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SOME PROBLEMS OF THE THEORY OF SOBOLEV SPACES OF INFINITE ORDER

AND OF NONLINEAR EQUATIONS

Yuli¥ A. Dubinskil

The Sobolev spaces of infinite order arise in a natural way as
energetic spaces corresponding to the Dirichlet problem for nonlinear
elliptic equations of infinite order. For example, the Sobolev space

of infinite order

0w 5 P
Wila ,p )} = {u(x)e Cw(G) : p(u) = L a ||Dau{| % ¢ o},
o’Fa 0 |a|=0 o Py
where a > 0, p, 21 are number sequences, ||.Hr is the norm in
Lr and CE(G) = {u(x) € Cw(G): Dmu]r =0, |o|] =0,1,...} corresponds

to the problem
© Po—2
(0.1) L(u) = % lelbea 0%l ™ %) = nex), xec,
o
[¢3
0.2) poulp =0, lol =0,1,... .

The metric P (u) 1is a natural metric for the problem (0.1),
(0.2). It is evident that even conversely, when studying the operator
L(u) in the space %w{au,pa} , it is possible to consider the problem
of solvability of (0.1), (0.2) in this space. However, it should be
pointed out that before doing so it is necessary to study the spaces
%m{au,pa} themselves and, above all, to solve the problem of their
existence, i.e. the problem of their non-triviality. Besides it is the
opinion of the author that problems such as the theory of traces in
spaces of infinite order imbedding theorems, problems of the geometry,
of density e.t.c. are of interest by themselves. Not all of these
problems have been solved wuntil now with sufficient profundity. Some

of them will be dealt with in the present lecture. Namely, we shall
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study the following problems :

1) non-triviality of Sobolev spaces of infinite order;

2) theory of traces;

3) imbedding theorems.

Simultaneously we shall consider some problems of the theory of
nonlinear equations :

1) solvability of the Dirichlet problem of infinite order (the
Cauchy-Dirichlet problem);

2) behaviour of solutions of nonlinear elliptic equations of an
order 2m when m -+ o

3) non-homogeneous Cauchy-Dirichlet problem a. o.

Let us proceed to explaining exactly our results.

l. Non-triviality of Sobolev spaces of infinite order

A criterion of non-triviality of the spaces Wm{aa,pa} depends
essentially on the definition domain of functions u(x) which are
elements of the space. Three cases which are the most characteristic
ones for the analysis will be studied here : G c RY - a bounded do-
main, G =R’ and G =8’ x ... x s! - a torus.

a) (the case of a bounded domain G ). Let a_ >0, p >0

and r_ > 1 be arbitrary number sequences, o = (al, ey av),

la] = o) + ... + a . Consider the space

n

0o w pes P
Wiia ,p .} = {u(x) € Cu6) : p(u) Zoau||n“u||r: < w}.

lal
o . . .
Definition 1.1. The space Wm{aa,pa} is called non-trivial if
it contains at least one function not <dentically equal to zero.

Before formulating a non-triviality criterion, let us introduce

the following number sequence : Let MN, N =0,1,... be the solu-
tions of the equations
Pq
2 auMN =1

|a]=N
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with My =+ if a =0 for all la] = ¥ .

THEOREM 1.1. The space %“{aa,Pa] is non-trivial if and only
if the sequence MN’ N = 0,1,... defines a non-quasianalytical Ha-
damard®s class of one real variable.

Making use of the criterion of non-analyticity due to Mandel-
brojt-Bang we can formulate Theorem 1.1 as follows :

O . R
The space W {aa’pa} is non~trivial if and only if

¥ = My
lim My = = , T <=
N> N=0 MS

where M; 18 the convex regularization of the sequence My by means

of logarithms (see {1] ).

REMARK. The numbers r, z 1 are not included in the notation
o
of the space Ww(aa,pa} due to the fact that they play no role in

the problems of non-triviality.

