EQUADIFF 7

Jaroslav Jaros; Takasi Kusano

Nonoscillation theorems for a class of neutral functional differential
equations of arbitrary order

In: Jaroslav Kurzweil (ed.): Equadiff 7, Proceedings of the 7th Czechoslovak Conference
on Differential Equations and Their Applications held in Prague, 1989. BSB B.G.
Teubner Verlagsgesellschaft, Leipzig, 1990. Teubner-Texte zur Mathematik, Bd. 118.
pp- 84--87.

Persistent URL: http://dml.cz/dmlcz/702353

Terms of use:

© BSB B.G. Teubner Verlagsgesellschaft, 1990

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides
access to digitized documents strictly for personal use. Each copy of any part of this
document must contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech
Digital Mathematics Library http://project.dml.cz



http://dml.cz/dmlcz/702353
http://project.dml.cz

NONOSCILLATION THEOREMS FOR A CLASS
OF NEUTRAL FUNCTIONAL DIFFERENTIAL
EQUATIONS OF ARBITRARY ORDER

JAROS J., BRATISLAVA, Czechoslovakia
KUSANO T., HIROSHIMA, Japan

He consider the neutral functional differential equation
an
(Ag) p [x(t) - ax(t-1)] + of(t, x(g(t))) =0,
where n 2 2, 0 = +1 or -i, A(#1) and T are positive constants, and g: [to,w) +R and
f: [to,m)x R +R are continuous functions such that 1im g(t) = », uf(t, u) 2 0 for
. tao
(t,u) € [to.w)xR and f(t, u) is nondecreasing in u for each fixed t 2 to.

It is easy to see that the following four types of asymptotic behavior at
infinity are possible for nonoscillatory solutions x(t) of (Ag):

(1) Tim x(t) = 0;
)
( lI)k Tim x(t)/tk = const # 0 for some k € {0, 1, ..., n-1};
too
(1]1)£ Tim x(t)/tz =0 and lim x(t;)/t""1 = o or -» for some £ € {1, 2, ..., n-1};
o oo
(V) Tim x(t)/t"'1 = © Qr -,
o

A natural question then arises: Is it possible to characterize the classes of
nonoscillatory solutions of (Ag) having the asymptotic behavior (1), ( H)k, (nl)l
and (), respectively?

Our objective here is give a partial answer to the above question. Our main
results are as follows:

THEOREM 1. Let 0 < A < 1. If there exist constants u & (0, A) and a # 0 such
that

1) rt"'lu"‘“|f(t, a9t/ Ty gt < o,
then equation (Ay) has a decaying nonoscillatory solution x(t) with the property
(2) x(t) = const-)\t/T + o(At/T) as t » =,

THEOREM 2. Equation (A;) has a nonoscillatory solution x(t) satisfying
(3) Tim x(t)/tk = const # O for some k € {0, 1, ..., n-1}
1o
if 0 <X <1and
® n-k-1 k
(4) J t |f(t, alg(t)]")|dt < = for some a # O
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or if A>1 and

n-k-1 k
(5) IGE |f(t, alg*(t)]")|dt < = for some a # O,
where g*(t) = max{g(t), t}.

THEOREM 3. (i) Let 0 <A <1 and let £ € {1, 2, ..., n-1} be such that
(-l)n_l' o =1. Equation (Ay) has a nonoscillatory solution x(t) satisfying

(6) Tim x(t)/t% = 0 and Tim x(£)/t8! = @ or -
if o o

(7) Jmkn'£'1|f(t, a[g(t)]£)|dt < o for some a # 0
and

(8) rt“"[f(t, bla(t)1¢ ) |dt = = for al1 b # 0.

(1) Let A > 1 and let L€ {1, 2, ..., n-1} be such that (-1)"% 15 = -1, Equation
(Ag) has a nonoscillatory solution x(t) satisfying (6) if

(9) Jwtn'£'1|f(t, a[g*(t)]£)|dt < » for some a # 0
and
(10) J "4 £(t, bLg(t)1E1)|dt = = for all b # 0.

THEOREM 4. Let A > 1. Equation (Ac) has a growing nonoscillatory solution
x(t) such that

(11) x(t) = const-AtT + oA ) as t »

if either

(12) J tn'llf(t, alg*(t)/T)[dt < o for some a # 0

or

(13) J u't/Tlf(t, aAg*(t)/T)]dt <  for some u € (1, A) and a # 0.

