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REALIZATION OF DIRICHLET CONDITIONS IN RKPM

Vratislava MosSova

1 Introduction

Meshless methods are a group of numerical algorithms that serve for solving
boundary value problems. These methods are alternative to the popular and efficient
FEM. The greatest advantage of meshless methods is that they need no connectivity
condition, like the FEM, in the beginning of computation.

We can specify meshless methods as Galerkin methods where basis functions
are replaced by shape functions built in a special way. The construction of the
shape functions differs for different meshless methods. Some shape functions are
approximations of the kernel in the integral transform

ulz) = / Kz, y)uly) dy (1)

(see [10], [4]). Some are constructed by means of the moving least squares method
(see [3], [8]). Shape functions based on the idea of partition of unity, that are
a composition of an extrinsic and an intrinsic basis form, form the next specific
group (see [2], [12]).

The meshless methods have received their place among numerical techniques.
They were used for instance in solving problems from mechanic of solid body (see [4]),
biomechanics (see [1]) or structural dynamic (see [9]). They are successfully used in
the modelling of large deformations, crack propagation or moving boundary. A seri-
ous limitation is the fact that the meshless methods do not reproduce the Dirichlet,
more generally essential boundary conditions.

Several attempts to solve the problem involving Dirichlet conditions are discussed
in this contribution. Our attention will be focused only on one of meshless methods
— the reproducing kernel particle method (briefly the RKP method or the RKPM).
The construction of the RKP-shape functions and an application of the RKPM to
an elliptic boundary value problem are presented in Section 2. Methods that enable
to realize the Dirichlet condition in the RKPM are introduced in Section 3.

2 RKPM approximation
Consider the problem

—Au(z) = f(z) in QCR", (2)
g—Z(az) =g(x) on 09y, (3)
u(z) = u’(z) on 0. (4)

152



Denote
V ={veW"(Q)| v(z) =0 on 9 in the sense of traces}

and find a weak solution u € W'2(Q) of the problem (2)—-(4) such that

uw—ulev,
n
/Z8u dv dx:/fvdx—l—/ guds, Yv e V. (5)
Qi 0:61 81:1 Q o0,

The numerical solution of the problem (2)—(4) will be constructed at points
', . 2N € Q. At first it is necessary to choose the monomial basis p of degree s
and some one-dimensional weight function ®;.

Definition 1 The points z!,...,2" € Q, which are used for construction of the
RKP approximation, are called particles.

Remark 1 The particles 2!, ..., 2" differ mutually, they can be distributed uni-
formly or nonuniformly.

Remark 2 For example, p(z) = (1,71, 2o, T3, 2122, 1173, Toz, v, 23, 73)T is the

second degree monomial basis in R?.

The space generated by monomials of degree less than or equal to s will be
denoted by P°.
Remark 3 The most often weight functions chosen are the Gaussian function

_Je@-1/1-¢) if |z[ <L
‘bl(m)_{ 0 if 2] > 1,

with » > 0, the cubic spline

2 — 42? + 4|z itz <4,
i(z) =4 5 —4fx|+42® —3zP if 5 <|z[ <1,
0 if |z] > 1

and the conic function

_ [ @=2)F i ol <L
q’l(g’)_{ 0 if |2 >1,

such that k& > 1. See [2], [5], [4].
The n-dimensional weight function can be constructed from a one-dimensional
weight function ®; by putting

n

P(z) = th(iﬁi), where x = (1, 29,...,2,).

i=1
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Definition 2 Let the particles z!,..., 2"V € €, the degree s of the monomial

basis p and the weight function ®; be given. Interpolants constructed by means of
the RKPM are the linear combinations

i) =Y Uz (6)

I=1

of the RKP shape-functions ¥; with coefficients u;. The shape functions are of the

o Wia) = " <x1p_ Srer (mlp_ *)av "

Here p > 0 is a dilatation parameter!, AV; is the quadrature weight and the func-
tion b(z) is the solution of the linear equations

M(z)b(x) = p(0) (8)

with the moment matrix

() () () o

Remark 4 Because the RKPM is based on the approximation of the kernel in the
integral transformation (1) and this integral is discretized by means of numerical
quadrature, the quadrature weight AV; occurs in (7).

Remark 5 There are some principles how to choose the particles z', ..., 2" to
receive suitable results. Especially, the necessary condition for the unique solvability

of (8) is that
[ .
card  x7|z € supp @ > dim P
P
Vo € R™, see [2].