Example. Let G = (a,b), a_ = ()4

n » @ >1 . The corresponding

O )
space W {an,p} is non-trivial provided p < q .

b) (the case G = RY). Let

o o bt p
Wwila ,p,} = fux)e ¢ ®RY) : p(u) = ) aa||Dau||ra < w}.
lal=0 a

THEOREM 1.2. The space W {a 2Py} <8 non-trivial if and only
a

if there exists q = (ql’ . qv)’qj'> 0 such that
* ap * o4P o P
a 1%a via
Z a_q = X a q I | < o
|€!|=0a |a|=0u 1 v
Example. Let p, = p, |a|] = 0,1,... . Then the non-triviality

condition for Ww{aa,p} means that the function

o N
a(z) = byz (by = Y a)
L, A

of a complex variable =z & C is analytic at zero.
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c) (the case G = T  , where TV

is a torus of dimension v )

Let

. R - »
Wia p b = fuG) e ¢T(rY) o) = T a [[0%[ % < =)
[“|=0 @ Ta

be the Sobolev space of infinite order on a torus.

THEOREM 1.3. The space W“{aa,pa} is non-trivial and of in-

finite dimension if and only if there exists a sequence of mutually

different non-negative multiindices a, = (qln,...,qvn), n=0,1,...
such that
® ap
Iaga, <= .
[a]=0
Example. Let P, z p, Iul = 0,1,... . Then the space

W”{aa,p) is non-trivial and of infinite dimension if and only if the

function

1
a(z)

1l
le~18
o

=z
N
~
o

= a), z €C
N7t "

is an entire function.

2. Theory of traces

Let Ge R’ is a domain with a boundary T . Consider the

space

P
lDuuHPm < o }.
a

Wi{a ,p } = {u(x) e C€7(6) : p(u) = 1 a |
o o I“[=0 a

We shall assume that the corresponding space %w{aa,pa} is non-tri-
vial. '
Further, let a family of functions be given on I' :
fm(x’), x“e T, |o|=0,1,... . We say that this family is a trace in
the space Wm{aa,pa} if there exists a function u(x) € Wm{au,pa}
such that
Dwulr = £ (=), o] = 0,1,... .
We need the following notation when formulating the trace cri-

terion. Let us assume that for N = 1,2,... the family &,(x‘),
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Im, Z N -1 has an extension in the space

WN{a » P} = {ux): p (u) = 3 a |[D“u!|p“ < w}
o [ N la%=0 o P,
Let EN be the family of all such extensions and let us denote
by uN(x) that one for which

pN(“N) = inf pN(u) > weE. .

THEOREM 2.1. A family of boundary functions fm(x‘) ,
lo| = 0,1,..., <s a trace in ww{aa,pa} if and only if it satisfies
the following conditions
(2) for each N = 1,2,... the family £ (x7), o] £ N =1 has an
Yo

. . N
extension in W {aa,pa

(227) there is a constant K > 0 such that pN(uN) 2 K for all N .

REMARK. If Py > 1 then uN(x) is obviously a solution of

the nonhomogeneous boundary value problem
% (-1)lalDa(auIDau|pu—2Ddu) =0,
%) o] =0
p%ulp = £,(x) , |ol 2N -1,

and consequently, the above criterion is effective to the same degree
as the methods of estimation of solutions of (*) . In particular, for
P, 2 the problem reduces to uniform estimates of the Green functi-
ons provided N »* « . There are no theories of such estimates at pre-
sent, hence it is essential to give sufficient, nonetheless easily

verifiable trace conditions.

Sufficient conditions for a trace in a strip.

Let G = [O,a] xR be a strip of variables t, x . Consider the

space -

P
I o™ t*u|]” < o} -

a
n+|al=0 ¢

Wm(ana,p} = {u(t,x) : p(u)

Our aim is to formulate assumptions on functions ¢m(x), m=0,1,...

under which there exists a function u(t,x) & Wm{ana,p) satisfying
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the conditions

D‘:u(o,x) = 4 (x), D]:u(a,x) =0, xeR, m=0,1,...