These theorems are proved by solving, via the Schauder-Tychonoff fixed point
theorem, "integral-difference" equations of the types

S1 ((s-t n-1
(14) K(t) - (-1 = ¢ + (0] LrBy s, xtatsd)es,
(15) x(t) - ax(t-1) = c(t-T) ¥kt [or c(t-T)* 1/ (k-1)1]
n-k-1_( (t-s)k! “ (r - 5)1k"1
+ (0] sy | 5oy firs xlatr)eres,
1 e oo =" s, ials)))d
(16) x(t) - ax(t-1) = -OJT—(n—_TW (s, x(g(s S,

c and T being suitably chosen constants. For example, the proof of Theorem 4 under
the condition (13) proceeds as follows. Suppose that a > 0 in (13). Let vE (us A)
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be fixed and choose ¢ > 0 and T > ty so that 2x¢/(A-v) s a

"'lut/T s/ for t 2 T, and

T0 = min {T-1, inf g(t)} 2 tgs t
2T

J p_t/Tf(t, axg*(t)/T)dt s c.
T

Define the set X < C[To,w) and the mapping F: X + C[To,m) by
(17) X = {x € ClTgue) : [x(8)] 5 T for t 2 Ty

and

Px(t) = - JT%,,—_S’D-—f(s R(g(s)))ds, t 2T,

(18) :
Fx(t) =0, T

where X : [To,w) +R is given by

lc t/T

x(t) = Elx_ix(t-*ir), tzT,

(19)
x(t) = im, TpstsT.

It can be shown that F maps X continuously into a compact subset of X, so that there
exists a fixed element £ € X of F by the Schauder-Tychonoff theorem. Since the
function E(t) satisfies £(t) - Aé(t- 1) = £(t) for t 2 T, it turns out that £(t) is
a solution of (16), and hence a solution of (Ag) on [T,=). That E(t) grows like a
constant multiple of At/T as t » = is an immediate consequence of its definition

(19). Note that £(t) satisfies £(t) - AE(t-1) + -» as t > .

If, on the other hand, (12) is satisfied for some a > 0, then the desired
solution of (Ay) in Theorem 4 is obtained as a solution A(t) of the
integral-difference equation (14) with ¢ = 0. To see this it suffices to choose
c>0and T 2 t0 so that 2xc/(r-1) < a, T0 =min {T-1, 12; g(t)} 2 to and

“.n-1 g*(t)/t
tof(t, ax )dt s c, and then to apply the Schauder-Tychonoff theorem to the
T

mapping
= (- (s-t) N
(20) GY(t) ( ) Jt—-(—'r)’y—f(s .V(Q(S)))ds, 2T,
Gy(t) = 6y(T), Ty stsT

defined on the set Y = {y € C[To,m) ty(t)| scfort2 To), where

ylt) = Lt/ 21 Ty(t+in), t 2T,

(21)
yt) =3(M), Tyt sT.

It is clear that #(t) - Afi(t-t) > 0 as t » ». Since (12) implies (13), the
condition (12) guarantees the existence of two different types of exponentially
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growing solutions E(t) and #(t) such that 1im !E(t) - AE(t- 1)| = » and
too

1im [fi(t) - Afi(t-1)] = 0, respectively.

toee
It would be natural to expect that analogues of the above theorems hold for the
"companion" equation

(8) if%[x(t) + x(t-1)] + GF(t. x(g(t) = 0.
t

However, proving this conjecture does not seem to be an easy task; so far we have
been able to prove only the following result which is an analogue of Theorem 2.

THEOREM 5. Let A >0, A # 1 and k ¢ {0, 1, ..., n-1}. If condition (4) holds
for some a # 0, then equation (By) has a nonoscillatory solution x(t) such that

0 < Tim inf|x(t)|/tX, Tim sup|x(t)|/tK < =.
oo toe

There is no essential difficulty in extending the above results to more general
equations of the form

n
LLIX() £ MOX(T(ED] + oF(ts x(g,(£)), «.es x(gy(£))) = O,
dt

where A(t), T(t) and gi(t), 1 <i <N, are continuous functions on [t_,=) such that

A(t) is positive and bounded, t(t) is strictly increasing, 1im 1(t) = « and
o

Tim g;(t) ==, 1 51 s M.
tao |

A systematic study of,the existence and asymptotic behavior of nonoscillatory
solutions of neutral functional differential equations was initiated by Ruan [4] and
followed by Jaro¥ and Kusane [2, 3]. For a result ensuring the existence of
decaying nonoscillatory solutions we refer to Gopalsamy [1].
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