If we put v = Wy and insert the form (6) of the approximate solution into the
weak formulation (5), we receive

N
/2 <Z f%\i;) a;;f dz = /Qf\I/de—l—/ang\Dde, K=1,2,...,N.
The matrix form of these equations for an unknown vector u = (uy, ..., uy)?T is
Au = b,
where
A= (Anors A= / > GG e (10

IThe role of p is to specify the size of supp ®.
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b= (bi,...,bn5)7, bK:/f\Idea:+/g\Ides.
Q 5951

3 Methods for problems involving the Dirichlet boundary condition

As soon as we compute the components of the vector u, the approximation a(z) =
Zévzl U (z)u; is known. But there is a problem — there can be particles 27 € 98
such that ¥;(z”) # 6;;. Consequently,

a(z’) = Z\I/I(a:‘])uf # Uy.

It is the reason why the imposition of Dirichlet boundary conditions is not trivial.
We will deal with the question how to remove this trouble.

3.1 Method of weight functions

The first idea how to satisfy the Dirichlet condition (for instance, see the arti-
cle [11]) is to multiply the weight function ® by a smooth function w that is equal
to one on €2y and declines to zero near 0§, successively. This correction is then
reflected in the relations (9) and (7). The new moment matrix is

N I I I
r —x ' —x r -
M(z) = E p( )pT( )w(x)@( >AV1
1 p P P
and the new shape functions

Uy (z) = pT (xlp_ ”3) b(z) w(z)® (xlp_ ”’) AV}

Both the idea of the method and its implementation are simple. But, because
the smoothness of the RKP-approximation depends on the smoothness of w®, the
smoothness of the approximate solution may become worse.

3.2 Transform method

The approximation (6) has to satisfy the Dirichlet condition. But the Dirichlet
boundary conditions are prescribed for the real nodal values @(z!) and not for the
unknowns u;. This discrepancy can be removed in the following way: If we denote
a(x!) =ty and W (x7) = Ty, then the approximation (6) can be written in the form

N
uy = E Tryur
-1

now, or shortly u = Tw. If the matrix 7" is non-singular, there exists an inverse
matrix 7! such that 714 = u, i.c.

N
j : 1~
J=1
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Returning to the formula (6), we obtain

N N

() =Y Ur(ryuy =Y Wi(x)> Trlay =)

I=1 I=1
N ~ ~
= Z \I/J(l‘)dj
J=1

The transformed functions ¥ J(x) have the Kronecker delta property now.

The transform method is based on manipulation with the matrix of values of
the shape functions at given particles. In general, this matrix is full and, more-
over, it is required to be non-singular. These facts belong to the disadvantages of
the method. On the other hand, the Dirichlet condition is satisfied exactly at the
particles from 0€)y. An application of the transform method can be found in the
article [4].

3.3 Method of Lagrange multipliers

This method is based on a modification of the weak formulation of the problem
given. The main idea is to minimize the functional

/Z(@x2)2dm—/Qfde—/mlgudSJr/aQO)\(u—uo)ds

with respect to v and . We put

N No
U= \I’[U], 5\2291)\[
I=1
in this case. The shape functions ¥; are the same as in Section 2, 6; are the lin-
ear Lagrange basis functions and Ny is the number of points discretizing 0€2y. The
method leads to the system of linear equations Au = b such that

H G
A: ( GT O ), U:(Ul,...,UN,/\h‘..,)\NO)T, b:(bl,...7bN,Cl,...,CNO)T7

v, 8\IIK
Hig = , I=1...,N, K=1,...,N
1K /Z 81}1 ail'@ ) ) ) RN
G[K: /\IJIQde, I:L...,N, K:L...,No,
Qo
bK—/f\I’KdI—i— /g\I’KdS K—l N, CKg — /erKdS, Kzl,...,Ng.
o 0Q0
In this method the matrix A is more complicated than the matrix (10). It is also

necessary to compute more unknown parameters. The advantage of this method is
that it is general and accurate. The method was used for instance in the article [4].
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4 Conclusions

This contribution deals with the question how to discretize the Dirichlet boundary

conditions in the RKPM that occurs when the Dirichlet condition has to be realized
in the RKPM. Three approaches — the method of weight functions, the transform
method and the method of Lagrange multipliers — are described and their essential
properties are discussed.
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