(the case of non-zero conditions at t = a is dealt with analogous-
ly). However, it is necessary above all to establish non-triviality
of the space

O
W {ana,p} = {u(t,x) : p(u) < =, Dmu| 0, m=0,1,...} .

t=a,0=
oco . . . .
THEOREM 2.2. The space W {ana,p} i8 non-trivial if and only
if the following conditions are satisfied

() there is such a q = (ql”"’qv)’ q, > 0, that

w©

def z op
= a q < o
n |a]=0 7%
for all n = 0,1,... 3
-1/p
(i1) the sequence Moo= {b, if b >0, += if b = 0} defines a

non-quasianalytical Hadamard’s class.
In order to formulate sufficient trace conditions we introduce

a number sequence
o
_ c c
Sp = kZoMm+k/Mm+k+1

where Mg is a convex regularization by means of logarithms of the
sequence Mn . Let us note that Sm -+ 0 with m » o in virtue of the

condition (ii) of Theorem 2.2.

THEOREM 2.3. Let the-following conditions be fulfilled :

(Z) the numbers

I aX/Pln% oll, 0
=0 p(

C
p_ = sup(M
n IR\’)

"o lal

are finite for all m = 0,1,... ;

(Z7) there is a number r > 0 msuch that

b S r
m Cc,-1
mz Pn max[ e (M)

0 R .o
Then there exists a funetion u(t,x) € ww{ana,p} which satisfies the

] <= .

conditions (2.1).
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The theorem is proved by constructing the desired function. Let
us describe the crucial point of this construction. To this end, let

- C,.k .C
b <r/2, dm = ASm/b and bkm = Mm/d M m=0,1,...

o Motk Evidently

b, /b + b

on’P1m /b + ... < b/3

Im’ "2m
and consequently, there exists a family of "canonical" functions
¢m(t) € Cm(O,b) satisfying the inequality

k k.k, C Cc
|p ¢m(t)| < qaM. /M

pax/Mp s k= 0,1,..., te€ [0,p]

with q < 1 (see [1], [2]). Now, let us put

v(t,x) = ) vp (B (%)
0

=
where t/dl
vo(t) = eo(0), v,(©) = d; [ e (nan,
t T/dy °
vo(t) = —1 fee - 7)m-2 [ ep(mandt , m o= 2,3, .
(m - 2)! 0 0

By the condition (ii) of Theorem 2.2 we conclude p(v) < =.

1

Example. Let a,, T a, " 3, where a; is a logarithmically
o.
convex sequence. The space W {an-aa, p} is non-trivial if and only

ow w v
if the same holds for the spaces W (an,p}(o, a) and W faa,p}ak ).

It is evident that in this case we may put bn =a, . Then obviously

1/p o
a "PlIn% (o) ||

o = RY
n la%=0 L&)
and the condition (ii) assumes the form
® s ™ 1/
(2.2) 2 P max ( ol 2o Py < =
m=0
_ 1/p 1/p
with § = (am+1/am) + (am+2/am+l) + In particular, if
2

a 1 < a , ag < 1, then the condition (2.2) assumes the form

) oma;/P < @,
m=0
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3. Imbedding theorems

Given two spaces Wm{aa,p} and Ww{ba,q} (the domain of defi-

nition of G being any one of those mentioned above) with norms

_ ot a P 1/p _ T a 1 1/q
oty = ¢ Boaal Rl 1D MP0 ety = ¢ vl 0% 1)

I o]

let
© o
(3.1) iw’w : W {aa,p} > W {b,,q}
be imbedding operator of the space Wm{aa,p} into Wm{b“,q} .

Let m be a positive integer. Obviously there exists a number

r(m) such that for all r > r(m) we have imbeddings

. r m
ir,m : W {au,p} > W (ba,q} .

