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. THE DIRICHLET PROBLEM
FOR SUBLAPLACIANS ON NILPOTENT LIE GROUPS
- GEOMETRIC CRITERIA FOR REGULARITY

HANSEN W.,HUEBER H., BIELEFELD, FRG

In 1969 J. M. Bony [1] studied partial differential operators of second order

L=X+--+X?

on R™ where X},..., X, are C*-vector fields. Let us note three simple examples:
lLn=mX= 52—’,- : L = A (Laplace operator)
2.n=m=2, X; = 8%, X, = 18% : L= 3”7’; + xz% (Grushin operator)

3.n=2,m=38, X;=2£& +2yZ, X2=a%—2z§:

L= 8—?:; + 7‘,’% + 4y5-f—'2§; -4z 83;, +4(z% + yz)gaz; = A (Laplace-Kohn operator)

Bony has shown the following: If the rank of the Lie algebra £(X;,...,X,) is equal to m at each
z € R™ then M. (U) := {h € C>°(U) : Lh = 0},U open C R™ , yields a Brelot space (X,HL) .

Clearly Bony’s hypothesis is satisfied in each of the preceding simple examples ([X1,X;] =
3‘9—” in (2),[X1,X3) = =42 in (3)). In proving his result Bony had to find a base of regular sets. We
recall that a relatively compact open set U is regular (with respect to L) if for every f € C*(8U)
there exists a unique function h € C*(U) such that h|sy = f and hly € HL(U) . Bony has shown
that certain very flat lenticular sets are regular. But how about general criteria for regularity? Of
course, having the harmonic space (R™, L) it is well known that an open set U C R™ (for which
U is contained in a P-set) is regular if and only if the complement of U is not thin at any z € 9U .
Now in many cases geometric properties of a set permit a decision on the thinness of the set at a
point. This leads to geometric criteria for the regularity of open sets.

Given 0 < a < oo, we shall say that U satisfies a pointwise ezterior a-Hélder condition if for
every z € QU there exists an isometry T of R™ and ¢ > 0 such that T(z) = 0 and the a-Hdlder
cone

{z€R™:0< 2 < 0, (22 4+ +2%_,)*"% < oz}

is contained in the complement of T(U) . Looking at certain model cases we shall see that an exterior
(r — €)-Holder condition is in general not sufficient for regularity of U .

We fix a real finite dimensional Lie algebra N’ = V! @ -+- @ V" such that [V/,V¥] = Vitk %
{0}ifk+j S r,and [V/,V¥] =0ifk+j > r. Then N is nilpotent of step r and V? generates A .

Example: Given a natural k > 2, let M be the set of all upper triangular (k x k)-matrices (a,,)
(apg = 0 for all p > ¢) and define a product on*A*by (4, B] = AB — BA (where AB denotes the
usual matrix product of A and B). Then N = V1 @--- @ V5! where Vi = {(ap,) € N : apy =
Oif p+i#q),dimVi =% —i,dimN = 2E0

In the general case let n; := dimV?, 1 <i <r . Then m := dimN = n; +--- + n, . Fixing a
basis {Y;; : 1 < j < n;} for each V' we identify (z;;) € R™ with Zz;;Y;; € N . Using the map
exp from N on the corresponding simply connected Lie group we obtain a product z -y € R™ for
z,y € R™ by exp(z - y) = exp(z)exp(y) . Then (R™,-) is a group such that z - (—z) = 0 for every
z € R™ . By the Campbell-Hausdorff formula

(z+y)ij = ij +yij + pij(z,y)

171



such that p;j(z,y) is a linear combination of monomials z,s, . .. 2x,1, Where each z is z or y and
Y1 kv =i . In particular, the Lebesgue measure A™ on R™ is invariant under left translations
ly:z—u-z2,u€R™.

We now define left invariant vector fields X4,...,X,, on R™ by

X;if(0)= 2L(0), X;f(u)=X;(fol)0).

]

Then
L=X}+---+X2
is the corresponding sublaplacianon R™ . It is the unique left invariant differential operator satisfying
ny
2
Lf(0) =Y £L(0) .
—
Since NV is generated by Y34, ..,Yi,,, we have £(X1, ..., Xn, )(0) = N and hence by left translation
L(X1,-..,Xn)(z) =N for every z € R™ . So L satisfies Bony’s hypothesis.
Note that n; may be much smaller than m : In our example of triangular matrices, 2 = 2 | In
the case k = 3 we have m =3,
(37 Y, Z) : (’zlv y'szl) = ("r + z’,y + ylrz + 2' + %(xyl - .Z"y)) )
and hence
Y=g -ld, Xo=filed.
Replacing z by —4z we obtain the Heisenberg group H; and Ak .
We have natural dilations g ,R > 0:

8r((2i5)) = (Rzij) -

Clearly, 6r(z+y) = 6r(z)+6r(y) and by the Campbell-Hausdorff formula §r(z-y) = 6r(z)-6r(Y) -
As a consequence L is homogeneous of order 2, i.e.,

L(fobr) = R*(Lf)obr .
In the following let us assume that the homogeneous dimension
Q=n+2n,4+---+rn,
is at least 3. Then there is a symmetric Green function satisfying
G(8r(z),0) = R*~9G(z,0) .
Defining _
llz| = max lzii]"/* (z €R™)
we have ||6r(z)|| = R||z|| . Therefore there exists a constant C > 0 such that
C7'2]*~? < G(=,0) < Cll=|*2 .
Indeed, having such inequalities on the compact set {z € R™ : ||z|| = 1} we obtain these inequalities
on R™ since G(6r(z),0) = R?*~2G(z,0) and ||6r(z)|| = Rl|z|| . Since L is invariant under left
translations, G(uz,uy) = G(z,y) for all u,z,y € R™ . Defining
d(z,y):=llz7 -yl (z,y €R™)
we conclude that
Cldé?<God?.
The Campbell-Hausdorff formula yields that d is almost a distance on R™ . We have d(«z,y) > 0
if z #y, d(z,y) = d(y,z) and d(z,y) < D(d(z,z) + d(z,y)) for all z,y,z € R™ with a constant

D = D(N) . H. Hueber [3] has shown that such a property is sufficient to obtain a Wiener criterion
for regularity:
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Theorem. Let E be a Borel subset of R™ ,0 < <1, and define
Eq) ={z€E:|zll <n°}, E, = E5) \ E(s) -

Then the following statements are equivalent:
(1) Eisthinat0.
(2) Toen B (0) <00
(3) Tyen 't cap(E,) < oo .
(4) Tien n(2-Q)s cap(E(s) < o0 .

Of course, the capacity of a Borel set A C R™ is given by

cap(4) = sup{p(R™) : Gu < 1, p(0A) = 0},
=inf{y(R™):Gv > 10n A},

and we have

cap(y- A) = cap(4),  cap(6r(A)) = R¥"? cap(4) .

o

Corollary. If0 <n <1 and §,(E) C E then E is thin at 0 if and only if cap(E)=
Let
I={(zi;) €eR™:|z;j| < 1foralli,;}.

Forevery 0 <y <1, let
Vy={z€l:z1; =0, |z12| <} .

Using (m — 1)-dimensional Lebesgue measure on V, it can be shown that

1

capV, = (== =

(where a, ~ b, means that there is C > 0 such that C~'b, < ay < Cb, for all 7). For every
0<y<1,1<k<rand1<I<n;let

WH={zel:|rj|<yforalll<i<k,1<j<ng,j<lifi=k}.

Using Lebesgue measure A™ it can be shown that if £ > 2 or [ > 3 then

m ki
AT (W)

7 ) n; >3,
capW_f' x { i

A (WY

Famy o Mm=2-

These estimates allow us to prove the following geometric criteria for regularity:

Proposition. Suppose that Q >4, n; >3, 0<e <1 and 8> 0. Then the set
E ={z € R™: B|zi;|"™° < Tyn, forj =1,2,3}

is thin at 0 .

Proposition. For all B,p > 0 the set
E ={z € R™: floy|* < apn, <1/ for all (i,§) # (r,nr), 211 =0, Blesz|? < ¢ra,}

is not thin at 0 .
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Fix a, > 0 and let
al2
A={xeR"‘:( Z z?j) <Pz, }.
(i,5)#(rnr)
Theorem. Suppose that ny >3, @ >4 . Then A is thin at 0 if and only ifa <r .

Theorem. Suppose that n; =2 andr >3 . Then A is thin at 0 if and only if « < § .

Theorem. An outer ball condition is sufficient for regularity if and only if r < 2 or.n, = 2 and
r<4.

Details can be found in [2].

REFERENCES

1. J. M. Bony, Principe du mazimum, inégalité de Harnack et unicité du probléme de Cauchy pour les opérateurs
elliptiques dégénérés, Ann. Inst. Fourier 19 (1969), 277-304.

2. W. Hansen, H. Hueber, The Dirichlet problem for sub-Laplacians on nilpotent Liegroups—geometric criteria
for regularity, Math. Ann. 276 (1987), 537-547.

3. H. Hueber, Wiener criterion in potential theory with applications to nilpotent Lie groups, Math. Z. 190 (1985),
527-542.

174



		webmaster@dml.cz
	2012-09-13T04:06:10+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




