are not aware of 

any correct result from this field. 

2.3.6. OPEN PROBLEM. If the condition (12) is not satisfied 

(e.g. if /̂ has a compact support ) nothing is known about the 

existence of solutions of (l) in the resonance case. 

2.4. Expansive nonlinearities 

Using the same method as in 2.3 we can investigate also the weak 

solvability of Cl) with g given by (2) in the case that there exi­

sts none of the limits li/(oo), ̂ J/(-oo) 

2.4.1. A bounded odd continuous and nontrivial function il; : 

fl^ — > [R is said to be expansive if for each p with 

0 < p < sup 1i/(S) 
|€B0 T 

there exist sequences 0 < a^ < b^ with 

lim b, aZ = oO 
h^oO k k 

such that 

lim min ^ ( 1 ) > P • 

A typical example of an expansive function which has none of the li­

mits 1p(oo) * f(-oo) is y(|) = sin f X" ̂  with l>e>0. 

2.4*2 (see [9] f [lO]) . Considering (l) with g given by (2) 

with f expansive and f 6 ^ ( i l ) ^ C (JY) if N > 1 we 
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see that 

(14) | ft (x) w(x) dx I < sup iu(S) f |w(x)| dx 

for an arbitrary nontrivial solution w of (3) is a necessary and 

sufficient condition for the weak solvability of (.1) • 

2.4*3* OPEN PROBLEM. It seems that nontrivial conditions for 

the weak solvability of (l) with g given by (2) where Y ^ f ) = 

sin J (or an analogous periodic function") in the resonance ca­

se are so far unknown. 

3« Jumping nonlinearities 

3.1» f> , V> € (R1 , £-* V 

3»1»1> Consider (l) with N = 1 and -fl = (0, %) . Suppo­

se that 

C16) g(§) = ff - Vf %y{$) 

where ij/ : (R, —* (Rr *s bounded and continuous. 

3.1.2 (see [81,[2],[6]). Let the assumptions from 3 . 1 . 1 be 

satisfied. Put 
00 

t& = ̂ C^,v)£R2 s £,<i , v<c 1} u Uu^.v)elR2; 

X / 2 > ^ i , ookc^1/2) < v1/2 < tk+iC^1/2)} 

u QUcSvHlRS c-1/2>k» t^^1 7 2) < *1/2 
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where 

Л(t) 

(k+l)Г 

Г - k 

k Г 

í- Ck+Ï) 

, t Є (k, 2k + 1] 

, t Є (2k + 1, co) 

aj
k
(r) 

r-TCTГ ' Г £ (k+1, 2k+ll 
í- (k+l) 

, T Є (2k+l, oo ) (k+l . l Г 

r - k 

k Г 

(i) If (>u,V) £ <$fiC » C1) has at least one weak solution 

for each f . 

(ii) If (u.,V)^ K)ft 9 there exists an f 6 C for which 

(l) has no weak solution. 

3.1*3* OPEN PROBLEMS. If N>1 then for the weak solvability 

of (l) with g satisfying (l6) we can characterize the parameters 

(/*• , V) only in the following cases: 

a) (JUL ,V) are close to the diagonal f (̂  ,̂ X) ; XC R j 

(see [2], [6]) ; 

b) ^ ^ ^ ^ ^ ( ^X1 is the first eigenvalue of - A ) 

- this case is included in the theory of pseudomonotone operators; 

c) >UL, V are close to tK^ (.see [X\f ^5} and the papers 
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of A.Ambrosetti - G.Mancini , M.S.Berger, E.N.Dancer, E.Podolak,...); 

d) ^-u, \) are close to a simple eigenvalue o f - A (see [2]9 

[6J, and the papers of A.Ambrosetti - G.Mancini , E.Podolak,...) • 

For a better description of the solvability of (l) with respect 

to the values £**•, v> it would be important to solve the following 

problems: 

(i) Find all (/S*>)£lR2 for which 

t - A u - >uu+ + v> u" = 0 in TL 

\ u = 0 on dfL 

has nontrivial solutions (even in the case of special domains -Q.) o 

(ii)If S is a linear completely continuous operator in the Hil-

bert space with a certain "good" cone (semiordering") , consider 

the mapping 

T „ :u \ > u - /ULSu+ + V Su" , u G H. 
(£i,v) ^ 

Is it true that if T, v u = 0 has ohly trivial solution then 

the Leray-Schauder degree of the mapping T. ^ is nonzero if and 

only if T, x is onto H ? 
(6**v) 

The answer is affirmative if (l) with N = 1 is considered, un­

known in the case N > 1 • 

3.2* V = ^ x , ^ = - oo 

3»2.1. A typical example of this case is the Dirichlet problem 

- ^ u + eu = f in (0, X) 
(17) 

i(0) = u ( X ) = 0 

Г -U" 

1 UІ 
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with *A s l . it is possible to prove that (l7*) has a weak soluti­

on for f £ 1^(0,31:) provided 

J f (x) sin x dx "> 0 . 

3Q2Q2» OPEN PROBLEM The solvability of (17) with & > 1 is 

an open problem. It is easy to see that there exists a right hand 

side f for which (17) is not solvable. 

4. Rapid nonlinearities 

4.1. Consider (l) with N = 1 . If 

(18) lim £ £ H = oo 

then (l) has infinitely many solutions (see £7j)o 

4.20 OPEN PROBLEM. The solvability of (l) with N > 1 under the 

assumption (18) , e.g. the weak solvability of 

{ 
- Д u - lul U = f І П - П 

u = 0 on 3/1 

if £. > 0 is sufficiently small, seems to be terra, incognita© 
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