THEOREM 3.1. The space Ww{au,p} is imbedded into the space

ww{ba,q} if and only <f the limit lim 1lim ||ir,m|| exists and is
m>e re

inite. Moreover

f 3

= i i
ool 1 = 11m 10m {12, ]
holds.
The uniform boundedness of the norms ||i_ || in the course
’

of the limit process m + © represents a sufficient condition of
the imbedding (3.1).
In this way, in order to deal with individual imbedding it is

necessary to have uniform estimates of constants in the inequalities

Holly o< x allull,,,

m
where f{ullb,m and {Iulla,r are norms in W {ba,q} and in
Wr(au,p} , respectively. Let us give some examples.

v

a) Let G =R , p=4q =2 . Then the answer can be given in

terms of '"characteristic" functions

a(e) = Y ag® , b= IbE* .
lal=0 © laf=0 ¢

30



THEOREM 3.2. Let a(£), b(g) be entire functions. The space
W"{au,z} is imbedded into w“{ba,z) if and only if there exists
a constant K > 0 such that
b(£) < Ka(¥) , £ eRY .
b) Let q =p > 1 and v = 1 . We denote by R, and R the

b
radius of convergence of the series a(g) and b(g) , respectively.

THEOREM 3.3. Let the following conditions be fulfilled

() E b_RT ( % a Rk)_l < w if R_ < o
n=0 ™ @ k=0 ¥ 2 @
1

Then W {an,p} cw {bn,p} .

COROLLARY. If Ra < Rb , then the condition (i) is satisfied

and, consequently, the imbedding from Theorem 3.3 takes place.

4. Cauchy-Dirichlet problem for nonlinear elliptic equations

of infinite order

In a domain G 1let us consider the Cauchy-Dirichlet problem
for a nonlinear elliptic equation of infinite order
4.1) L(u) = | ) (—1)|“|D“Aa<x,nYu) = h(x), |y| < lal
a|=0

(4.2) Dwu|r =0, o] =0,1,... .

Here Aa(x,EY) are continuous functions of the variables x € G and
all &, |¥| < |e]. We shall assume that the following conditions

are fulfilled :

a) for any x € G, §Y and n  with [al=m, |y| < m (m 2 0)
the inequalities
p -1
| A Gxen | =k ] oa el [ngl + b
|o]=m Y |o]=m

hold with some constants K > 0, a, 2z 0, p. >1, b >0, the sequence
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P, being bounded and b0 + b1 + .0 < o

b) for any x € G, Ey and £, |a|= m, |y| £« m the inequali-
ties
— Po
Re ] A (8 0E 268 Jalel] -6

m
[o]=m |a|=m

hold with some constants & > 0, Gm > 0 where 60 + 61 + ... < o,

Moreover, we assume that the numbers a, 2 0, Py, > 1 are such
o
that the space Ww{aa,pa) is non-trivial.
il - E— -
The space of the right-hand sides W {aa,pa} s Py = pa/(pa 1)
Ooo
is defined as the formal adjoint of the space W {au,pa} . Thus we
have
T o
W a,pl) = {h(x) & h(x) =|a[ZOa°D h (0},

where hu(x) € Lp,(G) and

A A
p“(h) _|a|z=0ad|lhd(x)llp& < w,

The duality of the spaces W_m{aa,p;} and %m{au,pa) is de-
fined by the relation

<h,v> = E a Ih (x)Dav(x)dx
la]=0 a) a

which easily verified to be correct. Two elements h;, h, ¢ W-w{aa,p;}
are considered identical if the values <h1,v> . <h2,v> coincide for
each v € %(au’pa} .

Evidently, we have

L(u) : Wa ,p } » W "{a_,p}}

in virtue of the condition a).

om . .
DEFINITION 4.1. A function u(x) € W {au,pa} i8 a solution of
the Cauchy-Dirichlet problem (4.1), (4.2) ¢f <L(u),v> = <h,v>
provided v(x) € gw{aa,Pa} .
THEOREM 4.1. Let the conditions a), b) be fulfilled. Then to
any right-hand side h(x) € W_m{aa,p&} there exists a solution

u(x) € %“{aa,pu} of the problem (4.1), (4.2).
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Example. Let us consider the problem

©

L(u) = ¥ (-1)lelpeqa |D°‘u|P'2D°‘u) = h(x), x € G,
la|=0 ¢
p%ul, =0, [o| = 0,1,...
o
If the coefficients are such that the space Ww{au,p} is non-trivial

(e.g. a, = [(Za)!]-p, p > 1 in the case dim G = 1), then all the

assumptions of the theorem are fulfilled.

Counterexample. Let us consider the problem
exp(-A)u(x) = h(x), xe G ,

w

p“ul, = 0, |u|=0,1,... .

T
O
It is easily seen that the corresponding space W {.,2} is empty

which means that the problem reduces to the trivial identity 0 = 0.

5. Behaviour of solutions of nonlinear elliptic equations when

the order grows to infinity

In a domain G € R” with a boundary T 1let us consider a fa-

mily of Dirichlet problems for nonlinear equations

.7 lal o Y
(5.1) Ly, Cu) = IuLO(—l) DA, (x,DTu ) = by (x)
(5.2) Yuplp =0, ol < m -1
where m = 1,2,... .

We are interested in the behaviour of the problem (5.1), (5.2)
when m =+ « ., Two cases are possible : the case of a limit equation
of infinite order and the case of a limit equation of a finite order;

the difference between them is essential.

I. The case of a limit equation of infinite order. Let us assu-
me that the foliowing conditions are fulfilled

a) The functions Aam(x,gy) are continuous with respect to
x € G and ¢ , and for all values of the variables x, £

Y
fy the inequalities .

v? n, satis-
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i | ? [ Ipqm_ fng !
< K
llalzoAum(x’gY)na = {a|=oaum( €y t Ding
where K > 0 is a constant and a 2 0, p 2 1 are number sequen-

ces, the latter being bounded.

b) For any EY and x € G the inequality

m _ >6 m I ‘pum
R e totan o8y a2 8 Losaal Sl T

holds with some constants &6 > 0, K > 0 .

c) If m > » , then a > a ., p > Py and a_, > 0 for infini-

om am 1
tely many values of a . Besides, if gym > EY in this case, then
Bup (B L) > A (x,E )

uniformly with respect to x& G and Aa(x,EY) are continuous fun-

ctions of their arguments.

' O
d) The space W {bu’qa} with ba = s;p am? 9 = s:p Pom is

non-trivial.
e) The right-hand sides hm(x) are of the form

hm(x) = . ZoaumD

where ham(x) € Lp;m(c) and .

3 Pan

L agnl gm0 11 5™ <
!u|=0 am

holds with a constant K-> 0 for all m and all values p, . > 1

(in the case Pom = 1 the inequality vrai max]haml < 8§ must hold,
where & > 0 1is the constant from the condition b)). Moreover, the
sequence h (x) converges with m > = to h(x) ¢ W-w{aa,p;} in

o
the sense that <hﬁ,v> + <h,v> for each function v(x) € Ww{ba,qu}.

THEOREM 5.1. Let the conditions a) - e) be fulfilled. Then
the sequence u_(x) of solutions of the problem (5.1), (5.2) has

a limit point wu(x) (in the sense of convergence in C;(G) ).
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o
Moreover, u(x) € W“{au,pa} and u s a solution of the Cauchy-

Dirichlet problem
L(u) = 7 0 lelpa x,pY0) = nex)
[a]=0 ¢

Dl =0, o] =0,1... .

Example. Let us consider the problem

-2

P
om o _
Dlu ) = h (x) ,

T [o]ya a
| [20(-1) D (aam|D uml
ol=

D% [ =0, lolgm- 1.

Let us assume that the sequences a

v
o
©
<]
o
o

> 1 are decrea-

om am

sing with m ana a > a , p + p_ . Let these limits be such
am o am a

o
that the space wm{aa,pa} is non-trivial. Taking into account the

m o

conditions of Theorem 5.1, b = sup a =a , q
a m o o

= SUP Pun T Pq and,
O o
consequently, W {ba’qa) = Wm{aa,pu} . Therefore, in virtue of Theo-
rem 5.1, the solutions um(x) converge in C;(G) to a solution of
the Cauchy-Dirichlet problem
o la]qa o (P72 g
y (1) D%(a_|D%u| D%u) = h(x) ,
la]=0 .
D%, = 0,]w] = 0,1,... .

II. The case of a limit equation of finite order. Again we con-
sider the problem (5.1), (5.2). Let us assume that the above conditi-
ons a) - d) are again fulfilled, however, with the following additio-
nal assumption: There is an integer r kS 0 such that a, = 0 provi-
ded [al >r + 1 . Moreover, let us assume the functions hm(x) to

be in the form

r
_ a
ho(x) = ] DPh _(x)
[of=0
where ham(x) € Ls;(G)’ s; = s;p p;m . Further, 1let
|[ham(x) - ha(x)lls; > 0 when m » « with functions ha(x) e Ls&(G) .

Finally, let us assume that the operators LZm(u) are moneto-

ne for all m , i.e., the inequality
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Re (LZm(u) - L2m(v), u-v>20

o o
holds for any functions u € w3 ,vews , 3 =1{p , la] < m} .
Pn 3m m am =

THEOREM 5.2. Let the assumptions specified above be fulfilled.
Then the family of solutions wu _(x) of the problem (5.1), (5.2) has
a weak limit point u(x) with respect to the metric of the space

o
W. where 2 = {s, = inf p |e| < r} . Further, u(x) e %i and u
n

E]

is a solution of the Dirichlet problem

om?

r
Luw = ] <,-1)|°"D°‘Aa(x,n"u) = h(x) ,
[a]=0
pul, =0, o] £x -1
r
with h(x) = ] % (x) .
[a]=0

6. Non-homogeneous Dirichlet problem of infinite order

Let a nonlinear elliptic problem

(6.1) L(u) = l ) (-1)|“]D“Au(x,DYu) = h(x), |yl 2 la] ,
a|=0

w

(6.2) pYul, = £ (x7), x €T, lo]=0,1,...

T
satisfy the assumptions from Section 4. Moreover, let the boundary

conditions (6.2) admit an extension in Ww{aa,pa} .

THEOREM 6.1. Under the above specified assumptions, the problem
(6.1), (6.2) has for any h(x)e€ W_w{aa,p;} at least one solution

u(x) € Wm(aa,pa} .



(1]

(2]

(3]

(4]

(s]

References

MANDELBROJT,S. : Series adhérentes. Regularisation des suites,
Applications. Paris 1952.

DUBINSKIY, Yu. A. : Sobolev spaces of infinite order and the be-
haviour of solutions of some boundary-value problems when the
order of the equations grows to infinity. Mat. Sb. 98(140),

No. 2(10)(1975), 16%-184 (Russian).

DUBINSKIf, Yu. A. : Non-triviality of Sobolev spaces of infinite
order in the case of the whole Euclidean space and of the torus.
Mat. Sb. 100(142), No. 3(7)(1975), 436-446 (Russian).

DUBINSKIf, Yu. A. : On traces of functions in SoboleV spaces of
infinite order and on non-homogeneous boundary value @roblems.
Dokl. Akad. Nauk SSSR 235, No. 6 (1977), 1249-1252 (Russian).
NIKOL’SKIf, S. M. : Approximation of functions of several varia-
bles and imbedding theorems. Springer-Verlag.Berlin-Heidelberg-

-New York 1975.

37



		webmaster@dml.cz
	2012-08-03T15:52:23+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




